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Preface 


From ancient times, number theory has always occupied the unquestioned 
historical importance of the subject. Number Theory is both pure and applied 
and at the same time both classical and modern. It has been the objective of 
the authors for quite some time to write an accessible and inviting textbook to 
number theory. Foremost, the present textbook will create an effective instru- 
ment for both teaching and learning. The authors aim to integrate the richness 
and beauty of the subject and at the same time the book is full of unexpected 
usefulness. In the present text, the authors have worked hard to assemble many 
contrasting aspects of number theory into one standard textbook. 

This book is ideal for undergraduate and postgraduate level students. Cer- 
tain levels of mathematical reasoning, basic algebra and real analysis are re- 
quired as prerequisites to study the materials of our textbook. This textbook 
is designed in such a manner that it will serve the purpose for a wide range of 
readers. 

Some effort has been devoted to make the first few chapters less challenging, 
but gradually the chapters become more challenging. At each juncture, the 
instructor has to decide how deeply to pursue a particular topic before moving 
ahead to a new one. 

Chapter I introduces important topics like well-ordering property, principle 
of mathematical induction, Binomial theorem and many more in establishing 
results to study the materials of the textbook. 

Chapter II introduces the notion of divisibility, where with the help of the 
Euclidean algorithm, the greatest common divisors of a set of integers are in- 
troduced. Also the least common multiple and linear Diophantine equations are 
discussed. 

Chapter III deals with prime factorization, the fundamental theorem of arith- 
metic and factorization techniques are covered. 

Chapter IV introduces congruences and develops their fundamental proper- 
ties. systems of linear congruences in one or more unknowns are discussed. The 
Chinese remainder theorem is also developed. 

Chapter V is concerned with Fermat’s Little theorem and Wilson’s theorem. 
Wilson’s theorem gives a congruence for factorials. Pseudo primes, strong pseu- 
doprimes and absolute pseudoprimes(Carmichael numbers) are also introduced. 

Chapter VI gives a thorough discussion of the sum and number of divisors, 


Mobius function and greatest integer function. 
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Chapter VII develops Euler’s ¢-function, Euler’s theorem and properties of 
Euler’s ¢-function. Explicit formulae are developed for these functions. 

Chapter VIII is devoted to the discussion of the order of an integer and of 
the primitive roots. Indices, which are similar to logarithms, are introduced. 
Primality testing based on primitive roots are described. 

Chapter IX includes discussions on quadratic residues and the famous law 
of quadratic reciprocity. The Legendre and Jacobi symbols are introduced and 
algorithms for evaluating them are described. 

Chapter X deals with Integers of Special forms where the special emphasis 
is given on Perfect numbers, Mersenne primes and Fermat’s numbers. 

Chapter XI treats simple finite and infinite continued fractions. Special at- 
tention is paid to the Periodic fractions. 

Chapter XII covers the study on few non-linear Diophantine equations, where 
the various results on Pythagorean triples and Fermat’s Last theorem are done. 

Chapter XIII deals with the study of Integers as sum of squares, which in- 
cludes sum of two squares and sum of more than two squares. 

Concluding chapter introduces the application part of number theory, where 
the Fibonacci numbers, Pseudo-random numbers and basic cryptology have been 
discussed. Here the Pseudo-random numbers and the techniques for generating 
them are discussed. In cryptology, Caeser cipher, Block cipher, Exponentiation 
cipher and RSA are based on modular arithmetic. 

After each section of the text there are worked-out exercises set containing 
problems of various levels of difficulty. Each set contains problems of a numerical 
nature, which should be done to develop computational skills. At the end of 
every chapter there is an exercise set to fine-tune the practice for the students. 
Throughout the textbook, the readers will face some simple questions like Why! 
and Verify! to make the topics interesting for them to study. At the end of the 
textbook there is an extensive bibliography, where the lists of number theory 
texts and references are included for interested readers who would like to go for 
more details about some of the topics covered in the book. 

Finally, the authors would like to express their heartfelt gratitude to their 
respected teachers, friends and relatives, who provide constant support and in- 


spiration in framing the book. 
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Prerequisites 


Number theory is an important and significant area of Mathematics. From 
ancient times, it has had a substantial impact on human civilization. For fur- 
ther development many great philosophers had contributed various aspects of 
number theory. Among those was Pythagoras (569 — 500 B.C). His famous 
Pythagorean theorem led many mathematicians to study squares and sum of 
squares. He has given us notable Pythagorean triplets. After 200 years, another 
Greek mathematician Euclid (350 B.C.) drew attention to the prime numbers. 
His investigations were based on the renowned Euclidean algorithm for finding 
greatest common divisors of two natural numbers. It plays a key role for eval- 
uating prime factorisation of natural numbers. Few more studies on natural 
numbers had been done by Eratosthenes(276B.C.-196B.C.), Nicomachus(C.100) 
and Diophantus(C.250). The study of number theory started with the set of 
natural numbers, denoted by N = {1,2,3,4,5,...}. Two basic operations ad- 
dition and multiplication are defined on N. But in general, the subtraction is 
not defined. The reason behind this is that the people will not be able to take 
Rs 5 from a person with Rs 4. Thus for u,v € N, u— v is not always defined. 
Here comes the notion of negative natural numbers that is —1,—2,—3,... so 
on. Therefore the set {1,2,3,4,...,—1,-—2, -3,—4,...} is an enlargement of N. 
But here 0 is missing. The concept of zero originated in ancient India, ancient 
Babylon and the Mayan civilisation. It is believed that it came into existence 
from 458 A.D. Actually the concept of zero was developed at different times 
in each of these civilisations. But it was first used in ancient India by Hindus 
and thereby Arabics use it as a number. Thus by inclusion of zero and the 
negative natural numbers create a new set known as set of integers, denoted by 
Z = {-1,-2,—-3,—4,....,0,1,2,3,4,...}. Here the basic operations addition, 


1 
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subtraction and multiplication is possible. But division, the inverse operation 
of multiplication is not defined on Z. In other words, if u,v are elements of Z 
then | is not always an element of Z. The set of integers plays an important 
role in the study of number theory. Next we proceed with our discussion by two 
important properties of natural numbers or sets of positive integers. The first 
begins with a well ordering principle. 


The Well-Ordering Property: Every nonempty subset A of natural numbers 


has a least element. In other words, if A is a non-empty subset of N then J m € A 
such that m <a, Va € A. In particular, N itself has the least element 1. 

We now prove these two principles by taking help of each other. First we will 
prove the well-ordering principle using the principle of mathematical induction. 


(1)Deduction of mathematical induction by well ordering principle. 


Proof. Let A be the subset of natural numbers where 1 € A and if & € A then 
k+1€ A. Its suffices to show that A = N. To fulfill this, let B be the set 
of those natural numbers which does not belong to A. Then AU B = N and 
AN B= @. To get the desired result we need to show that B = ¢. If possible, 
let B 4 g. Then by well ordering principle there exists a least element m of B 
such that m <n, Vn € B. Note that 1 4 mas 1 € A and hence 1 ¢ B. Since 
m is the least element of B, therefore m—1 ¢ B and this gives m—1 € A. 
By hypothesis, we have (m—1)+1¢€ Aite.me€ A. This contradicts the fact 
that AN B = ¢. So our assumption that B 4 ¢ is wrong. This proves that 
A=N. 


(II) Deduction of well-ordering principle by mathematical induction. 


Proof. To the contrary, let A be the non empty subset of N having no least 
element. Let us construct a set B of natural numbers in such a way that any 
number « € B is less than every member of A. Thus B = {z|x e N & & < a} 
for every a € A. Then every member of A is either greater than or equal to each 
member of B. Therefore AN B = ¢. Note that 1 ¢ A, otherwise 1 will become 
the least element of A. But by hypothesis A has no least element. Therefore 
1¢€ Band 1 <a for every a€ A. 

Assume that t € B. Then t < a for every a € A. We assert t+ 1 ¢ B. If so, 
then t+ 1 be the next natural number larger than t. Then ¢+ 1 will be the least 
element of A but A does not have any least element. Hence t+ 1 € B. Hence by 
principle of mathematical induction B CN. But AN B=4¢. ThnNNA=¢@ 
yields A = ¢, a contradiction. Therefore A must have a least element. This 


completes the proof. 
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The above discussion leads to the following theorems related to mathematical 


induction. 

Theorem 1.0.1. Principle of induction: Let S be a subset of N such that 
(i) le S, 

(ii) ifk eS, thenk+1¢S. ThenS=N. 

Theorem 1.0.2. Let P(n) be u statement with n € N satisfying 

(i) P(1) is true, 

(ii) P(k +1) is true, whenever P(k) is true; then P(n) holds for all n. 


Example 1.0.1. Prove that for each n > 2, (n+1)! > 2”. The inequality holds 
for n =2 since (2+ 1)! > 2?. 


Solution 1.0.1. Let the inequality hold for some natural number k > 2. Then 
(k +1)! > 2". We are to prove that the inequality prevails fork +1 12e. {(k+ 
1) +1}! > 2**1. Now 


{(k +1) + 1}! = (k+ 2)! = (k+2)(k+1)! 
$2-2%0 EQS 2] 
= 9k+1 
Hence the inequality prevails fork +1. Therefore by principle of induction, the 
inequality holds for all natural numbers > 2. 
Remark 1.0.1. It is to be noted that the inequality fails to hold forn =1. 


Example 1.0.2. Prove that for every n > 1, 


ge Nee Se eae 
ae ae ee n(n+1) n+l 
Solution 1.0.2. Let P(n): f5+53t+3qt+-°-4 eee = z11 be the statement 


forn > 1. Note that P(1) is true(Verify!). Let k be the positive integer such 
that P(k) holds. We are to show P(k +1) holds. Now 


if ae 2 A ts 1 

182 OB Pea Ree): aay) 
k; i 

hal BEDS)” en) neues 
1 (k+1)? 

"k+l k+2 

RA 

— (k+1)4+1 


Hence P(k +1) holds. Hence the result follows. 


4 Number Theory and its Applications 
Example 1.0.3. Prove that 2m+1< 2” for all integers m > 3. 


Solution 1.0.3. Let P(m) : 2m+1 < 2™ be the statement, for all integers 
m > 3. Here form = 3, we have 2:3+1=7<8=23. Thus the statement is 
true for m = 3. Hence P(3) holds. Suppose k(> 3) is an integer for which the 
statement P(k) is true. To prove the validity of the argument of this statement 


we need to show P(m) is true form=k+1. Now 


2(k+1)+1=2k+1+2 
< 2" 4 2[Since P(m) is true form = k] 
<2" 42% [since k > 3] 
< k+l 


Thus the statement P(m) is true form =k-+1. So by applying the principle of 
mathematical induction, we can say that P(m) is true for all m > 3. 


Example 1.0.4. Prove that n? < 2” for every integers n > 5. 


Solution 1.0.4. Let P(n) : n? < 2” be the given statement for all integers 
n > 5. Here P(5) is true(verify!). Suppose k is a positive integer such that 
k <5 and P(k) is true. We are to show P(k +1) is true. Now 


(k+1)? =k? +2k4+1 <2 42k + 1(by induction hypothesis) 
< 2" +2" (see Example 1.0.3) 
a ea eae 


So P(k +1) holds. Hence this finishes the result. 


As we know counting is an important aspects of number system. There is a 
deep and significant relation between counting techniques and number theory. 
We now continue our discussion with a significant property of counting tech- 
niques, Pigeonhole principle, of the set of integers Z. It plays a key role in the 
study of numbers. The statement of this principle as follows. 


Theorem 1.0.3. Pigeonhole principle: The simplest form of the principle is 
that, if k +1 or more objects are to be placed in k boxes then there is at least 


one box containing two or more of the objects. 


Proof. In anticipation of a contradiction, suppose that none of the k boxes has 
more than one object. Then the total number of objects will be k. This would 


lead to the contradiction as there are k + 1 or more objects. 
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In fact the first formalisation of the notion of Pigeonhole principle is believed 
to be given by Dirichlet(1805 — 1859). He called it as drawer principle. But the 
term “Pigeonhole principle ’was first coined by the mathematician Raphael M. 
Robinson in 1940. The next example illustrates this concept lucidly. 


Example 1.0.5. If there is a group of 368 people in a club, then there must be 
at least three people with the same birthday. The reason behind this is that the 
number of possibilities of birthdays in a year is 366. 


One can think that this principle is very much obvious. But this in fact would 
become an useful tool once we generalize it. The statement of this generalization 
is as follows: 

If n objects are placed in & boxes, then there is at least one box containing 

n n 


at least [2] number of objects, where [2] is the greatest integer not exceeding 


n 


k . 
Another important aspect of counting techniques which can be used fre- 
quently in the study of number theory is binomial theorem and it can be stated 


as follows. 
Theorem 1.0.4. For any two real numbers a,b and any positive integer n, 
“(n 
+b)" = ie eae 
eto y ("Ja 


One of the nice diagrammatic representation of binomial coefficients is Pas- 


cal’s triangle, named after French mathematician Blaise Pascal. This looks like 


n=0 1 
=1 1 1 
= 2 1 2 1 
3 1 3 3 1 
1 4 6 4 1 
=5 1 5 10 10 5 1 
n=6 1 6 15 20 15 6 1 


It shows that when two adjacent binomial coefficients in the triangle are added, 
the binomial coefficient in the next row between these two coefficients are pro- 
duced. 

All the above discussions are based on integers but in our next discussion we 
have highlighted those numbers which are of the form * where u,v € Z. Here v 
must be nonzero, otherwise the division will not be possible. From the division 


of integers, there comes the concept of decimal numbers. For example 4 = 0.8. 
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Here we see that 2 = 0.5 1.e. we can cancel common multiple from both numer- 
ator and denominator till their greatest common divisor will be 1.This extension 
of set of integers leads to the notion of rational numbers, denoted by Q. Thus 
any number of the form * where u,v € Z with v 4 0 and gcd(u, v) = 1, is called 
rational number. Actually the symbol Q comes from the German word ‘quo- 
tient ’which can be translated as ‘ratio ’, appeared in Bourbaki’s Algebra(1998). 
Classical greek and Indian mathematicians studied theory of national numbers, 
as part of the general study of number theory. The concept of rational numbers 
were from the ancient times. Those can be expressed as a ratio of two different 
numbers that had no common divisors except 1. This prevalent concept which 
was there over a period of time was found to be inadequate, when in 500B.C. 
the Italian philosopher Hippasus proved the existence of irrational numbers. He 
was also a member of group of people who were called the Pythagorean math- 
ematicians. His method of finding irrational numbers involve the technique of 
contradiction. There he had assumed that V2 is an irrational number. Then 
he moved on to show that no such rational number could exist. Therefore it 
should be something different. However, Pythagorus believed in the absolute- 
ness of number and could not accept the existence of irrational numbers. So he 
sentenced Hippasus to death by drowning. In 16th century, finally Europeans 
accepted the existence of negative integers and fractional numbers. Thereby in 
17th century, many mathematicians used decimal fractions with modern nota- 
tions. Subsequently from 19th century onwards, the irrationals were seperated 
into algebraic and transcendental part. It had remained almost dormant since 
Euclid. Actually irrationals are closely associated to continued fractions, which 
had received attention at the hands of Euler. 


Finally we end our discussions with the two fundamental theorems. 


Theorem 1.0.5. There A any r € Q satisfying r? = 2. 


Proof. If possible, let J r € Q such that r? = 2. Since r € Q, therefore it is 
zx 
y 
x? is even and consequently zx is also so. Suppose x = 2k. Then 4k? = 2y? or 


of the form £ with gcd(x,y) = 1 and y 4 0. Hence x? = 2y?. This proves 
y? = 2k?. Hence y? is an even integer and so y is even. This shows ged(z, y) £ 1, 
which ends up with contradiction. Thus for any rational quantity r, the equation 
x? = 2 has no solutions. Furthermore, this theorem leads us to the fact that J2 


is irrational. 


Finally our next theorem indicates on the existence of irrational numbers. 


Theorem 1.0.6. Let k be a non-square positive integer. Then fi any r € Q such 
that: t7= k. 


Prerequisites 


Proof. To the contrary, assume that J a rational number r satisfying r? = k. 
Then r can be written as ¢ where gcd(a,b) = 1. Then a? = kb? holds. For this 


positive integer k, there exists a positive integer / such that 


P<ck<(l+1) 
=> I? <a? < (1+1)70? 
=bl<a<(l+1)b 
=>0<a-d<b. (1.0.1) 


Further, 


(kb — al)? = k2b? — 2kbal + (al)? = k[a2 — 2abl + (b1)2] = k(a — bl)? 


: . a ka — al\? 
tabiye Since a and 6 are prime to each other and —, atl ) 


are two representation of k, therefore we have a — bl > 6 and this contradicts 
(1.0.1). So this completes the proof. 


Finally we are at the edge of culminating our discussions related to propaga- 
tion of numbers. In the concluding part, we conduct the study of real numbers 
which is the union of rationals and irrationals. The set of real numbers is de- 
noted by R. The creditability of uncovering R would not goes to a single person. 
The development took 2000 years and many renowned mathematicians had con- 
tributed with their important thoughts on R. The notion of R had started its 


development from ancient Greece. Euclid had developed a theory of proportions 


which is equivalent to modern theory of real numbers. In 17th century, John 
Napier and Simon Stevin introduced the concept of infinite decimal expansion. 
Cantor and Dedekind had given their contributions to originate the modern 
theories of R. In the following sections we are going to discuss few important 


properties of R. 


Order Properties of R 


The linear relation ‘<’ on R defined by “x < y if x,y € R wie. a is less than y”. 
For the reals x, y, z, it satisfies the following properties: 


1. Law of Trichotomy: x < y or y < x or « = y holds. 
2. Ifa<yand y < z, then x < z. 
3. Ife<y,thenr+z<ytz. 


4. Ife <yandz>0, then xz < yz. 
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The set R together with the ordered relation defined on it is said to be ordered 
set. For any x € R, the concept of absolute property of R is defined as 


\jaj =a, ifa >0 
=0, ifx=0 


=-a.ifx4 <0. 


Completeness Properties of R 


Next we are going to discuss the completeness property of R. The discussion 
starts with the following definition. 


Definition 1.0.1. Let K C R. Then a real number u is said to be an upper 
bound(lower bound) of K ifx € K anda < u(x > u). If K has an upper 
bound(lower bound), then it is called bounded above(bounded below). 


Example 1.0.6. Let K = {x €R:3<a< 4}. Note that K is bounded above 
and 4 is the upper bound. Also K is bounded below and 3 is the lower bound. 


The last example raises the question, whether the upper bound 4 and the 
lower bound 3 is greatest or least respectively. The following definition of least 


upper bound and greatest lower bound will be the answer to the raised question. 


Definition 1.0.2. Let K CR. If K is bounded above(bounded below), then an 
upper bound (lower bound) is said to be the least upper bound(greatest lower 
bound) or supremum(infimum) if it is less(greater) than every upper(lower) 
bounds of K. 


Actually it is a deeper property of R that for any non-empty bounded 
above(below) subset of K of R, the least upper bound(greatest lower bound) 
do exists. This property of R is called the supremum(infimum) property. Note 
that we can establish these two properties are equivalent and one implies other. 
Furthermore, the supremum property of R can be treated as an axiom, known 


to be the completeness property of R. The statement is as follows: 


Statement 1.0.1. Axiom of least upper bound: If a set K is bounded above, 


then tt has a least upper bound i.e. there exists a unique real number M satisfying 
la«<M,Vaek. 


2. for arbitrary €(> 0), there exists an element a € K such that M-—e<a< 
M. 


Prerequisites 

It is not necessary that every subset of R should have an upper bound. For 
instance it can be examined that N is not bounded above and thus it has no 
upper bound. Now taking help of the axiom of least upper bound, we are going 
to show the existence of greatest lower bound for a non-empty bounded below 
subset of R. 


Theorem 1.0.7. A non-empty subset K of R which is bounded below, has the 


greatest lower bound i.e.there exists a unique real number m such that 
12>m,Varek. 


2. For arbitrary e(> 0), there exists an element 8 € K such thatm < B < 


m+ e€. 


Proof. Note that K is a non empty set, which is bounded below. Then 4k € R 
such that « > k, V2 € K. Consider kK’ = {-a: x € K}. Let y € K’. Then 
—y € K and —y> K together implies y < —k. This is true for all y € K’. This 
shows K’ is bounded above. Then from least upper bound axiom, we obtain 
M = sup Kk’. We need to show —M = inf K. Let t € K. Then —t € K’ implies 
—t < M. Thus we have t > —M. Let e(> 0) be chosen arbitrarily. Then a € Kk’ 
such that 
M-exaxs<M>—-M<-a<—-M+te. 


Since a € K’, then —a = 6 € K and thus taking —M = m we have, 
l2«>m,Vaek. 


2. for arbitrary «(> 0), there exists an element 6 € K such that m < B < 


m+ e. 


Our next phase of discussion deals with the concept of functions between 
two arbitrary sets. The notion of function has an paramount importance not 
only in number theory. It helps to correlate between various algebraic struc- 
tures. It is actually a rule of correspondence between the elements of two sets. 
The idea of function was developed in the seventeenth century. During this 
period mathematician Rene Descartes(1596 — 1650) used it to describe many 
mathematical relationship in his book Geometry. The term function was 
introduced by Gottfried Wilhelm Leibnitz(1646 — 1716), almost fifty years af- 
ter the publication of Geometry. The idea was further formalized by Leonhard 
Euler(1707— 1783). However the present day conception of function is attributed 
to Dirichlet(1805 — 1859), who in 1837 proposed the definition of a function as 
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a rule of correspondence that assigns a unique value of an independent variable. 
Now a function from a set X to an another set Y can be defined as follows: 


Definition 1.0.3. For two non-empty sets X and Y, a relation f from X into 
Y is called a function from X into Y if 


1. domain of f is set X 


2. f is well-defined in the sense that for x,, x, € X witha, =x, > f(x,) = 


f(a). 


Actually f is a subset of X x Y, where X is referred as domain of f, denoted 
by Dom(f), and the set Y is said to be co-domain of f. Here the set f(X) = 
{f(z): a € X} isa subset of Y. This f(X) is called range of f, denoted by Imf. 
For instance, consider X = Y = R. Then f(a) = 2x, V x € R is a function from 
R to R which is also called real valued function. 

Moreover, there are few types of functions such as f(z) = «Va e€ X from 
X to X, called identity function and f(«) = c for some constant c is known as 
constant function. 

Two functions f,g : X — Y are said to be equal if f(x) = g(x) Va E X. 
Sometimes functions can produce same values for different elements of domain 
set such as if we consider f : R > R defined by f(a) = |a|, then we can see that 
f(3) = f(—3) but 3 4 —3. From this, we have the following definition. 


Definition 1.0.4. A function f : X — Y is said to be injective when for every 
z,, 2, €X if 

av, #2, => f(r,) F f(x,). 
Moreover, if for every y € Y there exists at least one x € x such that f(x) = y 
holds then f is said to be surjective. Intuitively, a surjective map covers the 


whole of the codomain set i.e. Im(f) is the codomain of f. f is called bijective 


if it is both injective and surjective. 


Suppose A = {1,2,3} and B = {p,q,r,s,t} and f : A— B be defined by 


f() =p, f(2) =1, £3) = s. 


Since p,q,r have only one preimage and s,t have no preimage, therefore f is 
injective. On the other hand, suppose A = {1,2,3,4,5} and B = {p,q,r}. Let 
f:A— Band g:A-— B be respectively defined by 


fQ) =4 f(2) =p, f(3) =4@, f(4) =7, (5) = p; 
g(1) =r, 9(2) = p, g(3) = p, g(4) = 7, g(5) =r. 
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It is clear that f is surjective but g is not. Also, here f fails to be injective. 
Next let us consider the function f : R — R defined by f(a) = 5a +2. Here f 
is an example of a bijective function. 

Now consider a function f : R > R defined by f(x) = sinz?. Then we 
see that the function f is the amalgam of two functions f : R — R, where 
f(x) = sina and g(x) = x?. This originates the notion of composition of two 


functions. 


Definition 1.0.5. Consider two functions f: X + Y andg:Y — Z. Then 
the composition of f and g, denoted as go f, is defined as (go f)(x) = g(f(a)) 
where go f:X > Z. 


Finally, we end this session of discussion by the concept of inverse of a func- 


tion. 


Definition 1.0.6. Let f : X — Y be a bijective function. Then the function 
f-!:Y 3X is said to be inverse of f. The domain of the inverse function f~+ 
is the range of f and the range of f—' is the domain of f. 


The concluding part of the chapter deals with the study of a special type 
of real-valued function whose domain set is, in particular, a set of naturals 
i.e.f : N > R, denoted by f(n) = 2, where n € N and z, € R. In other 
words, it can be interpreted as 1 +> x,, 2+) x,,... and so on. Therefore, the 
representation x, prevails. The set {x, : n € N} is a subset of R which is said to 
be the range of the sequence. For example, let us consider a function f: NR 
defined as f(n) = 4, Vn EN. Here the sequence is { 


n+1? 
as {5, 4, %,...}. The range set of this sequence is { 


n 
n+isn? also denoted 


at 17 © N}. Now we are 
going to discuss the boundedness of sequence, whose definition is as follows: 

Definition 1.0.7. A sequence is said to be bounded above or bounded below 
according as the range set of the sequence is bounded above or below. It follows 
that the sequence {x,} is bounded above(below) if there exists a real quantity 
G(g) such that x, < G(v, > g) Vn € N and G(q) is called the upper(lower) 
bound of the sequence. A sequence is said to be bounded if it is both bounded 


above and bounded below. 


Melee ors 
n+1 n+1 


{a,,} is bounded above and 1 is the upper bound. Consider {+} for all n € N, 


From the last example, we can see that x, = 


where the values of the range set goes to zero if m > oo. In other words, for all 
large values of n, the values of the range set cluster near zero. This generates 


the concept of convergence of a sequence. 
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Definition 1.0.8. A real number | is defined as the limit of a sequence {x,,} if 
for any arbitrary «(> 0), Jm€N such that 


jz, —I]<e,Vn>m. 


In this case, the sequence ts said to be convergent and can be written as lim, ,.. x, = 


co nm 
L. 


The question arises: Is the limit / of the convergent sequence is unique? 
We are fortunate enough to have the following theorem as the answer to the 
question. 


Theorem 1.0.8. Limit of a convergent sequence is unique. 


Proof. Let the sequence {x,} converges to | and I’. Then for a pre-assigned 
e(> 0), 3m,,m, € N such that 


€ 
Iz, ~<5,V¥n 2m, 


and 
lz, —UJ < 7 Yn>m,. 


Let m = max{m,,m,}. Then, 


uv 


Since ¢(> 0) is arbitrary, therefore the uniqueness follows. 


The discussion of the following theorem is based on the connection between 
convergence and boundedness. 


Theorem 1.0.9. A convergent sequence is bounded. 


Proof. Let the sequence {x,, } converges to /. Then for a pre-assigned «(> 0), 3m 
such that 


jx, —I|<e,Vn>miel—-e<au, <l+e,Vn>m. 


If Aand B be the greatest and least of the finite set {v,,7,,...,U,,...,l-e,l+6}, 
then B< a, <AVn. Hence the sequence {z,, } is bounded. 


Note that the converse of the above theorem is not true in general. For 
instance, consider the sequence {(—1)"} which is bounded but not convergent. 
So, if a sequence does not converge then two possibilities may arise. Either the 


sequence diverge or oscillates. 
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Definition 1.0.9. A sequence {x,} is said to be divergent and diverges to +co, 


if for an arbitrary positive real number N, however large it is, Im € N such 
that 
z, >N,Vn>m. 


Also, the sequence {x,, } is said to be divergent and diverges to —oo, if for an 


arbitrary positive real number NV, however large it is, Im € N such that 
uz, <—-N,Vn>m. 


Finally, a sequence which is neither convergent nor divergent is said to be os- 
cillatory sequence. For example, the sequence {2} diverges to +o0 and the 
sequence {—n?} diverges to —oo. The sequence {(—1)"} is an oscillatory one. 

Finally, we close this discussion with monotone sequence and few properties 
related to it. 


Definition 1.0.10. A sequence {x,} is said to be monotone increasing (decreasing) 


sequence if x,,, >(<)n, Vn EN. 


A 


As an example, let us consider the sequence n? 7.e.{1,4,9,...}. This sequence 


1: 


is monotone increasing, however the sequence { 5} i.e.{5, 7, g>---} is monotone 


decreasing. 


Theorem 1.0.10. A monotone increasing sequence, if bounded above, is con- 


vergent and converges to least upper bound. 


Proof. Let {x, } be the monotone increasing sequence, bounded above. Then 


for a pre-assigned €(> 0), Jr € N such that 
M-e<a,<M<Me+e. 


Here M is the least upper bound of {x,}. Therefore, M—e<a2, < M+e. 
Again, since {x, } is monotone increasing then for n > r we find x, > x,. Thus, 
M-e<a,<a,<M<M+es>|c,-M|<eVn>r. This completes the 
proof. 


Remark 1.0.2. A monotone increasing sequence, if unbounded above, is diver- 


gent and diverges to +00. 
Analogously, we can state that 


Theorem 1.0.11. A monotone decreasing sequence, if bounded below, is con- 


vergent and converges to greatest lower bound. 


Remark 1.0.3. A monotone decreasing sequence, if unbounded below, is diver- 


gent and diverges to —oo. 
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Exercises: 
1. Using Mathematical induction show that 1° + 2? + ---+n3 = (mint)? 
for all positive integers n. 
2. Using induction on n prove the identity n? <n! for all integers n > 4. 
3. What is the coefficient of x7 in (3x + 2)!9 ? 
4. Find the coefficient of x°y7 in (x + y)!°. 
5. Suppose S is a set of n+1 integers. Prove that there exist distinct a,b € S 
such that a — bis a multiple of n. 
6. Show that in any group of n people, there are two who have an identical 
number of friends within the group. 
7. Determine whether the function f : Z > Q defined by f(x) = 2*, for all 
x € R is bijective or not. 
8. Let f,g : R > R be two functions, given by f(x) = |z|+ 2 for alla ER 
and g(x) = |z| — x for allz € R. Evaluate fog and go f. 
9. A sequence {z, } is defined by z, = V5 and az,,, = /5z, for n > 1. Prove 
that limz, = 5. 
10. Show the convergence of the sequence {(1 + +)”}. 


Theory of Divisibility 


“A marveilous newtrality have these things mathematicall, and also 
a strange participation between things supernaturall, immortall, intel- 
lectuall, simple and indivisible, and things naturall, mortall, sensible, 
componded and divisible.” 

— John Dee 


2.1 Introduction 


Mathematics is the Universe’s natural tongue. From very beginning of our ex- 
istence as a species, numbers have deeply mesmerised us. Due to Carl] Friedrich 
Gauss “Number theory is one of the oldest branches of Mathematics which es- 
tablished a relationship between numbers belonging to the set of real numbers”. 

The pureness of Number Theory has charmed mathematicians generation 
after generation — each contributing to the branch that Carl Gauss described as 
the “Queen of Mathematics.” Today, however, a basic understanding of Number 
Theory is an absolute precursor to cutting-edge software engineering, specifically 
security-based software. Number Theory is at the heart of cryptography — 
which is itself experiencing a engrossing period of rapid evolution, ranging from 
the famous RSA algorithm to the wildly-popular blockchain world. 

Two clear-cut moments in history stand out as curvature points in the de- 
velopment of Number Theory. First, in archaic times, Euclid put forth his GCD 
(Greatest Common Divisor) algorithm — a splendid set of steps that simplifies 
fractions to their simplest form using geometrical observations. Then, approxi- 


mately two-thousand years later, Gauss formalized Euclid’s principles by com- 
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bining Euclid’s informal writings with his own extensive proofs in the timeless 
Disquistiones Arithmeticae. 


2.2 Divisibility 


When an integer is divided by a second integer(4 0), the quotient may or may 
not be an integer. For instance, 36/6 = 6 is an integer, while 18/7 = 2.5 is not. 
This observation leads to the following definition. 


Definition 2.2.1. If a and b are integers, we say that b is divisible by a(# 0) 
if there exists an integer c such that b= ac. Also, we say that a is a divisor or 
factor of b, denoted by alb. If a does not divides b, then we write aft b. 


Example 2.2.1. 10 is divisible by 5 because there exist an integer 2 such that 
10 =5 x 2. We say 5/10. 


Proposition 2.2.1. For any integers a,b,c,d the following statements are true: 
1. al0,1la, ala. 
2. alb => calcb, Vc € Z. 
3. alb and blc > alc. 
4. 
5. 


g 


b and bla > a=). 


Q 


b and alc => a|(ba + cy) for arbitrary integers x and y. 
Proof. 1. Obvious. 

2. Here, 
a\b = b= da for some integer d, 

=> cb = d(ca) 


=> calcb. 


3. Here, alb = b = aq and c|d = d= cp for some integers p and gq. Therefore 
c = a(pq). Hence bd = ac(pq). Therefore ac|bd, as pq is an integer. 


4. Here, alb = b = ap for some integer p. Also, b|c => c = bq for some integer 
q. Therefore c = bg = a(pq). Therefore alc. 


5. Here, alb > b = ap for some integer p. Therefore b = bpg. Also, bla > a = 
bq for some integer q implies pq = 1. As p,q are integers either, p= q = 1 


or p=q=-l. Therefore a = +b. 
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6. Here, a/b => b = ap for some integer p and Here, a|c > b = aq for some 
integer g. Therefore br + cy = apx + aqy = a(px + qy). Now, pr + qy € Z 
as p,q,x,y € Z. Therefore a|(ba + cy). 


Theorem 2.2.1. The Division Algorithm: Given any two integers a and b, with 
b> 0 there exists unique integers q andr such thata=bq+r withO<r<b. 


Proof. Let a and b be two fixed integers with 6 4 0. Let A = {n € N|n = 
a— by,y € Z}. Our claim is A ¥ ¢. For this there are two possibilities viz: 


1. Ifa > 0, then a— (0) = a > 0. So a—by is non-negative for y = O(a > 0). 


2. If a < 0, then —a > 0. Since, 6 is a positive integer, we must have b > 1. 
Multiplying the inequality by a positive quantity gives, (—a)b > (—a) 
implies a—ab > 0. So a—by is non-negative for y = a(< 0). Hence A # ¢. 


Since, A CN, by well ordering principle A has a least element say r. Since, 
s € A, therefore, r = a — by for some y = gq. Thus we found integers r and q 
such that r = a—bq ora =r-+bgq. Since, r € A, therefore r > 0. Next our claim 
is r < b. On the contrary, if we assume r > b, then 0 < r—b = (a— bq) —b= 
a — b(¢+ 1) <r, which leads to a contradiction as r is the least in A. Hence 
r <b. Thus we found two integers g and r such that a= bg+r withO<r<b. 
The last part of the proof deals with the uniqueness of q and r with the 
above properties. If possible, let there be two pair of integers r,,q, and r,,q, 
satisfying 
r, t+bq, =a=r,+ bq, (2.2.1) 
with 
O<r, <band0<r,. (2.2.2) 


We need to prove r, =r, and q, = q. 
Ifr, <r,, then 2.2.1 shows 


b(q, as qd) =T,—T)- (2.2.3) 


Since by hypothesis, b > 0,r, > r,, therefore g, — gq, must be a non negative 
integer. Hence r, — r, must be one of 0,b,2b,3b,.... But O< r, <r, < b 
implies r, — r, = 0. Hence by 2.2.3 and the preceeding equation together with 
the hypothesis b > 0, we have g, = q,. Similarly, taking r, > r,, proves the 


uniqueness of g and r. 
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For another proof we give explicit formulae for the quotient and remainder 
in terms of the greatest integer function, which will be done in the consequent 
chapter of the book. 


Remark 2.2.1. 1. When b{ a,r satisfies strong inequality 0 <r <b. 
2. Here q and r called quotient and remainder. 
&. bq is largest multiple of b which does not exceed a. 


Example 2.2.2. Suppose we are dividing 51 by 5 then, 51=5 x 10+ 1. Com- 
paring with the theorem we get, a = 51,b = 5,q = 10,r = 1.Here q = 10 is the 


quotient and r = 1 is remainder. 


Corollary 2.2.1. If a,b be two integers with b > 0, then there exists integers Q 
b 
and R such thata=bQ+R, 0<R< 5 


Proof. From Division algorithm we have, for any two integers a and b with b > 0, 
there exists unique integers g and r such that 


a=ba+r,0<r<b (2.2.4) 


We now consider three following cases: Case(i): Let r < $ and taking g = Q 


and r = R in equation (2.2.4), we have 
a=0Q+R0<R<5 
Case(ii): Let r > 8, then from equation(2.2.4) 
a=bq+r 
= (q+ 1) +(r-8) 
= 6(q +1) ~ (b-9). 


Taking q+1 = Q and b—r = R, we have a = (Q—R where R = b-r < b—8 = g 
Therefore a = bQ — R, 0 < R < 8. Now combining case (i) and (ii) we have, 


a=bQ+R, 0<R<5 
Case(iii): Let r = 3, then from equation(2.2.4) 
a=bQ+R, whereq=Q andr=R= 3 
Again from the equation(2.2.4) we have, 
a=bq+r=b(¢+1)—-(b-r)=)Q+R 


where g + 1 =Q and —(b—r) = R that is R= —b+ 8 = —8. Which shows 
that Q and RF is not unique in this case thus case(iii) is not possible. 
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Remark 2.2.2. (i) Here in the above proof Q and R are unique except when 
R= g In this case that is for R = g R is called minimal remainder or the 
absolutely least remainder of a with respect to b. 

(ti) When r < g the minimal remainder is R=r. 


(iti) When r > 8, the minimal remainder is R =r — b. 


Here we have done an illustration of the concept minimal remainder by an 
example. Let us choose a = 51 and b = 6 then 51 = 6 x 8 + 3(of the form 
a= 6Q+R, Q =8, R= 3). Also we can write 51 = 6 x 9 — 3(of the form 
a= bQ-—R, Q=9, R=3). Thus Q and R are not unique as R = 8 = 3. 
Which is case (iii) of above corollary. 

Now if we choose a = 50 and b = 6 then 50 = 6x 8+2. Thus in this case 
r=2< %=3 and the minimal remainder is R= 2. Which is case (i) of above 
corollary. 

Now if we choose a = 52 and b = 6 then 52 =6x8+4. Thus in this case 
r=4> g =3 and the minimal remainder is R= r—b=4—6=—2. Which is 


case (ti) of above corollary. 


Theorem 2.2.2. Prove that every integer is of the form, 
1. 3k or 3k +1. 
2. 4k or 4k+1 or 4k +2. 


3. 5k or 5k41 or 5k +2. 


4. 64 or 61 or 6K £2 or 6K +3. 


Proof. From the above corollary any integer a is of the form 


a= bk+r where b,k,r € Zand0 < |r| < : (2.2.5) 
3 
1. When b = 3, we get from 2.2.5 a = 3k +r where 0 < |r| < on 1.5. 
Therefore r = 0, +1. 
4 
2. When b = 4 we get from 2.2.5, a = 4k4+1r,0 < |r| < im 2,1e r= 


0,+1 


,+2. Therefore a = 4k, 4k +1,4k +2. 


3. Rests treated as exercises. 
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2.3. Worked out Exercises 


Problem 2.3.1. For any two integers a and b with b > 0, there exists unique 


b 
integers q, andr, such that a= bq, + cr, whereO <r, < ein +1. 


Solution 2.3.1. By division algorithm we have a= b¢+cr,0<r<b. 


b 
Case I r < 3? take gq, = q,¢=1,r, =r. Therefore a = bq, +cr,,0 <7, < 


b 
9? 


Be 


c=2l1. 


Case II r > g thereforeO <b-r< B take q, =q,+1,r, = b-r and 2 =-1, 
therefore, a = bq, +cr, where0 <r, < $,c=-1. 


b 
Case III r = 4 theng, =q,c=1,r, =r. Therefore a = bq,+cr,,7, = ge 1 
and if q, =@q+1,r, =b-r andc=-1. Therefore a = b(¢ +1) — (b- 


r) = bq, + cr,, ee r,¢ = —l. In this case q, and r, ts not unique, so 
a=bq, +er,,0<r, < Se=Htl. 


Problem 2.3.2. Show that every square integer is of the form 5k or 5k+1 for 
some k € Z. 


Solution 2.3.2. Note that every integer is of the form 5p, 5p+1,5p+2 for some 
peZ. Square of these numbers are of the form: 


(5p)? = 5 x 5p” = 5k, where k = 5p” is a positive integer 

(5p £1)? = 25p? + 10p + 1 = 5(5p? 4 2p) +1 = 5k +1, where k = 5p? +2p+1EZ 

(5p + 2)? = 25p? + 20p + 4 
= 5(5p? +4p+1)-1 

= 5k—1, wherek = 5p? +4p4+1€Z. 


Problem 2.3.3. Show that cube of any integer is of the form 9p,9p + 1,9p + 
8(or 9p, 9p = 1). 
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Solution 2.3.3. Here, 


(3m)? = 27m? = 9p, where p= 3m? € Z 
(3m + 1)? = 27m? + 27m? + 9m +1 
= 9(3m? + 3m? +m) +1 
=9p+1, where p= 3m? +3m?+meEZ 
(8m — 1)? = 27m? — 27m? +9m—-9+8 
= 9(3m? — 3m? +m—1)+8 
=9p+8, where p= 3m? —3m?+m-1EZ 
Also, (8m — 1)? = 9(3m? — 3m? +m) —1 


= 9p—1, where p = 3m? —3m?+ me Z. 


Problem 2.3.4. Prove that the expression is an integer fora > 1. 


a(a? + 2) 
3 
Solution 2.3.4. Applying Division Algorithm, any integer a can be expressed 
in the form 3q,3q¢+1,3q¢+2. Taking a = 3q we obtain a #2) = q(9q7 +2), an 
integer. Similarly putting a = 3q+1 and a = 3q+2 we obtain (3q+1)(3q?+2q+1) 
and (3q + 2)(3q? + 4q + 2) respectively, both of which are integers. Hence the 


result is proved. 


Problem 2.3.5. Show that one of every three consecutive integer is divisible by 
3. 


Solution 2.3.5. Let a,a+1,a+2 be any three consecutive integers, then a is 
of the form 3p,3p+1,3p—1 where p € Z. Ifa = 3p, then a is divisible by 3. If 
a= 3pt+1, thena+2 = 3p+3 = 3(p+1) is divisible by 3. Ifa = 3p—1, then 
a+1=3p4+1-1= 8p its divisible by 3. 


Problem 2.3.6. Find the minimal remainder of 416 with respect to (i) 37 (ii) 
42. 


Solution 2.3.6. (i) Here a = 416,b = 37. Therefore 416 = 37 x 11+9(Why!). 
Therefore the minimal remainder is R = 9. 


(ii) Left to the reader. 


Problem 2.3.7. Show that at! —(a—1)n—a is divisible by (a — 1)?,a being 


an integer. 
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Solution 2.3.7. Since a € Z, we have 


=(a-1){(a"+a"1+--- +a) —n} 
(a-1*{(ar tar 7p tL) t (ar rte tly te +1}. 


The given expression is divisible by (a — 1). 

Problem 2.3.8. If both a and b are odd positive integers then a* + b* — 2 is 
divisible by 8. 

Solution 2.3.8. Let a = 2n, +1 and b= 2n2 +1 be the odd positive integers, 
where n,,n, are positive integers. Thus we have, 

(Qn, +1)* + (Qn, + 1)* -2 

= (2n,)* ae (2n,)° AO (2n,)? ras (2n,) se a (2n,)* es (2n,)° a (2n,)? 
+4-(2n,)+1-2 

= 16(n* + n>) + 16(n? + n3) + 24(n? +n?) + 8(n, +n,) 

= 8[2(n4 + n3) + 2(n? + n3) + 3(n? +n?) + (n, +n,)]. 


Problem 2.3.9. Show that the product of two integers of the form 4n +1 is 
again of this form, while the product of two integers of the form 4n + 3 is of the 
form 4k +1. 


Solution 2.3.9. Product of two integers of the form 4n +1 gives us (4n + 
1)(4m+1) = 4(4mn+m+n)+1=4k+1,k € Z. Similarly (4n+3)(4m+4+3) = 
4(4mn + 3m +38n+2)4+1=4k+1,k €Z. 


Problem 2.3.10. Show that the square of every odd integer is of the form 8k+1. 


Solution 2.3.10. Let a be an odd integer. Then n = 2s+1, 5 being an integer. 


Now, a? = 4s(s +1) +1. If s is even, then s =2m,m being an integer. Hence 
a? = 8m(2m +1) +1=8k+1,k=2m4+1€Z. 
If s is odd, then s =2m+1. It follows, 
a = 8(2m+1)(m+1)+1=8k+1,k = (2m+1)(m41) €Z. 
Problem 2.3.11. Let m be a positive integer. We define 


ifm ts even; 


fi — 
oy ee if m is odd. 
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We, then form the sequence obtained by iterating T;m,T(m),T(T(m)), T(T(L 
(m))),.... For instance, starting with m = 7 we have 7, 11,17, 26, 13, 20, 10,5, 8,4, 
2,1,2, 1, 2, 1,.... Awell-known conjecture, sometimes called the Collatz conjecture, 
asserts that the sequence obtained by iterating T always reaches the integer 1 no 


matter which positive integer m begins the sequence. 
k-1 
Show that the sequence obtained by iterating T starting with m = 37? 


where k is an even positive integer, k > 1, always reaches the integer 1. 


Solution 2.3.11. If 3m is odd, then so ism. So T(m) = 2444 = a = Q2k-1, 
Since T(m) is a power of 2, the exponent will decrease down to 1 with repeated 


iterations of T. 
Problem 2.3.12. Show that if a is an integer, then 3 divides a? — a. 


Solution 2.3.12. Here a®—a = a(a—1)(a+1). Applying division Algorithm we 
have a = 3k,a = 3k+1 ora = 3k+2, k being an integer. If a = 3k anda = 3k+ 
1, then 3]a and 3|(a—1) respectively. Finally, if a = 3k +2 t.e.a+1=3(k+1), 
then 3|(a+1). Combining, it shows 3|a(a—1)(a+1) = a? —a. 


2.4 Greatest Common Divisor 


If c and d be two arbitrary integers, not simultaneously zero, then the set of 
common divisors of c and d is a finite set of integers, always containing the 
integers +1 and —1(hence, their set of common divisors is non-null). Now every 
integer divides zero, so that if c= d= 0, then every integer serves as a common 
divisor of c and d. In this case, the set of common divisors of c and d turns to 
be infinite. In this article, we are interested on the greatest integer among the 


common divisors of two integers. 


Definition 2.4.1. The greatest common divisor of two integers c and d, that 


are not both zero, is the greatest integer which divides both c and d. 
In other words, the above definition can be formulated as 


Definition 2.4.2. If c and d be two arbitrary integers, not simultaneously zero, 
the greatest common divisor of c and d is the common divisor e satisfying the 


following: 
1. ela and elb. 
2. If fla and f|b then e> f. 


The greatest common divisor of c and d is written as (c,d) or gcd(c, d). 
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Example 2.4.1. The common divisors of 20 and 80 are +1, +2, +4,+5,+10and 
20. Hence gcd(20, 80) = 20. Similarly, looking at sets of common divisors, we 
find that (12,18) = 6, (50,5) = 5, (19, 24) = 1, (0,56) = 56, (—8, —16) = 8, and 
(—19, 361) = 19. 


We can also define the greatest common divisor of more than two integers. 


Definition 2.4.3. Let c,,c,,...,c, be integers, that are not all zero. The great- 
est common divisor of these integers is the greatest integer which is a com- 
mon divisor of all of the integers in the set. The greatest common divisor of 


C,,Cy,---,6, t8 denoted by (c,,¢,,...,¢,) or gcd(c,,¢,,...,6,). 


n an In 


Example 2.4.2. We see that (12,18,30) = 6 and (10,15,25) =5. 


The following proposition can be used to find the greatest common divisor 


of a set of more than two integers. 


Proposition 2.4.1. Ifc,,c,,...,¢, are integers, not simultaneously zero, then 


Bede Ve ah te) = Bed Cera ad OC ngyee) 


Before proceeding for proof, let us explain the proposition with an example: 
To find the greatest common divisor of the three integers 105, 140, and 350, we 
see that ged(105, 140, 350) = ged (105, (140, 350)) = ged(105, 70) = 35. 


Proof. In particular, a common divisor of the n integers c,,c,,...,¢, is a divisor 
of c,_, and c, and therefore, a divisor of (c,_,,c,). Also, any common divisor 
of the n — 2 integers c,,c,,.-.,¢,_, and (c,_,,c¢,,), must be a common divisor of 


n—-1?~n 


all n integers, for if it divides (c,_,,c,,), it must divide both c,_, and c,. Since 


-1 


the set of m integers and the set of the first n — 2 integers together with the 


greatest common divisor of the last two integers have exactly the same divisors, 


their greatest common divisors are equal. 


Next we are particularly interested in pair of integers sharing no common 
divisors other than 1. Such pair of integers are said to be relatively prime or 


coprime. 


Definition 2.4.4. The integers c and d, not simultaneously zero, are said to be 


relatively prime(or coprime) if c and d have greatest common divisor (a,b) = 1. 
Example 2.4.3. Since, gcd(12,13) = 1 therefore 12,13 are relatively prime. 


We can also define the relatively prime of more than two integers. 
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Definition 2.4.5. We say that the integers c,,c,,...,¢, are mutually relatively 
prime(or coprime) if gcd(c,,c,,.-.,¢,) = 1. These integers are called pairwise 


relatively prime if for each pair of integers c, 


a 


,c, from the set, gcd(e,,c,) = 1, 


t.e., if each pair of integers from the set is relatively prime. 


If integers are pairwise relatively prime, they must be mutually relatively 


prime(Verify!). However, the converse fails is shown from the following example: 


Example 2.4.4. Consider the integers 15,21, and 35. Since (35,55,77) = 
(35, (55, 77)) = (35,11) = 1, we see that the three integers are mutually rela- 
tively prime. However, they are not pairwise relatively prime, because (35,55) = 
5, (35,77) =7 and (55,77) = 11. 


Remark 2.4.1. Since the divisors of —a are the same as the divisors of a, it 
follows that gcd(a, b) = (|al, |b|) (where |a| denotes the absolute value of a which 
equals a ifa > 0, equals —a if a < 0) and equals 0 if a = 0. Hence we can 


restrict our attention to greatest common divisors of pairs of positive integers. 


We will show that the greatest common divisor of the integers c and d, not 
simultaneously zero, can be written as a sum of multiples of c and d. To phrase 
this more lucidly, we use the following definition: 


Definition 2.4.6. Ifc and d are integers, then a linear combination of c and d 
is a sum of the form mc+ nd, where both m and n are integers. 


The following theorem relates definition 2.4.6 and greatest common divisors. 


Theorem 2.4.1. The greatest common divisor of the integers c and d, not 
simultaneously zero, is the least positive integer that is a linear combination of c 
and d.(In other words, given integers c and d, not both of which are zero, there 
exist integers m,n such that gcd(c,d) = mc + nd.) 


Before proceeding for the proof, let us illustrate the theorem succinctly with 


an example: 


Example 2.4.5. Consider the case in which c= 4 andd=12. Here, the set S 
becomes S = {4(—2) + 12-1,4(—1) +12-1,4-0+4152-1,...} = {4,8,12,...}. 
Here 4 is the smallest integer in S, whence 4 = gcd(4, 12). 


Proof. Let e be the least positive integer such that e = ma+ nb holds, m,n 
being integers.(Using the well-ordering property, there exist such least positive 
integer, also at least one of two linear combinations 1-c+0-d and (—1)-c+0-8, 
where c # 0 is positive, do exist). 
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Claim(i) ec and eld. 


Claim(ii) e = gcd(c, d). 


To fulfill Claim(i), applying Division Algorithm, we have c = eq+r withO<r< 
e. Now combining e = ma + nb and c = eq +r, we obtain r = (1 — gm)c — qnd. 
This shows that the integer r is a linear combination of c and d. Since 0 < r < e, 
and e is the least positive linear combination of c and d, we conclude that r = 0, 
and hence ela. In a similar manner, we can show that eld. 

For Claim(ii), all we need to show is that any common divisor f of c and d 
must divide e. Since e = ma+ nb, if fle and f|d, proves fle. This completes 


the proof. 


Remark 2.4.2. The foregoing argument is just an “existence” proof and does 


not provide a practical method for finding the values of m and n. 


The following theorem illustrates the relation between relatively prime inte- 


gers and linear combinations(of relatively prime integers). 


Theorem 2.4.2. Let c and d integers, not simultaneously zero. Then c and d are 


relatively prime if and only if there exist integers m and n such that 1 = mc+nd. 


Proof. If c and d are relatively prime then gcd(c,d) = 1. By virtue of Theorem 
2.4.1, there exist integers m and n satisfying 1 = mc+nd. In context of converse 
part, assume that 1 = mc+nd for some choice of m and n, and that e = gcd(c, d). 
Because el|c and e|d, Proposition 2.2.1 yields e|(mc + nd), or e|1 implies e = 


1(Why!), and the desired conclusion follows. 


It is true, without adding an extra condition, that alc and b|c together does 
not imply ab|c. For instance, 6/12 and 3/12, but 6-3 { 12. Of course, if gcd(6,3) = 
1, then this situation would not arise. This brings us to Corollary the following 
corollary: 


Corollary 2.4.1. If cle and dle, with gcd(c,d) =1, then cdle. 


Proof. As cle and dle, there exist integers m and n satisfying e = mc+nd. Now 
the relation gcd(c, d) = 1 implies 1 = ck +dl for some choice of integers k and I. 
Multiplying the last equation by e, we obtain e = e- 1 = e(ck + dl) = eck + edl. 
The appropriate substitutions on the right-hand side allows e = c(ds)k+d(cr)l = 
cd(sk + rl) implies cdle. 


The following few propositions address some properties of greatest common 


divisors. 
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Proposition 2.4.2. Let a,b and c be integers with gcd(a,b) = d. Then 


a b 
L -,-)=1. 
ved($.5) 1 
2. gcd(a + cb, b) = gcd(a, b). 


3. gcd(ma, mb) = md (m > 0). 


b 
Proof. 1. Here a,b are integers with gcd(a, b) = d. Our claim is 7 have no 
common positive divisors other than 1. Assume that e is a positive integer 


b 
such that dls and ela: Then, there are integers k, and k, with 7 =k,e 
b 
and a k,e, satisfying a = dek, and b = dek,. Hence de is a common 
b 
divisor of a and b. Hence e = 1(Why!). Consequently, voa(S 7) =1. 

2. Here a,b and c be integers with gcd(a,b) = d. Its suffices to show that 
the common divisors of a,b are exactly the same as the common divisors 
of a+ cb, b => gcd(a+ cb, b) = gcd(a, b). Let e be a common divisor of a, b. 
Then e|(a + cb)(Why!), such that e is a common divisor of a + cb, b. If f 
is a common divisor of a + cb,b we see that f|((a + cb) — cb) = a(Why!), 
showing f is a common divisor of a,b. Hence gcd(a + cb, b) = gcd(a, b). 


3. Since d = gcd(a,b) then J integers x and y such that d = xa + yb(by 
Theorem 2.4.1). Then we have, 


m(aa + yb) = md 
=> x(ma) + y(mb) = md 


As m > 0 then from the above equation we can assert that gcd(ma, mb) = 
mgcd(a, b) = md. 


Proposition 2.4.3. Prove that gcd(a,c) = 1 if and only if gcd(c — a,c). 


Proof. Every common divisor d of a and c is also a common divisor of c — a 
and a. Conversely, every common divisor d of c — a and a is also a common 
divisor of c—a+az=cand a. Therefore the greatest common divisor of a and 


c is the same as the greatest common divisor of c— a and a. So in general, 


gcd(a,c) = ged(c — a,c) = 1. 


Proposition 2.4.4. Let a,b and c be integers with gcd(a,b) =1. Then 


1. If gcd(a,c) =1, then gcd(a, bc) = 1. 
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2. If gcd(a,b) = 1, and cla, then gcd(b,c) = 1. 
3. If c|(a+b), then ged(a, ec) = gcd(b,c) = 1. 


4. If djac, and dlbc, then dlc. 


Proof. 1. Since gcd(a,b) = 1, and gcd(a,c) = 1, therefore 4 x,y,u,v € Z 
such that 1 = ax + by = au+ cv. 
v. 1 = (ax + by)(au + cv), 
= a(ary + byu + axu) + beyu, 
=ak 


, + bck,, k, =axy+ byu+axu, k, = yu. 


Hence gcd(a, bc) = 1. 


2. left to the reader. 


3. Since gcd(a, b) = 1,4 u,v € Zsuch that au+bv = 1. Also, c|(a+b) => dm 
such that cn =a+b=> cn-—b=a. 


*. (en — b)u+ bv = 1, 


cnu — bu+ bv = 1, 


cnu — b(u—v) =1= gcd(c,b) = 1. 
Similarly, gcd(c, a) = 1. 


4. left to the reader. 


Our next theorem seems simple, but is of fundamental importance. 
Theorem 2.4.3. Euclid’s Lemma: If albc, with gcd(a, b) = 1, then alc. 


Proof. By virtue of Theorem 2.4.2, writing 1 = am-+ bn, where m and n are 
integers. Multiplication of this equation by c produces c= 1-c = (am+ bn)c = 
acm + bcn. Because alac and albc, it follows that a|(acm + ben), which can be 


recast as alc. 


Remark 2.4.3. The condition gcd(a,b) = 1 is necessary is evident from the 
following example: 12|9-8, but 1249 and 12{8. 


Theorem 2.4.4. Let c,d be integers, not both zero. For a positive integer e, 
e = gcd(c, d) if and only if 


1. ele and eld. 
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2. Whenever f\c and f\d, then fle. 


Proof. Hint: Use Theorem 2.4.1. 


Simple application of the last theorem leads to the following proposition. 


Proposition 2.4.5. Let a,b andc be integers with gcd(a, b) = 1, then gcd(ac, b) = 
gcd(c, b). 


Proof. Let gcd(c, 6) = d. Its suffices to show that dljab and secondly if klac and 
k|b then kld. Since dic, 3 n such that dn = c so (dn)a = ca > dca. 

Next, 4 u,v € Z such that d = au+ cv. Since k|b, then 4 n such that 
kn = b. Hence d= cu+knv. Since gcd(a, b) = 1 4 p,q such that ap+ bg =1> 


apc + bqc = c. 


v. d= (apc + bqce)x + kny, 
= axpc + bqcx + kny. 


But, k|ac > dr such that kr = ac. 


v. d= krpzx + knqex + kny, 
= k(rpx + ngcx + ny) => kid. 


Hence using Theorem 2.4.4 we obtain the desired result. 


Remark 2.4.4. The Theorem 2.4.4 sometimes serves as a definition of gcd(c, d). 
The advantage of using it as a definition is that order relationship is not involved. 


Thus, it may be used in algebraic systems having no order relation. 


Euclid’s Algorithm 


While finding the gcd of two integers (not both 0), we can of course list all the 
common divisors and pick the greatest one amongst those. However, if a and 
b are very large integers, the process is very much time consuming. However, 
there is a far more efficient way of obtaining the gcd. That is known as the 
Euclid’s algorithm. This method essentially follows from the division algorithm 
for integers. 

To prove the Euclidean algorithm, the following lemma will be helpful. 


Lemma 2.4.1. If a=qb+r then the gcd(a, b) = gcd(b,r). 


Proof. Let d = gcd(a,b) and d, = gcd(b,r). Then, dla,d|b implies d|(a — qb) 
.e, dir. Thus d is a common divisor of 6 and r, hence d|d,. Similarly, d, |b, d,|r 
implies d,|(bqg + 7) 1.e., d,divides both a and b. Then, d,|d. Thus, d = d,, as 
both d and d, are positive by our definition of gcd. 
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Theorem 2.4.5. EFuclid’s Algorithm: Let a and b (a > b) be any two integers 


. If ry, is the remainder when a is divided by b, rg is the remainder when b is 
divided by r1, r3 is the remainder when r; is divided by rg and so on. Thus 


Tn41 = 0, then the last non zero remainder rp, is the gcd(a, b). 


Proof. Euclid’s algorithm is an efficient way of computing the gcd of two integers 
by repeated application of the above lemma. At each step the size of the integers 
concerned gets reduced. Suppose we want to find the gcd of two integers a and b, 
neither of them being 0. As gcd(a,b) = gcd(a, —b) = gcd(—a, b) = gcd(—a, —)), 
we may assume a > b > 0. By performing division algorithm repeatedly, we 


obtain 
a=bq,+7,, Cnr SO. 
b=r,q,+7., O<r, <1r,. 
YT, =T3d. +15; Ory Sg. 
Vag Ta Ga as 0 < rh < mee} 
Pr—1 Tn Angi 7 Pngis O0< Prt. he 
As we have a decreasing sequence of non-negative integers b > r, >r, >... > 
r, > Tr4. we must have r,,, = 0 for some n. Then, by applying the previous 


lemma, repeatedly, we find that gcd(a,b) = gcd(r,,b) = gced(r,,r,) =... = 
gcd(r,_4,7,5) = ged(r,,7,_,) =7,- Thus, the last non-zero remainder r,, in 


n?'n-1 


the above process gives us the gcd(a, b). 


Theorem 2.4.6. If k > 0, then ged(ka, kb) = k gcd(a, b). 


Let us illustrate the statement of the above theorem with an example: gcd(12, 30) = 
ged(3-4,3-10) = 3gcd(4, 10) = 3 gcd(2-2,2-5) =3-2gcd(2,5) =6. 


Proof. If each of the equations appearing in the Euclidean Algorithm for a and 
b is multiplied by k, we obtain 


ak = (bk)q, +7,k, O<r,k < bk. 
bk = (r,k)q, + 72k, O<r,k<r,k. 
rk = (r,k)q, +r,k, O< rk <rgk. 
r, 2k = (r, kg, +7,k; O<rk<r,_k. 
TW =(1,k)q,., +0 
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But here the Euclidean Algorithm applied to the integers ak and bk, so that their 


greatest common divisor is the last nonzero remainder r,, k; that is, gcd(ka, kb) = 
r,,k = kgcd(a, b). 


Based on the above theorem, let us state and prove the following corollary: 


Corollary 2.4.2. Its suffices to consider the case k <0. Then —k = |k| > 0 
and 
gcd(ka, kb) = gcd(—ka, —kb) 
= ged(|kla, |k|b) 
= |k| gcd(a, b). 


2.5 Least Common Multiple 


There is a concept parallel to that of the greatest common divisor of two integers, 
known as their least common multiple. Prime factorizations can also be used 
to find the smallest integer that is a multiple of two positive integers(treated in 
later chapters). The problem of finding this integer arises when fractions are 
added. 


Definition 2.5.1. The least common multiple of two positive integers a and b 
is the smallest positive integer that is divisible by a and b, denoted by lcm(a, b) 


or [a, b]. 
The above definition can also be formulated as follows: 


Definition 2.5.2. The least common multiple of two nonzero integers a and b 


is the positive integer | satisfying the following: 
1. all and bl. 
2. Ifalc and b\c, with c>0, thenl <c. 


Example 2.5.1. We have the following least common multiple: lem(16,20) = 
80, lem(24, 36) = 72, lem(4, 20) = 20, and lem(5, 13) = 65. 


Remark 2.5.1. Given nonzero integers a and b, lcm(a,b) always exists and 
lem(a, b) < |ab| (Verify!). 


Proposition 2.5.1. For nonzero integers a and b, the following statements are 
equivalent(TFAE): 


1. gcd(a, b) = jal. 
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2. ald. 


3. lem(a, b) = |b}. 


Proof. (1)=(2): Let (1) holds. Then 3 n € Z such that 6 = |a|n. Nowa>0=> 
b=an= alb. Again, a <0 => ja] = -1 > b= (-a)n => b= a(—n) = alb. ald. 
Hence (2) holds. 

(2)=(3): Let (2) holds. Then a| |b| and clearly b| |b]. Let c be another common 
multiple. Then alc and ble with c > 0. Now ble implies 4 n € Z such that c = bn 
and |n| > 1. Thus, |c| = |b||n| > 6 which further gives |c| > |b| and by definition 
|b| = lem(a, b). 

(3)=(1): Let (3) holds. Therefore al|| => |a|| OI. Let c be another common 
multiple. Then dn € Z such that a = cn = |a| = |e||n|. But |n| > 1 => |e||n| > 
\c| => |a| > |c|. Therefore gcd(a, b) = |al. 


The following theorem filled the gap between greatest common divisor and 
least common multiple. 


Theorem 2.5.1. Ifa and b are positive integers, then [a,b] = , where [a, }] 


a 
(a,b) 
and (a,b) are the least common multiple and greatest common divisor of a and 


b, respectively. 


Proof. Let us begin with taking c = (a,b) and write a = cr, b = cs for integers r 
and s. If] = ae then | = as = rb, making I a (positive) common multiple of a 
and b. 

Now let d be any positive integer that is a common multiple of a and b, implies 
d= au = bv. As we know, there exist integers k and | such that c= ak+ bl. As 
a result of which, 

d dc d(ak+bl) d 


d 
= = = l=vk I <6. 
— ab pete vk+ul > Ileo>l<c 


Hence | = Icm/(a, b) and |[a, b] = 


(a,b)" 


Remark 2.5.2. The alternate proof of the above theorem can be done using 
the prime factorizations of integers a and b (for further details refer to chapter 
Prime Numbers). 


Corollary 2.5.1. For any choice of positive integers a and b, [a,b] = ab if and 
only if (a,b) = 1. 


Proof. Obvious. 
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We conclude this section with a simple but interesting proposition. 
Proposition 2.5.2. For a and b be two non zero integers. Then 


1. gcd(a,b) = Icem(a, b) if and only if a = +b. 


2. Ifk >0, then lem(ka, kb) = k lem(a, b). 
3. If m is any common multiple of a and b, then lem(a, b)|m. 


Proof. 1. Let us consider gcd(a,b) = lem(a,b) = d. Now by Theorem 2.5.1 
we get d = ab. Since dla then dx € Z such that dr = a. This implies 
d? = dxb d = xb bd. Thus we have d|b and d|b which together 
implies d = +b(by Proposition 2.2.1). By similar arguments we also have 


= +a. Therefore |d| = |a| = |b| implying a = +0. 


Conversely let d = +a holds. Then again by Proposition 2.2.1 we can 
assert that a|b and bla. This claims that gcd(a, b) = Icm(a, b). 


2. To prove this we are to start with gcd(ka, kb) -lem(ka, kb) = k?|ab|. Then, 


kgcd(a, b) - lem(ka, kb) = k?|ab| [ by Proposition 2.4.2] 
=> gcd(a, b) -lem(ka, kb) = klab| 
=> gcd(a, b) - lem(ka, kb) = k gcd(a, b) - lem(a, b) 
=> Icm(ka, kb) = k lem(a, b). 


3. Let us consider | = Icm(a,b) and by division algorithm J integers g and r 
such that m=lq+r,0<r<l. 


If r = 0 then obviously I|m. 


If 0 < r <1 then we can write r = m-— lq. Since m and | are multiples 


of a and b then J integers x,y, u,v such that r = ax — ayq = a(x — yq) 
and also r = bu — bug = b(u — vq). This shows that r is a multiple of a, b 
and this contradicts the fact | = lem(a,b). So r < 1 is not possible. This 


proves our assertion. 


2.6 Worked out Exercises 


Problem 2.6.1. If a,b,c are integers, then gcd(a, bc) = 1 if and only if gcd(a, b) = 
gcd(a,c) = 1. 
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Solution 2.6.1. Let gcd(a,b) = gcd(a,c) = 1 holds. Then there exists integers 


m,,n,,m, and n, satisfying 
am, +bn, =1l=am, + cn,. 
Therefore 


am,cn, + bn,cn, = cn, =1—am,, 


=> a(m, +cm,n,) + be(n,n,) = 1. 


Asm, +cm,n, and n,n, are integers, therefore gcd(a, bc) = 1. 
Conversely, let gcd(a, bc) = 1 holds. We are to show gcd(a, b) = gced(a,c) = 
1. Let gcd(a,b) #1. Then gcd(a, b) = d implies there exists m,n such that 


am+bn=d 
=> acm + ben = cd 


=> a(cm) + b(cn) = cd. 


Therefore gcd(a, bc) = cd(# 1), a contradiction. Thus both a,b and a,c are 


coprime. 
Problem 2.6.2. Prove or disprove: If a|(b+ cc), then either a|b or alc. 
Solution 2.6.2. Hint: Take a= 3,b =2,c=7. 


Problem 2.6.3. If albc, show that al gcd(a, b) gcd(a, c). 


Solution 2.6.3. Let gcd(a,b) = d, and gcd(a,c) = d,. Then 4d a,y,u,v € Z 
such that 
d, =ax+ by, &d, =au+cv. 


Also, in € Z satisfying an = bc. Now, 


d,d, = (ax + by)(au+ cv), 
= aru + acxv + abuy + beyv, 


= a(aru + crv + buy) + anyv, 


= a(aru + cau + buy + nyv). 


*. al gcd(a, b) ged(a, c). 


Problem 2.6.4. Prove that if d\n, then (24 — 1)|(2” — 1). 
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Solution 2.6.4. We know that 


a” —1=(a—1)(a™ +a"? +...+a+4+1), 
21 = (2—1)(2"- 1 4 24 + 2 +1), 
-9¢—1=(2-—1)(27 1) +207 + .5.4241). 


Since d\n, Ja € Z such that dx =n. Therefore 


gr —1 = 24 _ 1 = (2%)* -1, 
= (09 = (eer a ee oe). 
*, (27—1)|(2" 1). 


Problem 2.6.5. Prove that the product of any three consecutive integers is 
divisible by 6. 


Solution 2.6.5. Here we need to show 6|a(a+1)(a+2), for any arbitrary a € Z. 

Let S=a(a+1)(a+2). Here 6 =3-2 and gcd(2,3) =1. If a is even, then 
2\a = 2|S. And if odd, then 2|(a+1) > 2|S. Leta = 3q+r, g,r € Z. Now 
r=0,1,2. For all the values of r, 3|S(verify!). Hence 2|S,3|S together implies 
6|S. 


Problem 2.6.6. If a is an odd integer, then 24|a(a? — 1). 


Solution 2.6.6. Let us first prove, a is of the form 8k +1. Leta =4q+r. 
Therefore r = 0 or 3(Why!). Therefore 


a? = 16q7 + 8¢+1=8k+1, forr=0 
a” = 16q* + 24g +9 = 8k’ +1, forr =3. 


So a(a2 — 1) =a(8k), for some k. Hence 8|a(a? —1). Therefore 6la(a? -ls 
3|a(a? — 1). As ged(3,8) =1, hence 24|a(a? — 1)(Why!). 


Problem 2.6.7. If a is an integer not divisible by 2 or 3, then 24|(a? + 23). 


Solution 2.6.7. Leta = 12q+ 7, qr € Z withO < r < 12. But here, r = 
1,5,7,11(Why!). Now 


a” + 23 = (12q+ r)? + 23, 
= 1449? + 24qr +r? + 23, 
= 24(6q? + qr) +1? + 23. 
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Now, r =1 gives r? + 23 = 24 
r=5 gives r? + 23 = 48 = 24-2 
r=7 givesr? + 23 = 72 = 24-3 
r= 11 gives r? +23 = 144 = 24-6 
a? +23 = 24(6q? + qr) + 24-k, for some k. 


Hence 24|(a? + 23). 


Problem 2.6.8. Forn > 1, and positive integers a,b, prove that gcd(a”, b”) = 1 
where gcd(a, b) = 1. 


Solution 2.6.8. For n = 1, the statement is obvious. Let us assume the 
statement be true for n(> 1) = k i.e. gcd(a*,b*) = 1. Now gcd(a*,b**1) = 
gcd(a*,b*) = 1/refer to the properties of GCD]. Since gcd(a,b) = gcd(b, a) = 1, 
then gcd(a*, bk+1) = 1 = ged(a**1, b*+1). 


Problem 2.6.9. For n > 1, and positive integers a,b, prove that the relation 


a” |b” implies alb. 


Solution 2.6.9. The relation is obvious forn = 1. If possible, let us assume the 


relation is true forn =k. Then a"|b” implies alb, which further implies 4 x,y 
such that 
b* = ra® & b= ay. 
b peti 
- aaktl — ap® = (2) er 
y ¥ 


k+1 — pet => ahr pert 


cya 
Problem 2.6.10. Prove that if gcd(a,b) = 1, then gcd(a+ b, ab) = 1. 


Solution 2.6.10. Let c be the common divisor of a+b and ab. Then gcd(a,c) = 
gcd(b,c) = 1. Since clab and gcd(c,a) = 1, then by Euclid’s Lemma we have c|b. 
By similar reasoning, cla. Asc < gced(a,b) =1>c=1= gcd(a +b, ab) =1. 


Problem 2.6.11. Prove that the greatest common divisor of two positive inte- 


gers divides their least common multiple. 
Solution 2.6.11. Let a,b > 0. We are to prove gcd(a, b)|lem(a, b). We know 


that gcd(a, b)lem(a,b) = ab. Let d = gcd(a,b). Then 3, m,n such that a = 
dn, b= dm. 


d-lem(a, b) = (dn)(dm). 
“. lem(a,b) = d(nm) > d|lem(a, b) > gcd(a, b)|lem(a, b). 
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Problem 2.6.12. Ifa and b are prime to each other then prove that gcd(a + 
b,a? +b?) =1 or 2. 


Solution 2.6.12. Let gcd(a+ b,a? + 6?) = d. Then d\(a? +0?) <= > d|(a+ 
b)(a — b) + 2b?. Since d|(a +b), dx such that dx =a+b. Let m € Z be such 
that 


dm = (a+b)(a—b)+2b? = dm = dx(a—b)+2b? => d{m—a(a—b)] = 2b? = d|2b?. 


Now combining the facts d|(a+b) and gcd(a, b) = 1, we find gcd(b, d) = 1(Why!). 
Thus we get d{ b, which implies d|2. Therefore d < 2 implies d=1 or 2. 


Problem 2.6.13. Let a,b,c be integers, no two of which are zero, and d = 
gcd(a, b,c). Show that d = gcd(gcd(a, b), c) = gcd(a, ged(b, c)) = ged(gcd(a, c), b). 


Solution 2.6.13. Firstly, we will show d = gcd(gcd(a, b),c). Let f = gcd(a, b) 
and g = gcd(f,c). Now g|f => gla,glb. Here glc > g < d. Our next task is 
to show d|f. Here for some x,y € Z, f = ax + by/refer to Theorem 2.4.1]. 
Now a = du,b = dv for some u,v € Z. Hence f = dux+dvy => d\f. Now 
d\c => d\jg > d < g. Hence combining, d = g holds i.e. d= gcd(gcd(a,b),c). 
Proceeding as above, we can show that d = gcd(a, gcd(b, c)) = gced(gced(a, c), b). 
Thus d = gcd(gcd(a, b), c) = gcd(a, gcd(b, c)) = ged(ged(a, c), b). 


2.7 Linear Diophantine Equations 


Before delving deep into the topic, let us start with the following problem: 

A person wishes to buy ice cream bar for a get-together at home. After going 
to the ice cream parlour he came across with some flavours: one is chocolate bar 
costing Rs.126 and another is strawberry bar costing Rs.99. He decided to buy 
both combinations with a budget of Rs.2000. Now the problem is; whether there 
exist any such combinations of these two flavours? To answer this, let k denote 
the number of chocolate bars and / denote the number of strawberry bars, the 
person can purchase. Then we must have 126k + 991 = 2000, where both k and 
! are nonnegative integers. 

Now the need for Diophantine equation get along to find the solutions of a 
particular equation, which follow from the set of integers. Diophantine equations 
get their name from the ancient Greek mathematician Diophantus, who wrote 
extensively on such equations. The type of diophantine equation ak + bl = c, 
where a,b and c¢ are integers is called a linear diophantine equations in two 
variables. We now develop the theory for solving such equations. The following 
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theorem illustrates that when such an equation has solutions, and when there 


are solutions, explicitly describes them. 


Theorem 2.7.1. Let a,b be positive integers with d = gcd(a,b). If d{c, the 
equation ax + by = c has no solutions(in integers). There are infinitely many 
solutions(integers) if d\c. Moveover in particular, if x = x,,y = y, is a solution 
of the equation, then all solutions are given by 


a 
L=xX,+ an Y=Y — =n, n being an integer. 


d 
Before proceeding for the proof, first we demonstrate the above theorem for 
finding all the integral solutions of the two diophantine equations described at 
the beginning of this section. We first consider the equation 1267 + 99y = 2000. 
The greatest common divisor of 126 and 99 is gcd(99, 126) = 9. Since 9 f 2000, 
we can say no integral solutions exist. Hence no combination of 126 and 99 


rupees he can purchase. 


Proof. Assume that x and y are integers satisfying ax+by = c. Together d|a and 
d|b implies d|c(Why!). Hence if d{c there does not exists any integral solutions. 
So we assume that d|c. Then from theorem (2.4.1), for some integers s,t 


d=as + bt. (2.7.1) 


Since, d|c there exist some integer e such that de = c holds. Multiplying (2.7.1), 
we obtain 
c= a(se) + W(te). 


Hence one particular solution of the equation is given by x = x, = se,y = y, 
te. 


Now, to prove the remaining part of the theorem suppose « = x, + qu 


a é . ‘ 
Yo — —n, n being an integer. Since, 


d 
b a 
ax + bl =a a te +b Yo — Gn =az,+ bl, =, 


we see that (x,y) is a solution. 
Next our claim is to show every solution of the equation ax + bl = c must be 
of the form described in the theorem. since, 


az, + bl, =, 
on subtraction we obtain 


ale —«,) +B(y—y,) =0 > a(e@—2,)=D(-y+y,). (2.7.2) 
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Dividing both sides by d, we see that 


“(a — a) = 3(-yt wy). 


b 
By virtue of Proposition 2.4.2, we know goa (S. 3) = 1. Also, using Euclid’s 
Lemma it follows (vo —y). Hence there exists an integer n with an =y,-Y 


means y = y, — 5 Now putting this value of y into the (2.7.2), we find 


a(x — x,) = (5)n implies = x,+ (5) 


Example 2.7.1. A man wishes to purchase Rs 510 of travelers checks. The 


checks are available only in denominations of Rs 20 and Rs 50. How many of 


each denomination should he buy? 


Answer 2.7.1. Consider the equation 20k + 501 = 510. The greatest common 
divisor of 20 and 50 is (20,50) = 10, and since 10|510, there are infinitely many 
integral solutions. Using the Euclidean algorithm, we find that 20(—2)+50 = 10. 
Multiplying both sides by 51, we obtain 20(—102) + 50(51) = 510. Hence a 
particular solution is given by k, = —102 andl, = 51. Theorem 2.7.1 tells 
us that all integral solutions are of the form k = —102+5n and | = 51 — 2n. 
Since we want both k and I to be nonnegative, we must have —102 + 5n > 0 
and 51 — 2n > 0; thus, n > ae andn < Dan Since n is an integer, it follows 
that n = 21,22,23,24,25. Hence we have the following 5 solutions: (k,l) = 
(3, 9), (8, 7), (13, 5), (18, 3), (23, 1). 


2.8 Worked out Exercises 


Problem 2.8.1. Examine the nature of the following Diophantine equations: 


1. 14x + 35y = 93. 


2. 33a + 14y = 115. 
Solution 2.8.1. 1. Here gcd(14,35) = 7 and 7 { 93, hence not solvable. 
2. Here gcd(33, 14) = 1 and 1|115, hence solvable. 


Problem 2.8.2. Determine all solutions, in positive integers, of the following 


Diophantine equations: 


1. 158” — 57y = 7. 
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2. 54a + 21y = 906. 


Solution 2.8.2. 1. To find the solution of this equation we need to find the 
gcd of 158,57. Now applying Euclid’s Algorithm, we obtain 


158=3-57—13 Againl =3—2=3- (5-3) 


57 =4-1345 =2-3—5=2(13-2-5)—5 
13 =2-543 =2-13—5-5 

5=3-142 = 2-13 — 5(57 — 4-13) 
3=2-141 = 22-13—5-57 


= 22(3-57 — 158) —5-57 
= 61(57) + (—22) - 158. 
Thus, gcd(158,57) = 1. “7 = (61-7)57 + (—22- 7)158. 


Since gcd(158,57)|7 = 7 therefore, an integral solution do exist for the 
given equation. Hence (x,,y,) = (—154,—427) is an integral solution. 
Hence all integral solutions of the given equation is of the form, 


r= 1544+ —"n = 154 —57n >0 >n<—-2.73n<-3 


—158 
y = —15104 ee 1510-1582 >O 3Sn<-2.75>n< -3. 


2. To find the solution of this equation we need to find the gcd of 54,21. Now 
applying Euclid’s Algorithm, we obtain, 


54=2-214+12 Again, 3 = 12-9 =12- (21-12) 


21=12-149 =2.12-21 
12=9-143 = 2(54 — 2-21) —21 
9=3-3+0 = 2-544 (—-5)-21. 

Thus, gcd(54,21) = 3 & 3|906. —», 906 = (302 - 2)54 + (302 - (—5))21. 


Since gcd(54,21)|906 = 302 therefore, an integral solution do exist for 
the given equation. Hence (x,,y,) = (604, —-1510) ts an integral solution. 
Hence all integral solutions of the given equation is of the form, 


21 
oR ee ea >n> —86.3 


—54 
y= —1510+4+ ian 1510 — 18n > 0 >n< —83.9. 
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Thus, n = —84, —85, —86, which gives (x,y) = (16, 2), (9, 20), (2, 38). 


Problem 2.8.3. Determine all solutions of the Diophantine equation 24x + 
138y = 18. 


Solution 2.8.3. First we need to calculate the gcd of 24 and 138 . Here, 


138 =5-24+ 18 Again, 6 = 24-18 


24=18+9 = 24 — (138 — 5- 24) 
18 =3-6+0 = 6-24-1388 
Thus, gcd(24, 138) = 6 & 618. 7, 18 = (18)54 + (—3)138. 
So the integral solution is x) = 18, yo = —3. Thus the solution of this equation 


is, 
1 
v= 18+ (8 )n=18 +230 
24 
y=-3 (F)n= 3 — An [n € Z]. 


Problem 2.8.4. A farmer purchased 100 heads of livestock for a total cost of 
Rs.4000. Prices were as follow: sheep, Rs.120 each; hen, Rs.25 each; duck, 


Rs.50 each. If the farmer obtained at least one animal of each type how many 
had he bought? 


Solution 2.8.4. Let us consider the variables x,y and z for sheep, hen and 
duck respectively. Then from given hypothesis we have, x + y+ z = 100 and 
120x + 25y + 50z = 4000, where x,y,z > 1. Then 24x + 5y + 10z = 800 and 
24x + 10z + 5(100 — « — z) = 800 holds. Combining last two equations yield 
19% + 5z = 300. Hence the solutions are x = 0, z = 60. Therefore 


x = 5k, z = 60 — 19k, 
y= 40+ 14k, k € Z. 
Consequently, 
5k>1lsk>il 
60-19kK >1Sk<3 
40+ 14k >1>k>-—2. 
Considering last three inequalities, we gt 1<k<3=>5 k =1,2,3. Therefore 


the possibilities are 5 sheep, 54 hens and 41 ducks or 10 sheep, 68 hens and 22 
ducks or 15 sheep, 82 hens and 3 ducks. 
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2.9 Exercises: 


16. 


17. 


. Let a,b and ¢ be integers with ged(a,b) = 1. Then ged(a”, b”) = 1. 
. Verify that 3a? — 1 is never a perfect square. 

. For n > 1, establish that the integer n(7n? + 5) is of the form 6k. 
. For an odd integer n, show that n4 + 4n? + 11 is of the form 16k. 


. Verify that if an integer is simultaneously a square and a cube (as is the 


case with 64 = 8? = 4%), then it must be either of the form 7k or 7k +1. 


If a|be, show that a| gcd(a, b) gcd(a, c). 


. Verify the followings: 


(a)the product of any four consecutive integers is divisible by 24; 
(b)the product of any five consecutive integers is divisible by 120. 


nr 


. Prove that the expression a is an integer for all n > 0. 


. Establish each of the statements below: 


(a)If a and b are odd integers, then 8| (a? — b?). 
(b)If a is an arbitrary integer, then 6|a(a? + 11). 


. Assuming that gcd(a, b) = 1, prove that gcd(2a + b,a + 2b) = 1 or 3. 
. Prove that if ged(a,b) = 1, then gcd(a + b, ab) = 1. 
. Find integers x, y, z satisfying gcd(198, 288,512) = 198x + 288y + 5122. 


. Use the Euclidean Algorithm to obtain integers x and y satisfying gcd(1769, 2378) = 


1769x + 2378y. 


. Examine the nature of the Diophantine equation 14” + 35y = 93. 


. Determine all solutions in the positive integers of 158” — 57y = 7. 


Determine all solutions in the integers of 221x + 35y = 11. 


Mr.Sen had gone to a medical shop to buy two medicines: medicine A and 
medicine B. By mistake, the chemist had given him the number of medicine 
A in place of medicine B and vice versa.Unaware of the fact, Mr.Sen re- 
ceived an extra amount Rs.68 from the shop keeper. Considering the price 
of each medicine A and medicine B to be Rs.10 and Rs.15 respectively, 
find the least number of medicine A, Mr. Sen wanted to purchase. 
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18. One hundred packets of dry food are distributed among 100 persons in such 
a way that every man, woman and child receives 3 packets, 2 packets, and 
half a packet respectively. Find the total number of persons over there? 


Taylor & Francis 
Taylor & Francis Group 


http://taylorandfrancis.com 


Prime Numbers 


“God may not play dice with the universe, but something strange is 
going on with the prime numbers.” 
— Paul Erados, 


3.1 Introduction 


A prime number is an integer or a whole number that has only two factors 1 
and itself. In other words, a prime number can be divided only by 1 and itself. 
Also primes are greater than 1. For example, 3 is prime as it fails to be divided 
evenly by any number except for 1 and 3. However, 6 is not because it can be 
evenly divided by 2 and 3. 

The largest known prime number is 2°7:°59:°33 — 1, a number which has 
24, 862,048 digits when written in base 10. It was discovered by Patrick Laroche 
of the great internet Mersenne Prime search. Euclid recorded a proof that there 
does not exist any largest prime number and many mathematicians continue to 
search for large prime numbers. 

In 1978, few researchers used prime numbers to scramble and unscramble 
coded messages. This early form of encryption smoothen the way for Internet 
security, putting prime numbers at the heart of electronic commerce. Public- 
key cryptography, or RSA encryption, has simplified secure transactions of all 
times. The security of this type of cryptography depends on the difficulty of 
factoring large composite numbers, which is the product of two large prime 
numbers. Also, in modern banking security systems depend on the fact that 


large composite numbers cannot be factored in a short amount of time. Two 
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primes are considered secure if they are 2,048 bits long, because the product of 
these two primes would be about 1, 234 decimal digits. 

Prime numbers have shown its existence in nature. Cicadas insect spend 
most of their time hiding, only reappearing to mate every 13 or 17 years. Why 
this particular number? Scientists invented that cicadas reproduce in cycles that 
minimize possible interactions with predators. Any predator reproductive cycle 
that divides the cicada’s cycle evenly means that the predator will hatch out 
the same time as the cicada at some point. For instance , if the cicada evolved 
towards a 12-year reproductive cycle, predators who reproduce at the 2, 3, 4 
and 6 year intervals would find themselves with plenty of cicadas to eat. By 
using a reproductive cycle with a prime number of years, cicadas would be able 
to minimize contact with predators. Simulation models of 1,000 years of cicada 
evolution prove that there is a major advantage for reproductive cycle times 


based on primes. 


3.2 Primes & Fundamental Theorem of Arith- 


metic 


Positive divisors of an integer have a great importance in the study of number 
theory. The integer 1 has only one positive divisor which is 1 itself. Any other 
integers has more than one divisor. At Least two divisors of them are 1 and the 
integer itself. There are integers which have divisors other than 1 and itself. The 
numbers which have only two divisors 1 and itself are called prime numbers. 


Definition 3.2.1. An integer p > 1 is said to be a prime number or prime if 


its only divisors are 1 and p itself. 


An integer which is not prime is known to be a composite number, having 
more than two(what are those?) divisors. 

Among the first ten positive integers 2,3,5,7 are prime numbers whereas 
4,6,8,9,10 are examples of composite numbers. Here 1 is a special type of 
integer which is neither prime nor composite. Here the study of prime numbers 
starts with the study of prime divisors. Here 5 is prime where 5 { 3 but 5|5 itself 
together implies 5|15, leads us to the following theorem: 


Theorem 3.2.1. An integer p > 1 is prime if and only if pl|ab implies pla or 
pl. 


Proof. Let p be a prime number such that for any two integers a and b, plab 
holds. If pla, then we are done. Let p{a then the only divisors of p are 1 and p 
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itself. As p is prime we have gcd(p,a) = 1 implies there exists integers r,t such 
that 1 = rp+ at. Then b = brp + t(ab). Now plab and p|prb imply pb. 

Conversely, let p satisfy the condition and q,r be any integers such that 

p = qr where q < p. Thus plgr and by the condition we can say either p|q or pr. 
But q|p shows p|r only. Therefore r = pt for some integer t. Hence p = gr = qpt 
implies gt = 1 implies g = 1. So 1 and p are only divisors of p. This shows p is 


prime. 


Let us now generalize the above theorem for more than two terms as follows: 


Theorem 3.2.2. If p is prime and pla,a,a,---a 


aes Poe) then pla, for somet = 
1,2,3,...,n. 


Proof. We will prove this by mathematical induction. The statement is true 
for n = 1. With reference to theorem (3.2.1) the statement is true for n = 2. 
Let us assume the statement is true for n = k. Let n = k +1 holds. Then 


p\a,a,a,°+-a,a,,,- Also choose a,a,a,---a, = 6b where b is an integer, thus 


p\ba Now if pla,,, we are done. If pf a then from n = 2 we have 


k+1° k+1 
p\b implies p|a,a,a,---a, which further implies pla, for some 7 by the induction 
hypothesis. Thus pla, for i = 1,2,...,k+1. So the statement is true for n = k+1. 


Thus by principle of mathematical induction the theorem is proved. 


k+1? 


Corollary 3.2.1. If p,4,,4.;93;---5q, are all primes and plq,9.93°°-+, then 
p=q, for somei=1,2,...,n. 


Proof. By virtue of above theorem, we know that if plg, for some i = 1,2,...,n. 


z 


But q, being prime so q, is not divisible by any integer other than 1 and itself. 


Since, p > 1 then we have p = q, for some 7 = 1,2,3...,n. 


Let us now consider few integers 35,25,10 and we see that 7|35,5|25 and 
2|10. So the observation is that every integer has a prime factor. We now prove 


this result for any integer n > 2. 
Theorem 3.2.3. Every integer n > 2 has a prime factor. 


Proof. We prove the statement by mathematical induction method. Taking 
n = 2, the result is obvious as 2 itself is prime. Let us assume that each of the 
integers 2,3,...,2—1 has a prime factor. Now considering n > 2 we can say 
that the result is true if n is prime. If n is composite then n = rs for some 
integer r,s with 1 < r,s <n. Then by induction hypothesis r has a prime factor 


which is also a prime factor of n. So the theorem is proved. 


48 Number Theory and its Applications 


The set of all positive integers is countably infinite and the set of prime 
numbers is a subset of the set. So two possibilities to occur. One, the cardinality 
of the set is finite and the other which is countably infinite. But the set of prime 
numbers that are countably infinite is given in a theorem of Euclid (300 B.C.) and 
till the 21st century the proof is considered as an elegant proof of Mathematics. 


Theorem 3.2.4. Prime number set is countably infinite. 


Proof. Let the number of primes be finite and we write them as p, = 2,p, = 
3---p,. Now let us consider a composite number m = p,p,---p, +1 and 
m > 1. As m is composite it has a prime factor p(say). This p obviously one 
of p,,P2,°** Pn. Now p|p,p, -+*Pn+1,p\p,P. +++ Pn together imply p|1 [Applying 
x=-l,y=1,b=p,p,---p, andc=p,p,---p, +1 0n alb,alc > al(bx + cy)]. 
This leads to a contradiction (Why!). So our assumption is wrong and the 


theorem is proved. 


All the above results lead us to the fact that any integer can be factorized 
if it is composite. The factorized integers can be prime or composite such as 
20 = 4x5 where 4 is composite whereas 5 is prime. But the most interesting fact 
is that 20 = 2? x 5 where both 2 and 5 are prime. This factorization is known 
to be prime factorization. The following Fundamental Theorem of Arithmetic 


or the unique factorization theorem enlighten us about the fact: 


Theorem 3.2.5. Every positive integer n > 2 can be expressed uniquely as 
product of primes, n = p,p,p,°*:p,, where each p, is distinct for 1 <i<r. 


Proof. If n is prime then we are done. If n is composite then there exists an 
integer d such that d|n with 1 < d < n. By well ordering principle, let p, 
be the smallest of them. Here p, must be prime otherwise t be any divisor 
of p, such that 1 < t < p, then t|p, and p,|n together imply t|n which is 
a contradiction(Why!). So we have n = p,n, for some integer n, where 1 < 
n, <n. If n, is prime then we are done. If n, is composite then by the same 
argument we have another prime p, and integer n, where 1 < n, <n, such 
that n = p,p2n2. Continuing this way we have a decreasing sequence of integers 
n>n, >n2>--:>1. This sequence is finite and after finite n, we will get a 
prime p,. This leads to prime factorization n = p,p2--- pr. 

To prove the uniqueness let there be two distinct prime factorizations of n 
as N = pip2***Pr = q192°**qs where r < s and each of p's and qs are primes. 
These primes are in the ordering p, < p, <p, <--- <p, andq,<q<@< 


+++ <q,. As p,|n this implies p,|qig2--- qs then by virtue of Corollary 3.2.1 p, = 
q, for some j where 1 < j < n. This follows that p, < q,. Now cancelling the 
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common factors from both the sides we have qq, ++: ds = paps, -+* pr. Continuing 
as above, up to r terms as r < s. After r-th step we have 1 = q.,,9,,5°°°4, 


which is absurd as q's are prime. Hence r = s and p, = q,,p, = q,---)P, = 4, 


So the factorization is unique. 


Let us consider an integer 15 which can be written as 5 x 3 where both 5 and 
3 are distinct primes. But if we take 75 it can be expressed as 5 x 5 x 3 where we 
can see the representation of primes. By collecting those primes and replacing 
them by a single factor we can represent any integer by following corollary viz 
Corollary 3.2.2. Any positive integer can be uniquely written as p/1p,? +++ p"r 
where each n, is a positive integer and ps are prime for i = 1,2,3,...,r with 


Pi < Ds <P3 <+++ <Pp,- 


From the above corollary we can assert that any arbitrary positive integer has 
an unique prime factorization. Now in the later part of this section we have given 
an alternative proof of the Theorem 2.5.1. For that we have to define the greatest 
common divisor and least common multiple of any two arbitrary integers in the 
light of prime factorization. Let us take two integers a and b with their unique 
prime factorizations a = p{1 pf? ---p%», b= popes .- pen with pi < po <-+- < 
Dn and az, by be non negative integers for k = 1,2,---,n. Then gcd(a,b) = 
py 'ip,? ---p'™» and Iem(a,b) = phn pM. -+ + pMn where M, = Max(a,,a,) and 
m,, = min(a,,b,). Here to give alternative proof of the Theorem 2.5.1 we first 


state and prove the lemma as follows: 
Lemma 3.2.1. [fx and y are real numbers, then maz(x, y)+ min(x,y) = a+y. 


Proof. If « < y, then min(z, y) = x and max(z,y) = y, and again we find that 
max(z,y) + min(z,y) = «+ y. Similarly, If x > y, then min(z,y) = y and 


max(z,y) = x, and again we find that max(z, y) + min(z,y) = a+ y. 


Now using the above lemma, let us proceed for the alternate proof: 


Proof. Let a and b have prime-power factorizations a = pf1p$?---p%», b = 
pr pee - “pen, where the powers are nonnegative integers and the primes pis 


occurring in the prime-power factorizations of a and b. Let M, = Max(a,,),) 
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and m, = min(a,,6,). Then, we have 


Icm(a, b) ged(a, b) = pi py2 ---pMn pi pre... p™m 
= pMatin pMatma ...pMn tm 
= pir ths pte tbe ; pin tPn 
a tis Ses as At 
= ab. 


2 3 
The numbers 2,3,4 are integers and if we take 34 then this type are the 
rational numbers of the form © where q #0 and gcd(p,q) = 1. But there are 
qd 


numbers of the form V2, V3 which can not be written as above. These are said 
to be irrational numbers. We are now going to introduce a famous result of 


Pythagoras on irrational numbers viz 
Theorem 3.2.6. The number V2 is irrational. 


Proof. Let us suppose that V2 is a rational quantity. Then V2= ; where a,b 
2 
are integers relatively prime to each other. Squaring we have, 2 = 2 > a* = 2b 


implies b?|a?. If b > 1, then by fundamental theorem of arithmetic we can say 
that there exists a prime p such that p|b. Then it follows pla? implies p|a and 
hence gcd(a,b) > p which is a contradiction unless b = 1. But if b = 1 holds 


then a? = 2 which is impossible(Why!). Hence the proof. 


For further discussion of this chapter we will show our interest in finding 
extremely large primes. To do so our first aim is to check whether a given 
integer is prime or not. We first deal with this question by trial division of n 
using the following theorem viz 


Theorem 3.2.7. If n is a composite integer, then n has a prime factor not 
exceeding \/n. 


Proof. Since n is composite, we can write n = ab where a,b are integers with 
1<a<b<n. There must be a < Vn, if not then b > a > \/n which leads to 
ab > n, which is not possible. Now from Theorem 3.2.3 the integer a must have 
a prime divisor p(say). Then p < a < Wn. Further if pla and a|n implies p|n. 


Then p is the required prime factor of n not exceeding Vn. 


We can use this theorem to find all the primes less than or equal to a given 


positive integer n. This procedure is called Sieve of Eratosthenes. To illustrate 
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the process, let us choose n = 81. Then by virtue of the above theorem, 81 has a 
prime factor less than or equal to V81 = 9. Since, the only prime less than 9 are 
2,3,5,7. We only have to find those integers less than 81 which can be divisible 
by any one of those primes. In the below table we have shown a complete list 
of them. The multiples of any one or two or three of 2,3,5,7 of the numbers in 
the table are cancelled by | \ and \ respectively. 


Zi 2 /4/)/ 8] 817 | 8 | 8 
yO | 11 | 12] 13 | 14] M5 | Z6 | 17 
\8 | 19 | RO | Bl | 22 | 23 | Ra | 25 
26 | 27 | 88 | 29 | XO | 31 | 22 | 23 
34 | 35 | 86 | 37 | 8 | 29 | AO | 41 
M2 | 43 | 44 | 45 | 46 | 47 | X8 | 49 
BO | Bl | B2 | 53] 34 | BS | Z6 | B7 
B8 | 59 | GO | 61 | 62 | 63 | 64 | 65 
86 | 67 | 68 | 69 | 70 | 71 | 72 | 73 
74 | 75 | 76 | 77 | X8 | 79 | 0 | £1 


The above table indicates that there exist many primes less than 81. In fact, 
from theorem (3.2.4), we have infinitely many primes. A fairly natural question 
arises: Is it possible to estimate, how many primes are less than a positive real 
number x? We are fortunate enough to have the most renowned theorem of 
number theory, and of all mathematics, is the prime number theorem which 
answers this question. In 1793, Gauss speculated the theorem but it was an 
open problem until 1896, when a French mathematician J. Hadamard and a 
Belgian mathematician C. J. de la Vallée-Poussin had proved it independently. 


So before going to state the theorem let us begin with a simple definition. 


Definition 3.2.2. The function r(x), where x is a positive real number, denotes 


the number of primes not exceeding x. 


We now state the prime number theorem, whose proof is beyond the scope 
of the book. 


Statement 3.2.1. In language of limits, the theorem can be stated as lim eal aes 
xwL—-> CO 
1. 


The above stated theorem reflects the fact that for large values of x, isa 
nz 
good approximation to 7(a). Further, it is to be noted that it is not necessary to 


find all primes not exceeding x in order to compute 7(x). By virtue of counting 


52 Number Theory and its Applications 
argument based on the Sieve of Eratosthenes,one can compute 7(x) without 
finding all the primes less than «x. 


Our next theorem addresses that the gap between consecutive primes is ar- 
bitrarily long. 


Theorem 3.2.8. For any positive integer n, there are at least n consecutive 
composite positive integers. Stated otherwise, there are arbitrarily large gaps in 


the series of primes. 


Proof. Consider the n consecutive positive integers 


(94 Tl 2 BD Sh Oe Deis 


Now, 2<j<n+1> j\(n +1)!. Finally, an appeal to Proposition 2.2.1 yields 


the desired result. 


The following example will exemplify our foregoing theorem. 


Example 3.2.1. For n = 5, the smallest 5 consecutive composite integers can 
be found by locating the first pair of consecutive composite odd integers, 25 and 
27. Hence the smallest 5 consecutive composite integers are 24,25, 26,27, and 
28. These are considerably smaller than the integers (5+1)!+j = 6!4+7 = 72047 
for j = 2,3,4,5,6. Also, the seven consecutive integers beginning with 8! +2 = 
40322 are all composite. However, these are much larger than the smallest seven 
consecutive composites 90,91, 92,93, 94,95, and 96. 


Our next discussion is about the propagation of prime numbers of prime 
numbers. Let us choose p a prime and f to be the product of all primes that are 
less than or equal to p. The numbers f+ 1 form are called “Euclidean numbers” 
as they appear in the proof of Theorem 3.2.4. For example, 


2+1=2+1=3 
3+1=2-34+1=7 
§+1=2-3-54+1=31 


are all prime numbers but also we can see 13 = 59-509 is not prime. From these 


two types of examples, we see that p+ 1 is not always a prime. 
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If we consider a sequence of integers such as, 


n, =2 
n, =n, +1 


Nn, =n,n,+1 


N, =NyN Nn, , +1 


where each n, > 1 and they are relatively prime to each other. If not, let 
gcd(n,,n,) = d where i < j. Then dln, + d|n,n,-+-n,-+-n,_,. Since, d|n, 


a 


therefore d|n,n,---n,_, + 1 together imply d|1, possible when d = 1. So our 


j—1 
assertion, all ns se pairwise relatively prime, is true. Now we can say that 
there are many distinct primes as there are integers n,. 

Let p, be n-th prime number. Then from Euclid’s proof we can estimate the 
rate of increase of p,,. Here we have p,,,, < p,p.°*:P, t+1< po +1. Ifn=5 
then 31 = p, = Pp. +1=7°+1 = 16808. Thus we have the following theorem 
viz 
Theorem 3.2.9. If p, be the k-th prime, then p, < ae 


Proof. We will prove the theorem by Mathematical Induction on k. If k = 1, 
then the result is obvious. Let us assume k > 1. Then 


Prat SP1P.°**P, +1 
<2-27...9F- 14 y= Qh +242? 4.4202 Fr es g2*-1 iq 


But 1 < 2?~! for all k. Therefore Pia 2?" (How!). Thus the result is true for 
k +1. Hence the proof. 


The last inequation of the above proof gives rise to an interesting corollary 
stated as follows: 


Corollary 3.2.3. For k > 1 there exists at least k +1 primes less than 92" 


Proof. left to the reader. 


Finally, we conclude this section with remarkable conjecture about primes, 
commonly known as Golbach’s Conjecture, stated by Christian Goldbach in a 
letter to Euler in 1742. 

Goldbach Conjecture: Every even positive integer greater than two can 


be written as the sum of two primes. 
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Let us exemplify the Conjecture with an example: 


10=34+7=5+5 

24=5+19=74+17=11+18 

100 =3+97=11+89=17+83 
= 294+ 71 = 41+ 59 = 47+ 53 


Next with the help of the following lemma, we are going to prove the fact that 
there exists infinitely many primes of the form 4n + 3. 


Lemma 3.2.2. The product of two or more integers of the form 4n+3 (n € Z) 
results in the same form. 


Proof. It’s sufficient to prove the lemma with two integers of the form 4n + 1. 
Set ky = 4n, +1, ko = 4ng4+ 1. Multiplying we obtain, 


ky ke = (4n, + 1)(4ng + 1) 
=> 4(4ning + ny + nz) +1 


=4n4+1, [n=4ning+n1 + ne € Z| 


which is the desired form. 


This facilitates the proof for the following theorem. 
Theorem 3.2.10. There exists infinitely many primes of the form 4n + 3. 


Proof. Suppose there exists finitely many primes t1,t2,...,t, of the form 4n+3. 
Also, consider N = 4tito...t; —1 = 4(titg...t; —1) +3 to be a positive integer. 
Further, let N = k,ko...k, be the prime factorization of N. Since N is odd, 
then k; 4 2, Vi. Thus k; is of the form, either 4n + 1 or 4n + 3. If kj is of the 
form 4n +1, then using the lemma 3.2.2 we can say that N must be of the form 
4n+1. This is not the case here. Then N must contain one prime factor k; of 
the form 4n + 3. But, k; can not be found among fj, t2,...,t,. Otherwise this 
leads to k;|1, which is not true. Thus our assumption of finitely many primes of 
the form 4n + 3 is wrong. 


The last theorem inspired us to ask a fairly question: Is the number of primes 
of the form (4n + 1) also infinite? The following Dirichlet’s statement, whose 
proof is beyond the scope of the book, is the answer to the question. 
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Theorem 3.2.11. If a and b are positive integers with gcd(a,b) = 1, then the 
arithmetic progression 
a,a+b,a+2b,... 


contains infinite number of primes. 


From Dirichlet’s statement it can be seen that there exists infinitely many 
primes ending with 999, for instance 1999, 1000999,..., they appear in arith- 
metic progression given by 1000n + 999, with gced(1000, 999) = 1. 


Theorem 3.2.12. There exists no arithmetic progression of the form a,a+ 
b,a+ 2b,... that consists of only primes. 


Proof. To begin with, consider a+ nb = p, p being a prime. If nz, = n+ kp for 
k =1,2,3... then the n,-th term in the progression is 
at+npb = at (n+ kp)b 
= (a+ nb) + kbp = p+ kbp 
= p(1 + kb) 


Since, p|p(1 + kb), therefore p|(a + n,b). Hence (a + nzb) can not be a prime, 


which is our desired result. 


Remark 3.2.1. From the above theorem, it’s quite clear that the progression 


contains infinitely many composite numbers. 


Theorem 3.2.13. [f all the n(> 2) terms of the arithmetic progression, 
p,p+d,p+ 2d,... 


are primes, then q|d where d being the common difference and q(< n) is a prime 


number. 


Proof. Consider a prime q < n. In anticipation of a contradiction, assume q { d. 
Again, if possible let us assume that the first q terms of the given progression will 


leave the same remainders when divided by g. Then 4j,k € ZwithO<j<k< 
q—lork—j <q-—1such that (p+ jd) and (p+ kd) generates same remainder 


when divided by q, which further implies q|(k — j). But gced(p,q) = 1 and 
by Euclid’s lemma q|(k — j), which is impossible in the light of the inequality 
k— j < q-—1. Hence the first g terms of the given progression will leave q 
different remainder upon division by qg. Since they are extended from q integers 
0,1,2,...,q¢g—1, one of them must be zero.This means for some t¢ satisfying 
0<t<q-1, g\(p+td). Hence we conclude, p + td is composite because the 
inequality q <n < p< (p+ td) holds (for if p < n, then one of the term of the 


progression will be p(1 + d)). This leads to a contradiction and hence q|d. 
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Remark 3.2.2. There is a conjecture that there exists arithmetic progression of 
finite length, consisting of consecutive prime numbers. For instance, 47,53, 59 
and 251, 257, 263, 269. 


Consider the function f : Zt —> Z defined by f(n) = n?+n+ 41. There 
was a myth that the image set of the function was only primes. But in 1772, 
it was proved to be false by Leonhard Euler. Though the myth was true for 
n=0,1,2...,39 but fails for n = 40,41. Here 


f(40) = 40-41+41= 417, and 
f(41) = 41-42+441 = 41-43. 


Once again f (42) = 1847 turns out to be prime. The polynomial f(n) = (n? + 
n+ 41) is known as Euler polynomial. It is to be noted that no polynomial of 
the form n? + n+ q, q being prime, can perform better than Euler polynomial 


in giving primes for successive values of n. 


Theorem 3.2.14. There exists no non-constant polynomial f : Z* —> Z with 


integral coefficients that generates solely prime numbers for n € Z*. 


Proof. To the contrary, assume that such a polynomial f does exists. Set f(n) = 
apn® +az—yn*-1+...+a2n?+a,n+ao where the coefficients a;(i = 0,1,2...,k) 
are integers with a, 4 0. Let f(ng) = p, for some fixed value ng € Z*. Now, for 
any t € Z, consider 


f(no+ tp) = ax(no + tp)* + ag_1(no + tp) 14+... + a2(no t+ tp)? + a1(not tp) + ao 
= (ayn Aten sie eon one ao) + pQ(t) 


= f(no) + pQ(t) 
= p(1+ Q(é), 


Q(t) being a polynomial in t with integral coefficients. This shows p|f(no + tp), 
which further implies f(no + tp) = p (t € Z). This leads to a contradic- 
tion(Why!).Thus we have established the theorem. 


3.3 Worked out Exercises 


Problem 3.3.1. The lucky numbers are generated by the screening process as 
follows: Let us begin with the set of positive integers. Starting the process by 
crossing out every second integer in the list, start the count with the integer 1. 
Other than 1 the smallest integer left is 3, continuing with the process every third 


integer left, beginning with the integer 1. The next integer left is 7, so we cross 
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out every seventh integer left. Continuing as above, where at each stage we cross 
out every Kth integer left where « is the smallest integer left other than one. The 
integers that remain are the lucky numbers. Prove that the lucky number set is 


countably infinite. 


Solution 3.3.1. At each stage of the procedure for generating the lucky numbers 
the smallest number left is kK, say, is designated to be a lucky number and in- 
finitely many primes are left after the deletion of every & integer left. It follows 
that there are countably infinite numbers of steps, and at every step a new lucky 


number is added to the sequence. Hence the proof. 


Problem 3.3.2. Show that the polynomial f(x) = x? — «+41 is prime for all 


integers x with0O <a < 40. Furthermore, it is composite for x = 41. 


Solution 3.3.2. Hint: Find f(1), f(2), f(3),..., £(39), f(40). But f(41) is com- 


posite. 


Problem 3.3.3. Show that if g(x) = a,x" +a,_,2"' +-+-+a,x +a, where 
the coefficients are integers, then dy € Z such that g(y) is composite. 


n-1 


Solution 3.3.3. In anticipation to contradiction, suppose there A any y € Z 
such that g(y) ts composite. Let y, be a positive integer such that g(y,) =p, a 
prime. Let k be any integer such that g(y, + Kp) = a, (yo + Kp)” +4, _, (Yo + 
Kp)” *+++-+a,(y,+Kp)+a,. By binomial expansion it follows that g(y,+Kp) = 


S- a,v) + Mp, M being an integer. Now p|\(g(y. + Mp) = g(y, + Kp) (Why!). 
j=0 


Also g(y, +p) = p (Why!). This contradicts the fact that a polynomial of degree 
n takes on each value not more than n times. Hence there is an integer y such 


that g(y) is composite. 


Problem 3.3.4. Show that no integer of the form n® +1 is a prime, other than 
2=1° +1. 


Solution 3.3.4. Note that n must be positive. Otherwise no such integers are 
prime (Why!). Since n?+1 = (n+1)(n?—n+1), n?+1 is not prime unless one of 
the two factors on the right hand side of the equation is 1 and the other isn? +1. 
But (n+1) > 1 for every positive integer n and the only way forn+1=n?+1 
is when n = 1(Verify!). In this case, we have 17 +1 = (14+ 1)(1?-141) =2. 
Hence 2 is the only prime of this form. 


Problem 3.3.5. Find all primes that are the difference of the fourth powers of 


two integers. 
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Solution 3.3.5. Suppose n = a‘ — b* = (a — b)(a + b)(a? +b), where a > b. 
The integer n cannot be prime because it is divisible by a+b which cannot be 1 


or nN. 


Problem 3.3.6. Show that if a and n are positive integers such that a” — 1 is 


prime, then a = 2 and n is prime. 


Solution 3.3.6. Let n be a composite number and k be any divisor of n. Then 
1<k<n and (a* —1)|(a"—1). As a" —1 is prime, so ak —1 =1(Why!). This 
is true, ifa=2andk=1. This leads to a contradiction ask > 1. Thus we 


have a = 2 and n is prime. 


Problem 3.3.7. Show that every integer greater than 11 is the sum of two 


composite integers. 
Solution 3.3.7. Let us assume that n be an integer greater than 11. 


Case I n is even: Then there exists an integer k such thatn = 2k. Sincen > 11, 
therefore n > 12 and thus k > 6. Nown—4 = 2(k — 2) with k-—2 > 4. 
By definition of divisibility, we have 2|(n — 4) and (k — 2)|(n— 4). By 
definition of compositeness, n — 4 is composite. Also n = (n—4)+4. As 


4 is composite, therefore n is the sum of two composite numbers. 


Case II n is odd: Then there exists an integer k such that n = 2k +1. Since 
n > 11, therefore n > 13 and thus k > 6. Nown—9 = 2(k — 4) with 
k-4>2. By definition of divisibility, we have 2|(n—9) and (k—4)|(n—9). 
Again by definition of compositeness, we have n —9 is composite. Also 
n= (n—9)+9. As 9 is composite, therefore n is the sum of two composite 


numbers. 
Problem 3.3.8. If p >5 is a prime number, show that p* + 2 is composite. 
Solution 3.3.8. By division algorithm, p= 6q+r where r = 0,1,2,3,4,5. 
Case i: If r= 0, then p = 6q implies 6|p, a contradiction(Why!). Hence r 4 0 
Case ii: If r = 2, then p= 6q + 2 implies 2|p, a contradiction. Hence r 4 2 


Case iii: If r = 3, then p= 6q4+3 implies 3|p, a contradiction. Hence r 4 3 


Case iv: If r= 4, then p = 6q +4 implies 2|p, a contradiction. Hence r # 4 


Thus r = 1,5 implies p= 6q +1 or p=6q+5. Therefore 3\(p* +2) in either 
case(Why!). Hence the proof. 
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Problem 3.3.9. If p45 is an odd prime, prove that either p? —1 or p? +1 is 
divisible by 10. 


Solution 3.3.9. Here p is of the form: 10qg+1,10q+3,10q¢+7,10qg+9. But 


p# 10q+ even since it can factor out 2, so fails to be prime. Now, 


)? = 100q? + 20g +1 => 10|(p? — 1) 
)? = 100g” + 60g + 9 > 10|(p? + 1) 
)? = 100g? + 140g + 49 = 10|(p? +1) 
)? = 100q? + 180g + 81 => 10|(p? — 1). 


Problem 3.3.10. If n > 1 is an integer not of the form 6k + 3, prove that 
n? +2” is composite. 


Solution 3.3.10. Here n is of the form 6q,6q + 1,6q¢ + 2,6q¢+4,6q+ 5. 


Case (i): When n = 6q, then n? + 2” = 36q? + 2% = 2|(36q? + 2%) as q > 0, 


hence a composite number. 


Case (ii): When n = 6q +1, then n* + 2” = 36q? + 12q + 2°71 4 1 = 369? + 
12g+(2+1)(2%4 (—1)°71°9) (Why!) > 3|(n?+2”), hence a composite 


number. 


Case (iii): When n = 6q+2, then n?+2” = 36q?+24q+44272°4 = 2|(n?+2"), 


hence a composite number. 


case (iv): When n = 69¢+4, then n?+2” = 36q?+48q+16+242% = 2|(n?+2"), 


hence a composite number. 
Case (v): Treated as an exercise.(Hint! Similar to 6q +1 as above.) 


Problem 3.3.11. Prove that a positive integer a > 1 ts a square if and only if 


in the prime factorizations of a all the exponents of the primes are even integers. 


Solution 3.3.11. Let a > 1 be square. Then a= n?, for some integer n. Let 


2k 


n= pe pke -- phe, Therefore n? = pki p?*a ---p’"s shows all exponents are 


even. 
Conversely, suppose all exponents of a = ph pk .- ps are even. Therefore 


k, = 2m, for some m, and for every k,. Therefore a = p?™ p22 +.- pes = 


(pi) pire am no 


Problem 3.3.12. An integer is said to be square-free if it is not divisible by the 


square of any integer greater than 1. Prove the following: 
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1. An integer n > 1 is square-free if and only if n can be factored into a 


product of distinct primes. 


2. Every integer n > 1 is the product of a square-free integer and a perfect 


square. 


Solution 3.3.12. 1. Let n > 1 be square free and n = pr pke -+ pis be 
the prime factorization of it. Then k, > 2 and therefore p-|n, a con- 
tradiction to the definition of square free. Therefore k, = 1. Hence 
N = P,P,Pp,°**p, with p, # p,. If possible, let n be not a square free 
and a?|n. Hence n = la*, for some 1 € Z. Leta = ght ghz gks +++ gkr, 
Therefore p,pD,°+* DP, = lq?" q*2q2*s ---q?*r implies q,\D,P2P3**°P.- By 
virtue of Corollary (3.2.1), q, =p, for some i = 1,2,3,...,8. After factor- 
ing out q, and p,, we still have p,p,p,°**P, = Ig? qeke q's .- hr implies 

4; |P,P2P3°**P,- But the original factorization p,p,p,--*p, was unique and 

q, was factored out. Hence q, fails to divide the remaining factorization, 


which shows n to be square free. 


2. Letn = p* pk : -phs be the prime factorization of it. Ifk, is odd and k, > 
1, then k, —1 ts even. Leta = pen pre pir ,l<r,<sandk, is odd 
ei a) Tm i 


1k, -1 k, —1 


with k, > 1. Letb=p,. Pp, °**P ‘ Then a = bp’ 'p*r2 2p Tm 
a ca, "2 


Also b is square free(Why!). Since k, —1 is even, pe” = pas. Let 


k, k, 


c= pipe .--plm. Then, a= bc?. Finally, suppose a|n = Di Dy . Dy 
Pa he Tm 
where all k, are even as a|n has factored out all of the odd exponents in 
J 
the canonical form of n. By previous problem above, aln = d? > n = 


bed” = b(cd)?, where b is square free. 
Problem 3.3.13. Find all prime numbers that divide 50!. 


Solution 3.3.13. All primes less than 50 will divide 50! because each is a term 
of 50!. By the fundamental theorem of Arithmetic, each term k of 50! that 
is non-prime has a unique prime factorization. And each term of the unique 
factorization of k is smaller than k, so is prime less than 50. There is no prime 
greater than 50 represented in this factorization of k. Hence all primes less than 
50 will divide 50!. 


Problem 3.3.14. Show that any composite three-digit number must have a 


prime factor less than or equal to 31. 


Solution 3.3.14. We know 999 is the largest composite three digit number. Now 
V999 = 31.6. Here 31 is prime, so if a is composite, largest prime divisor is less 
than equal to /a. Hence 31 is largest possible prime divisor. 
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Problem 3.3.15. Prove that the prime number set is countably infinite using 


the integer N = p! +1. 


Solution 3.3.15. Let us assume there are finitely many primes, p, being the 
largest. Then N=p,!+1=1-2---p,+1. Now N must have a prime divisor p, 
with l <k <n(Why!). And p,|1-2---p, (Why!). Therefore p,|(N—1-2---p,) > 
p,|1 > p, =1, a contradiction. 


Problem 3.3.16. Any integer n can be expressed as n = 2*m, where k > 0 and 


m. being an odd integer. Verify! 


Solution 3.3.16. With out any loss of generality, assume n > 0, for ifn <0 


then —n = 2*m > n= 2*(—m). Now the following cases will arise: 
Case(i) If n is odd, thenk =0 andm=n. 

Case(ii) If n is even, thenn = 2k,,k, <n. 

Case(iii) If k, is odd, then we are done. 

Case(iv) If k, is even, then k, = 2k, son =27k, where k, <k, <n. 


Continuing as above after i-th stage we have 2'k,, where k, < k,_,. This is a 
finite process and after a certain stage we will reach at k, = 1 and there will be 
no odd integer after 1. In that stage, n = 2'k, = 2'-1. Thus n can be expressed 
asn=2*m, where k > 0 and m being an odd integer. 


Problem 3.3.17. Prove or Disprove: Every positive integer can be written in 
the form p+ a”, where p is either a prime or 1, anda> 0. 


Solution 3.3.17. Hint: 25 = p+ a? then consider a = 1,2,3,4,5. 


Problem 3.3.18. 1. Prove: Any prime of the form 3n+1 is also of the form 
6m + 1. 


2. The only prime of the form n® —1 is 7. 


Solution 3.3.18. 1. Here p = 3n+1 is prime implies p is odd. Then p — 
1 = 3n is even implies n is even. Hence n = 2m, for integer m. Thus 
3n+1=6m+1. 


2. Heret = n?—1 = (n—-1)(n? +n+1). Ifn =1, thent is prime. If 
n=2,t=7. Ifn > 2, thent will be a factor of two integers, neither of 
which is 1. Hence for n > 2, t can’t be prime. 


Problem 3.3.19. Find five primes of the form n? — 2. 
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Solution 3.3.19. Hint: Consider n = 2,3,5,7,9. 


Problem 3.3.20. A positive integer n is said to be square-full, or powerful, if 


p’|n for every prime factor p of n. Prove that if n is square-full, then it can be 


written in the form n = a7b, with a and b positive integers. 


Solution 3.3.20. Let n= ph pee -+phr be the prime factorization of it. Since 
n is square-full, k, > 2. Listing first the odd exponents and then the even one, 
let us assume 


Rn, 
Pee) 


— nk Po ke — ghmy gkms gm Fim, hry gkng qhn 
DO Se aS eed a Tg ee ea 


where k,, are odd(sok,, >3) andk, are even. Therefore for some v,, k, = 
2u,. Therefore 


— km, akms hm kay 2U, ,2U5 ,2U 2u 
N=Q™g ™qg ™ ---g™s (qi 1g %2q'"3 ---q''t) 
1 2 3 s 1 2 3 t 
kim Kin Kim kin Uy Wo AU. v,\2 
=q™q mq ms ---q ms (qiig2qs ---qt)*. 
1 2 3 s 1,3 t 


Kms (Y)?,¥ = qusqv2qrs ---qre. 
Ms eto re3 t 


n 


Hence, n = gum qu qhms mg 
MD eM TS 
Nowk,, is odd and > 3 together implies k,, — 3 is even. Thus 


id a ig (Gs gra ga eg ee a 


my, *mg *mz3 my mo 


Let m, —3 = 20s In, Ce ges Oe b. Therefore 


m 


m= D8 (gin gia qita ---ghs)(Y?). 


s 


Let X = q@iqv2q? ---q¥s. Thenn = BX*Y*. Taking a = XY, we obtain 
my tng tm, as 
n= a’d?. 

Problem 3.3.21. Given that p{n for all primes p < @&/n, prove that n > 1 is 
either a prime or the product of two primes. 


Solution 3.3.21. Assuming n to be composite and taking n = p,p,-::Dy with 
X > 3, we know that 

1< Yn<p,<VJn. 
Therefore 


vYn<p,< vn 
Vn <p, Sn 
Vn <p, < vn. 
Therefore n = (W/n)(Wn)(W/n) < pp, p.Py =N=>n<n. Hence X <3 or = 


2 or = 1. Thus n > 1 is either a prime(X = 1) or the product of two 
primes(X = 2). 
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Problem 3.3.22. Prove that ifn > 2, then there exists a prime p satisfying 
n<p<n. 


Solution 3.3.22. For n> 2, 
n<nl-l<nl. 


If n!—1 is prime, we are done. If n! —1 is not prime, taking p to be a prime 
divisor, we have p < n!—1. Suppose p <n. Then p is one of the terms in 
1,2,3,...,n. So p|n!. Therefore p|n! and p\(n! — 1) together implies p| (n! - 
(n!—1)) =1. Therefore p >n and hence the result. 


Problem 3.3.23. Forn > 1, show that every prime divisor of n! +1 is an odd 


integer that is greater than n. 


Solution 3.3.23. Because n! is even for n > 1, therefore n! +1 is odd. Hence 
2{(n! +1), so every prime divisor of n!+1 is odd. 

Suppose every prime divisor p, of n!+1 is less than or equal to n. Since p, is 
nl. Also p,\(n!+1) => p,|(n!+1)—n! =1, 


a contradiction. Thus p, is greater than n. 


one of the members of n!, therefore p, 


Problem 3.3.24. If a is a positive integer and (Ya is rational, then */a is an 
integer. 


Solution 3.3.24. Let V/a= ty where r,s being integers and gcd(r,s) = 1 with 
8 
s#0. Letr=p,p,--*Dy, 8=4,%°°'G- Then p, #4q,. Therefore 


(Ga- “gy ) "a= (py Ds)": 


Therefore (p,p.+**Dx)"|a. Leta = (p,p, ++: px)"t, for some integer t. Therefore 


CAE a Oy) Dis > Px) "t — (P,P. Be De), 
implies q, =1 for all j. Thus s = 1 and tye t/a, an integer. 
8 
Problem 3.3.25. Prove for n > 2, %/n is irrational. 


Solution 3.3.25. Suppose, n > 2, Yn is rational. Then by Problem 3.3.24, it 
is an integer. Let V/n=a. Thenn=a". Butn <2" >a" <2" => eithera< 


2ora=1. Therefore n = 1" = 1, a contradiction. 


Problem 3.3.26. Prove that any odd prime p is of the form 4k +1 or 4k+3 


for any non-negative integer k. 
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Solution 3.3.26. By Division Algorithm, any positive integer can be expressed 
in the form a = bg+r, 0< r < Bb or equivalently written as a = 4q+r, r= 
0,1,2,3. Now if; 

r= 0,a = 4q = 2(2q), an even integer. 
r=1l,a=4q4+1 = 2(2q) +1, an odd integer. 


r=2,a=4q+2 = 2(2q) + 2 = 2(2¢+1) = 2m, an even integer. 
r = 3,a = 4q = 2(2¢) +3 = 2(2g +1) +1 = 2m+1, an odd integer. 


Hence any odd prime p is of the form 4k +1 or 4k +3 for any non-negative 


integer k. 


Problem 3.3.27. If p and p? +8 are both prime numbers, prove that p* + 4 is 


also prime. 


Solution 3.3.27. Referring to Problem 8.3.8, if p > 3 is prime, it is of the 
form (6k + 1) or (6k +5). So for p = 6k +1 or 6k +5, we have p? +8 = 
36k? +12k+9 or p? +8 = 36k? + 60k + 33 respectively. But 3| (36k? + 12k + 9) 
and 3| (36k? + 60k + 33). So p*+8 is not prime, provided p > 3. By the problem, 
both p and p? +8 are primes. Thus the only possibility is p = 3, which yields 
p?+8=17. Hence p?+4=31. 


Problem 3.3.28. Bertrand Conjecture: For any positive integer z, 4 a prime p 


satisfying z <p < 2z. Using this proves that for every n > 2, 4 a prime p with 
p<n< 2p. 


Solution 3.3.28. Case-I: n is odd: Sincen >2&k>1, Ak € Z such 
that n = 2k +1. Addressing to Bertrand’s Conjecture, J a prime p satisfying 
k<p< 2k. Nowp < (p+1) < (2kK+1)=n>p<0n. Further 2k < 2p=> 
(2k+1) < 2p >n< 2p. But (2k+1) being odd and 2p is even, together conclude 
n<2p. Thus 4 a prime p such that p< n < 2p. 

Case-IT: n is even: Sincek > 1, 3k € Z such that n = 2k holds. An appeal 
to Bertrand’s Conjecture yields, k < p< 2k =n => p < n(p being a prime). 
Therefore n = 2k <2p>n < 2p. Thus p<n < 2p. 


Problem 3.3.29. Let p, denote the n-th prime number. For n > 3, prove that 
Pa+3 < PnPn+1Pn42- 


Solution 3.3.29. Note that pri < 2pn. Therefore pn+3 < 2pn4+2. So pri3 < 
4p; 49 < 4pn+2(2pn41) = 8Ppnt2Pn4i- Now ps = 11 => 8pns42Pn41 < PsPn42Pn41- 
Therefore P43 < PnPn41Pn+42, fn >= 5d. 

For n = 4; p? = 289 < papspe = 1001. For n = 3; p2 = 169 < p3paps = 385. 
For n = 2; p? = 121 < popspa = 105. Hence for n > 8, pe ve < PnPn+1Pn42- 
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Problem 3.3.30. There exist infinitely many primes that do not belong to any 
pair of twin primes. 

Solution 3.3.30. Here gcd(5,21) = 1. By Dirichlet’s theorem, the series 5 + 
21k fork = 1,2,3,..., contains infinitely many primes. Let p be one such 
prime. Then p=5+ 21k(k € Z) gives p+ 2 =7(14+ 3k) and p— 2 = 3(1+7k). 
Thus (p + 2) and (p — 2) fails to be prime. Hence all the primes contained in 
(5 + 21k) cannot be numbers of twin primes. 


Problem 3.3.31. Prove that there are infinitely many primes of the form 6n+5. 


Solution 3.3.31. To the contrary, assume only a finite number of primes of 
the form (6n + 5). Let this be qi,q2,---,;ds- Consider N = 6qiq2...¢ds —1 = 
6(qigo.--ds —1) +5. Let N = ryro...r; be its prime factorization. Since N 
is odd, r; #2 for each i, so each r; can only be of the form 6n+1, 6n +3 or 
6n+5. Since 


(6n + 1)(6m + 1) = 36mn +6m+4+6n+1 
= 6(6mn+m+n)4+1 
=6k+1, wherek = (6mn+m+n), 
this shows the product of two integers of the form (6n+1) is of the same form. 
By similar reasoning, the product of two integers of the form (6n +3) is also so. 
Furthermore, 
(6n + 1)(6m + 3) = 6(6mn + m + 3n) +3 
= 6k' +3, where k’ = (6mn+m-+3n). 
This implies, the product of two integers of the form (6n+1) and (6n + 3) is of 
the form (6n + 3). 
So the only way for N to be of the form (6n +5) is, N must contain at least 


one factor r; which is of the form (6n+5). But A any q of the form 6n +5. 
If such q, exists, then from construction of N we get N — 6qiq2..-ds = —1l. 


Furthermore N — 6qiq2...qs ts divisible by a prime of the form (6n +5), which 
contradicts our assumption(Why!). 


3.4 Exercises: 


1. Prove each of the assertions below: 
(a) The only prime of the form n3 — lis 7. 
(b) The only prime p for which 3p + 1 is a perfect square is p = 5. 
(c) The only prime of the form n? — 4 is 5. 
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10. 


11. 


12. 


13. 


14. 


15. 


Number Theory and its Applications 
Given that p is a prime and p/a”, prove that pa 


Establish each of the following statements: 
(a) If n > 4 is composite, then n divides (n — 1)!. 
(b) Any integer of the form 8” + 1, where n > 1, is composite. 


Prove that a positive integer a > 1 is a square if and only if in the canonical 


form of a all the exponents of the primes are even integers. 


Verify that any integer n can be expressed as n = 2m , where k > 0 and 


m is an odd integer. 


A positive integer n is called square-full, or powerful, if p?|n for every 
prime factor p of n (there are 992 square-full numbers less than 250, 000). 
If n is square-full, show that it can be written in the form n = a?b°, with 


a and b positive integers. 


Given that p{_n for all primes p < @/n, show that n > 1 is either a prime 


or the product of two primes. 


Show that any composite three-digit number must have a prime factor less 


than or equal to 31. 


Let gn be the smallest prime that is strictly greater than P, = pip2... Dnt 
1. It has been conjectured that the difference g, — (p1p2...Pn) is always 
prime. Confirm this for the first five values of n. 


Let p, denotes the n-th prime number and set dp; = pn4+1 — pn. Find five 
solutions of the equation d, = d, + 1. 


For n > 3, show that the integers n,n + 2,n +4 cannot all be prime. 


A conjecture of Lagrange (1775) asserts that every odd integer greater 
than 5 can be written as a sum p; + 2p2 , where pj, p2 are both primes. 
Confirm this for all odd integers through 75. 


Show that 13 is the largest prime that can divide two successive integers 
of the form nz + 3. 


Determine all twin primes p and q = p+ 2 for which pq — 2 is also prime. 


Let p,, denote the n-th prime. For n > 3, show that py < pitpe+...+pn-1- 


A 


Theory of Congruences 


“Number theorists are like lotus-eaters—having tasted this food they can 
never give it up.” 


— Leopold Kronecker 


4.1 Introduction 


If two numbers a and b be such that the difference a—b is divisible by an integer 
n, then a and b are said to be “Congruent modulo n”. The number n is called the 
modulus and the statement “a is congruent to b(mod n)” is analytically written 
as 


a = b(mod n). 


The quantity a is often said to be the base and the quantity b is called the 
residue or remainder. There are several types of residues. The common residue 
defined to be the non-negative and smaller than n while the minimal residue is 
b or b—n, whichever is smaller than absolute terms. 

Perhaps, congruence arithmetic is mostly treated as a generalisation of the 
arithmetic of the clock. Since there are 60 minutes in an hour, “minute arith- 
metic” uses a modulus of n = 60. If a person starts at 30 minutes past the hour 
and then waits for another 55 minutes, 30+55 = 25(mod 60), so the current time 
would be 25 minutes past the next hour. By similar way, “hour arithmetic” on 
a 12 hour clock uses a modulus of n = 12, so 9 O’ clock (a.m) plus four hours 
give 9+ 4 =1(mod 12) or 1 O’ clock (p.m). 

Theory of congruences are extremely useful in many areas of number theory. 
Test of divisibility is one of them.For instance, if the sum of the digits of an 
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integer is divisible by 3, then the original integer is divisible by 3. 

Also, congruences have their own restrictions. For instance, knowing the 
number of minutes past the hour is useful but knowing the hour the minutes are 
past is often more useful. So congruences discard absolute information. Also, if 
a = b(mod n) and c= d(mod n), then it follows that a” = b”(mod n), but not 


usually 2° = 2“(mod n) or a° = b"(mod n). 


4.2 Congruences 


The language of congruences was developed at the beginning of the nineteenth 
century by famous Mathematician Gauss. The language of congruence is ex- 


tremely useful in number theory. 


Definition 4.2.1. Ifa and b are integers, we say that a is congruent to b modulo 
m if m|(a—b), symbolically denoted by a = b(mod m). Ifa and b are incongruent 
modulo m, then m{ (a—) and is denoted by a  b(mod m). 


Example 4.2.1. Since 6|(20 — 2) = 18, therefore, 20 = 2(mod 6). Similarly, 
4 = —5(mod 9) and 300 = 6(mod 7). 


In working with congruences, the following proposition is needed. 


Proposition 4.2.1. Ifa and b are integers, then a = b(mod m) if and only if 
there is an integer | such that a= b+lm. 


Proof. Let a = b(mod m) hold. Then m|(a— b) implies there exists an integer | 
such that a = b+lm. Conversely, if there exists an integer | such that a = b+Ilm 


holds, then a — b = lm implies ||(a — b) implies a = b(mod m). 


Here we have given an example to understand the above theorem lucidly. 


Example 4.2.2. Let us consider 16 = 2(mod 7). Then 16 — 2 = 14 is divisible 
by 7 and also we can write 16 as 16 =2+42 x 7. 


In the following theorem, we have shown some standard properties related to 
congruence relation which depicts how an algebraic operations(addition, subtrac- 


tion, or multiplication) to both sides of a congruence preserves the congruence. 


Theorem 4.2.1. If a,b,c,d and m are integers with m > 0 satisfying a = b( 


mod m) and c= d(mod m), then 


1. atc=b+d(mod m) 


2. ac = bd(mod m) 
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3. atc=b+c(mod m) 
4. ac = be(mod m) 
5. a(mod m) = b(mod m). 


Proof. 1. Here a = b(mod m) and c = d(mod m) implies m|(a — b) and 
m|(c — d), which further implies there exists integers k and 1 satisfying 
a—b = km and c—d = Im. From the identity (atc) —- (b+d) = 
(a—b) +(c—d) =kmtlm=m(k+£1), we see both m|((a+c) — (b+d)) 
and m|((a — c) — (b— d)) as k+1, k —1 both are integers. Therefore 
a+c=b+d(mod m). 


2. Here a = b(mod m) and c = d(mod m) implies m|(a — b) and m|(c — d), 
this again implies that (c — d)b, (a — b)c both are divisible by m. Thus, 
(a—b)c+(c—d)b = (ac— bd) is divisible by m. Therefore ac = bd(mod m). 


3. Since a = b(mod m), therefore m|(a — b). Now (ac) — (b4c) =a- bis 
divisible by m. Therefore a+c=b+c(mod m). 


4. Note that a = b(mod m) > m|(a — 6). Now (a — b)c = ac — bc is divisible 
by m. Therefore ac = bc(mod m). 


5. As a = b(mod m), then for some integer k we have a— b = km. Now k 
can be written as k = ki — kg where ky, ko are integers. Again, a— b = 
(ky — kg)m = kim — kgm > a—kym = b— kom =r. Therefore r = a( 
mod m), r = b(mod m) > a(mod m) = b(mod m). 


Example 4.2.3. Since 18 = 3(mod 5) and 22 = 2(mod 5), using Theorem 
(4.2.1) we see that 40 = 18+ 22 =3+2=0(mod 5),-4 = 18-22 =3-2=1( 
mod 5) and 396 = 18 - 22 = 3-2 = 6(mod 5). 


Example 4.2.4. Since 27 = 3(mod 8), it follows 34 = 27+ 7 =3+4+7 = 10( 
mod 8), 23 = 27-4 = 3-4 = —1(mod 8), and 25 = 27-2 = 3-2 = 1(mod 8). 


Next before proceeding further, the following example reflects the fact that 
a congruence is not necessarily retained when divided both sides by an integer. 


Example 4.2.5. We have 20 = 10-2 =4-2 = 8(mod 6). But 5 4 2(mod 6). 


However, the next theorem provides us with a well-founded congruence when 


both sides of a congruence are divided by the same integer. 
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Theorem 4.2.2. If a,b,c and m are integers such that m > 0,d = gcd(c,m) 
and ac = be(mod m), then a = b(mod ay 


Proof. Here ac = bc(mod m) implies m|(ac—bc) = c(a—b), which further implies 
there exists an integer k satisfying c(a — b) = km. Dividing both sides by d, 
cm 


c km. ; m - 
we have qi — b) = TT Since ged(= a) = 1, it follows qite- b|) > a= d( 


mod 7): 


Theorem(4.2.2) has a corollary that is worth a separate statement. 


Corollary 4.2.1. For any arbitrary positive integers a and b, lem(a, b) = ab if 
and only if gcd(a, b) = 1. 


Proof. Obvious. 


( 


15 
Example 4.2.6. Since 15 = 5(mod 10) and gcd(5, 10) = 5, we see that B= 


OU Ot 


1 
mod ~) or 3 = 1(mod 2). 


Example 4.2.7. Since 42 = 7(mod 5) and gcd(5,7) = 1, we can conclude that 
42 7 
mo = (mod 5), or that 6 = 1(mod 5). 

In our next theorem using the principle of mathematical induction we have 
shown that if we increase the exponential power of elements of both sides of a 


congruence then the congruence relation is preserved. 


Proposition 4.2.2. Let a, b be any two integers. For some integer m > 0, if 
a = b(mod m) holds then for any positive integer n, a” = b"(mod m) is also 


true. 


Proof. We are going to prove this theorem by the principle of mathematical 
induction. As a = b(mod m) then the result is obviously true for n = 1. Let us 
assume the result is true for n = k. Then a* = b*(mod m) holds. Now using the 
property(2) of Theorem (4.2.1)we have a*t+! = b**1(mod m). Thus the result 
is true for n = k+1. Therefore from the principle of mathematical induction 


the result is true for all n. 


Example 4.2.8. Here in this example we have tried to clarify the above propo- 
sition by an example. For that let us choose 8 = 3(mod 5) then for n = 3 we 
see that 8° = 512 = 27 = 33(mod 5). 


In our following theorem we have shown the way to combine congruences of 
two same numbers with different congruent moduli. To prove this theorem, first 


we need to prove the following result. 
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Result 4.2.1. Let a be any integer and n,,n, be two positive integers with 


n,|a, n,|a. Then lem(n,,n,)|a. 


Proof. Let | be the least common multiple of n, and n,. If 1 { a, then the division 
algorithm yields m = lq¢+r for some integers g and r where 0 <r <1. Then r = 


m-—lIgq. Asland m are multiples of a and b, then there exists integers t, , t,¢4, t4 


such that m = at, = bt}, | = at2 = bt4. Therefore r = at, — ateg = a(t, — tq) 
and r = bt), — bth¢ = b(t, — tq). This shows that r is a multiple of both a and 
b. As 1 is least, then r > 1. This contradicts the fact 0 < r < I. Therefore 
m =lq > I\m. 


Now the proof of the main theorem as follows. 


Theorem 4.2.3. For any integers a and b with positive integers t,,t,,---ty if 
a=b(mod t,),a =b(mod t,),---,a =b(mod tx) thena=b(mod Icm(t,,t,,-+: ,t)). 


Proof. Since a = b(mod t,),a = b(mod t,),--- ,a = b(mod t,) then we have, 
t,|(a — b), t,|(a@ — b),---+t,|(a — 6). Now by above result we can say that 
lem(t,,t,,+-+ ,t~)|(a — 6). This implies a = b(mod Icm(t,,t,,--+ ,tx)). 


In next corollary, we are going to describe an useful consequence of the above 


theorem. 


Corollary 4.2.2. For any integers a and b with positive relatively prime integers 
t,,t,,:-:t, if a = b(mod t,),a = b(mod t,),---,a = b(mod t,) then a = b( 
mod (t,t, --+tz)). 


Proof. Since a = b(mod t,), a = b(mod t,),--- ,a = b(mod ty), therefore t, |(a— 
b), t,|(a—b),---te|(a—b). As t,,t,,---t, are relatively prime integers, therefore 
lem(t,,t,,+++ ,t~) =t,t,--+tp. Then Theorem 4.2.3 gives a = b(mod (t,t, ---ty)). 


19%2) 


In the following proposition we have seen that the congruence relation is 
nothing but an equivalence relation. 


Proposition 4.2.3. Let m be any non-zero integer. Define a relation ‘= 


mod m’ on set of integers Z by a = b(mod m) if and only if m|(a — b). The 


‘ 


relation ‘= mod m’ is an equivalence relation. 


Proof. A relation on a set is said to be equivalence if it is reflexive, symmetric 


and transitive. 


1. Reflexivity: Since m|(a — a), we see that a = a(mod m). 
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2. Symmetricity: If a = b(mod m), then m|(a — b). Hence there exists an 


integer | such that a—b = Im. This shows that (—l)m = b—a > m|(b—a). 
Consequently, b = a(mod m). 


3. Transitivity: Let a = b(mod m) and b = c(mod m). Then m|(a — 6) and 
m|(b — c) holds. Hence there exists integers & and | such that a — b= km 
and b—c=Im. Therefore a—c = (a—b) + (b—c) =km+lm = (k+1)m. 


Consequently, m|(a — c) implies a = c(mod m). 


Infact this equivalence relation is also called congruence relation. From the 
basic concept of algebra we can say that this equivalence relation always forms 
an equivalence class. In this case this is called congruence class. For example 
if we choose a positive integer 5 which leaves the remainder 0,1,2,3,4 when 
divides any integer. Here if we choose remainder as 1 then we have the set of 
integers {6,11,16,---} whose all the elements have remainder 1 when divided 
by 5. For that the above set can be written as [1] which is a congruence class 
modulo 5. Thus the definition of congruence class as follows. 


Definition 4.2.2. Let m be a positive integer and a be any integer then set of 
integers, {b : b= a(mod m)} is called congruence class modulo m and denoted 
by [a]. 

From the above definition of congruence class another important fact we 
can discuss on integers. If we choose a set of integers say, {5, 21, —2,62,34} 
then for congruent modulo 5 we have, 5 = 0(mod 5), 21 = 1(mod 5), 62 = 2( 
mod 5), —2 = 3(mod 5), 34 = 4(mod 5). Here we see that each of the elements 
of the above set are congruent modulo 5 with exactly one of the set {0, 1, 2,3, 4}. 
Then this arbitrary set {5,21, —2,62,34} is said to be a complete set of residue 
modulo 5. Now we are in the position to define that arbitrary set. 


Definition 4.2.3. An arbitrary set of m integers {a1,2,--++ ,Q@m} is said to be 
a complete set of residue modulo m or CRS(mod m) if every integer of the set 


is congruent modulo m to exactly one of aj, @2,:+* ,@m-. More specifically if, 
1. a, #a;(mod m), Vi Aj, i,f =1,2,---m 
2. For each integer n, there exists a unique integer a; such that n = a;( 
mod m), 7 =1,2,---m. 


Obviously the set {0,1,2,--- ,m—1} forms a CRS(mod m). It is called trivial 
CRS(mod m). For an example if we choose m = 5 then the set {0,1,2,3,4} is 
the trivial CRS(mod 5). 
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Now in the following theorems we have shown here that addition and mul- 
tiplication of any arbitrary element with all the elements of a complete residue 


system under some conditions preserves the properties of complete residue sys- 


tem. 
Theorem 4.2.4. If {a,,a,,--: ,a,,} is a set of complete residue system modulo 
m and c be any integer then {a, +c,a,+c,--: ,a,, +c} ts also a set of complete 


residue system modulo m. 


Proof. It’s suffices to show that all the elements of {a,+c,a,+c¢,--- ,a,,+c} are 
distinct under congruent modulo m. Since {a,,a,,--- ,a@,,} is a set of complete 
residue system modulo m then a, # a, for i 4 j7 where i,7 = 1,2,---m. Thus 
a; — a; is not divisible by m. Also, (a, + c) — (a, +c) = a, —a, which follows 
that (a, +c) — (a, +c) is not divisible by m. Therefore a, + ¢ # a, + c(mod m) 
for i~ 7 where i, 7 = 1,2,---m. This proves the theorem. 


Theorem 4.2.5. If {a,,a,,:-: ,a,,} is a set of complete residue system modulo 
m and c be any integer prime to m, then {ca,,ca,,--- ,ca,,} ts also a set of 


complete residue system modulo m. 


Proof. Again here to prove this theorem we are to show all the elements of 
{ca,,ca,,--- ,ca,,} are distinct under congruent modulo m. Since {a,,a,,--- ,a,, } 
is a set of complete residue system modulo m then a, # a, for i 4 j where i, 7 = 
1,2,---m. Thus a, —a, is not divisible by m. Also we have ca,—caj = c(a,—a,). 
Now c is prime to m implies gcd(c,m) = 1 and a, — a, is not divisible by m. 
Combining these two concepts we can conclude that ca, —ca, is not divisible by 


m. Therefore ca, # ca,;(mod m) for i 4 j where i,j = 1,2,---m. This proves 


the assertion of this theorem. 


Combining the above two theorems, lead us to the following straightforward 


corollary: 
Corollary 4.2.3. If {a,,a,,--- ,a,,} is a set of complete residue system modulo 
m and c be any integer prime to m, then {ca, + d,ca, + d,--- ,ca,, +d} is also 


a set of complete residue system modulo m for any integer d. 


4.3 Worked out Exercises 


Problem 4.3.1. Give an example to show that a? = b*(mod n) need not imply 
that a = b(mod n). 
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Solution 4.3.1. Let us consider a = 5,b = 4,m = 3. Since 3] (25 — 16) = 9, 
therefore 5? = 4*(mod 3). But 5 4 4(mod 3). 


Problem 4.3.2. What is the remainder when the sum 1°+2°+3°+...+99° 4 
100° is divided by 4? 


Solution 4.3.2. Here 


1° = 1( mod 4) 1=5=9...( mod 4) 
32 = 2° = 0( mod 4) 2=6=10...( mod 4) 
243 = 3° = 3( mod 4) =7=11...( mod 4) 
4° = 0( mod 4) 4=8=12...( mod 4) 


Each block of four numbers will have same remainder sum. Since 1° +2°+3° + 
4°5=14+0+3+0=4=0(mod 4), therefore 25 blocks will all have remainder 


0 implies entire remainder is 0. 


Problem 4.3.3. For n > 1, use congruence theory to establish 27 |(25et" + 
Bere), 


Solution 4.3.3. Here 32 = 5(mod 27) > 2° = 5(mod 27). Now 


2°" = 5"( mod 27) 
2.2°" = 2-5"( mod 27). 
A OPE 4 OPO? SO 5? C anod 27) 
= 5"(5 + 25)( mod 27) 
= 5" - 27( mod 27) 
= 0( mod 27). 


Problem 4.3.4. Find the remainder when the sum 1!+ 2!4+ 3!+...+ 100! is 
divided by 18. 


Solution 4.3.4. Note that 6! = 0(mod 18) > (6 +n)! = 0(mod 18) for n € Z. 
Then 


1! + 2!4 3!+.---+ 100! = (1! + 2! + 3!4 4! +5!)( mod 18) 
= 153( mod 18) 
= 9( mod 18). 
Therefore the remainder is 9. 


Problem 4.3.5. Prove for any integer a, a® = 0,1, or 6(mod 7). 
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Solution 4.3.5. By division Algorithm, we havea =7k+r,0<r<7. Now 


t=Thee =k HSER Se SHU nod Th 


a=Tkh+1:a° =(7k+1)° = (7k)? +3- (7k)? +3+ 7k +1. 
@ 12778 +3 67h + 3<k] => a? = 1( mod 7) 

By similar way, a = 7k + 2: a® = 1( mod 7) 

a=7k+3:a*® = 6( mod 7) 

a=7k+4:a*>=1( mod 7) 

a=7k+5:a® = 6( mod 7) 

a=7k+6:a° =1( mod 7). 
Problem 4.3.6. If {a,,a,,...,a,} is a complete set of residues modulo n and 
gcd(a,n) = 1, prove that {aa,,aa,,...,aa,,} is also a complete set of residues 


modulo n. 


Solution 4.3.6. Consider aa, and aa, withi#j, 1<i<j<n. If aa, and 
aa, are congruent moduli n, then aa, — aa, = kn > a(a, —a,) = kn for some 
k. Since gcd(a,n) = 1, Euclid’s Lemma gives n|(a, —a,), contradicting the 
facta, #a,. Therefore aa, = aa,. Hence by Proposition 4.2.1, the statement 


follows. 
Problem 4.3.7. Find the remainder when 10°! is divided by 7. 


Solution 4.3.7. Here 515 = 85 x 6 +5 = 10°1° = (10°)®° - 10°. Further, 


10° = 2( mod 7) 
=> 10° = 2? = 1( mod 7) 
=> (10°)®° = 1( mod 7) 
=> 10°15 (10°)8> . 10° = 1-5 = 5( mod 7). 


So the desired remainder is 5. 


Problem 4.3.8. Verify that if a = b(mod n,) and a = b(mod n,), then a = 
b(mod n), where the integer n = lcm(n,,n,). Hence whenever n, & n, are 
relatively prime, a = b(mod n,n,). 


Solution 4.3.8. Let k,,k, € Z be such thata—b=k,n,, &a—b=k,n,. Let 


19 °"2 


d= gcd(n,,n,). Then dr €Z such that n, = dr. 


n,_i&k n,n, 


Se 
? dr r ad 


. a-b=k,n, =k n 
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But “ine = Icem(n,,n,) [refer to Theorem 2.5.1]. 


k; 
* a—b= Ilem(n,,n,). 
r 


2 


k 

Finally, our aim is to show — € Z. Let s € Z be such that n, = ds. Since 
r 

a-—b=k,n, =k,n,, then k,dr = k,ds k,r = k,s. Since gcd(r,s) = 1, 


202? 


therefore r divides k,. This shows that ur EZ. 


Problem 4.3.9. Show that 41 divides 24° — 1. 


Solution 4.3.9. Here 22° = (2°)* = (32)4. This shows that 22° = (32)4 = 
(—9)* = (81)2(mod 41). However 81 = —1(mod 41) > 27° = 1(mod 41). 
Hence 41|(27° — 1). 


Problem 4.3.10. Justify, a* = b*(mod n) and k = j(mod n) need not imply 
that ai = b)(mod n). 


Solution 4.3.10. Since 4 = 9(mod 5), therefore 


2? = 37( mod 5), 
2=7( mod 5), 
2" £3"( mod 5)[ Verify. 


Problem 4.3.11. Jf gcd(a,n) = 1, then prove that the integers c,c + a,c + 


2a,c+ 3a,...,¢+(n—1)a form a complete set of residues modulo n for any c. 


Solution 4.3.11. Considerc+ra&c+sa,r4#s,0<r,s<n-—1. Suppose 
S>T. 


c+ sa—(c+ra) =(s—r)a. 


Note that s <<n—1, r<n-—1 together implies s—r <n. Therefore n{(s—r). 
Since gcd(a,n) = 1, therefore Ak € Z such that (s—r)a=nk > c+sa#ctra. 


This completes the solution. 


Problem 4.3.12. Find all CRS modulo 6. 


Solution 4.3.12. Here the set {0,1,2,3,4,5} forms trivial CRS modulo 6. By 
virtue of Theorem(4.2.4)and Theorem(4.2.5), we conclude that {k,k + a,k + 
2a,k + 3a,k + 4a,k + 5a} forms a CRS modulo 6, where k is any arbitrary 


integer and a is an integer prime to 6. 


Problem 4.3.13. Prove that the integer 53'°? + 103°° is divisible by 39. 
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Solution 4.3.13. Note that 39 = 3-13, 53 = 3-17+2 = 3-18—1, 103 = 34-3+1. 
Now 


53 =—1( mod 3) 53 = 1( mod 13) 
53108 = (1) mod 3) 53103 = 1( mod 13). 
Furthermore, 
103 = 1( mod 3) 103 = —1( mod 13) 
103°3 = 1°3( mod 3) 103°? = —1( mod 13). 


Adding those congruences with respect to modulo 3 and modulo 13 we get, 53103 + 
103°° = 0(mod 3) and 53'°% + 103°3 = O(mod 18) respectively. This yields 
3|(53703 + 10353), 13|(531°3 + 103°). Since ged(3,13) = 1, therefore 3-13 = 
39|(53103 + 10358). 


4.4 Linear Congruences 


The present section deals with the notion of linear equation in the sense of 

congruence relation. Consider a linear equation of the form 2x + 3y = 5 with 
— 24 

two unknown integers « and y. Then it can be expressed as y = ere If we 


— 2x 


consider as an integer then the above linear equation can be written as 
2x = 5(mod y). The foregoing congruence relation with unknown integer «x is 


said to be linear congruence equation, whose definition is as follows: 


Definition 4.4.1. A congruence of the form ax = b(mod m) where a,b,m are 
integers with m > 0 and x an unknown integer, is called linear congruence in 


one variable. 


Here we have dealt with the various aspects of linear congruences. In the 
beginning, we have tried to relate linear congruences with the linear Diophantine 


equation of two variables x and y. Our following theorem is based on that. 


Theorem 4.4.1. Let (xo, yo) be an integral solution of ax + by = c for some 
integers a,b,c where a,b are non zero integers then xo is the solution of ax = 
c(mod m) considering m = |b|. Conversely, if xo is a solution of the above 
congruence then there is an integer yo for which (xo, yo) is a solution of ax+by = 


Cc. 
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Proof. Since (xo, yo) satisfies ax + by = c then we have byo = c—axo. This 
shows that b divides axp — c. Therefore m = |b| divides ax — c and xg becomes 
a solution of az = c(mod m). 

For the converse part we have xo a solution of az = c(mod m). Since m = |b| 


divides aa%p — c then for some integer yo we can write azo —c = byo. This proves 


that (xo, yo) satisfies ax + by = c. 


Now we are going to illustrate the above fact by following examples. 


Example 4.4.1. Here we have shown that a linear Diophantine equation 22124 


35y = 11 can be solved using linear congruence. Firstly the equation 221” + 
35y = 11 has been written as 221” = 11(mod 35). Here the solution of this 
congruence equation is x = 1(mod 35). Then we have « = 1 + 35t for some 
integer t. Here xo = 1 is the particular value of x and yo = 35 [11 — 221-1] = -6 
is particular value of y . Therefore y = —6 — 221t, x = 1+ 35t is the general 
solution. 


Example 4.4.2. Let us choose the congruence equation 52 = 2(mod 26) and 
this has been written as 52 — 26y = 2 for some integer y. Here gcd(5, 26) = 1 
can be written as 1 = 26—5-5. Thus here the particular value of x is x» = —10. 
Then we have x = —10 — 26t for some integer t. Therefore x = —10 = 16( 
mod 26) is the solution of above congruence. 


Here in the Example 4.4.1 we have solved the linear Diophantine equation by 
converting it to linear congruence equation and also from the Example 4.4.2 we 
have solved the linear congruence equation by converting it to linear Diophantine 
equation. So from the above two examples we can say that the linear congruences 
and linear diophantine equations are relatable. 

In particular, we have seen that « = x, is a solution of az = b(mod m) 
then any integer x, = x,(mod m) is also a solution. Thus if we can find a 
particular solution x, of az = b(mod m), then all the elements belonging to the 
class of x,, are the solutions of az = b(mod m). For instance, choose 4% = ( 
mod 5) where x = 2 is a solution. Now it’s obvious that all the elements of [2] 
such as x = 7,12 and so on are its solutions. Now the question arises, how many 
incongruent solutions modulo m do exist?. The following theorem reflects, under 
which condition it is possible to find a solution of a linear congruence equation 


and if the solutions exist, how many of them are incongruent modulo m. 


Theorem 4.4.2. Let a,b,m are integers with m > 0 then the linear congruence 
ax = b(mod m) has a solution if and only if d\b, where d = gcd(a,m). If d|b 


then it has exactly d numbers of incongruent solutions. 


Theory of Congruences 79 
Proof. Theorem 4.4.1 asserts that any linear congruence az = b(mod m) is 
equivalent to linear Diophantine equation ax — my = b, for any integer y. So for 


particular integer x, satisfying ax, = b(mod m) we get an integer y, satisfying 


az, — my, = b. Again by virtue of Theorem 2.7.1, if d{b then any solutions. 


1) 
Also, if d|b then the Diophantine equation ax + mk = b have infinite number of 
; , m a : . 
solutions given by « = a +(—)n, k= ky—(=)n for some integer n. Here k, is 
a particular value for k. Then comparing both the diophantine equations, yields 


y = —k. Thus, the solutions of az — my = b are given by 


m a a 
L=2,4 (jm y=—k, (G)n > y= kot (5). 
Next, to determine the number of incongruent solutions of az = b(mod m), 
; m m : _ 
consider x, = wo+(—>)n, and 2, = a t+(—)n, as two solutions of ax = b( 


mod m) for some integers n,,n.,. If these two are congruent then, 


m 
d 


n, )n,( mod m). 
n, =(])n,( mod m) 


to+(—) = tor 


d 
a C 
Now, gcd(m, -) = 7 and ( 
mod m). This proves that « = x,+()n has exactly d numbers of incongruent 


)|m. So using Theorem 4.2.2 we obtain n, = n,( 


m 
d 


solutions as n ranges through a complete residue system of residues modulo 


d. 


In the above theorem, taking a and m as relatively prime integers gives a 
straightforward corollary: 


Corollary 4.4.1. If a and m are relatively prime then the linear congruence 


ax = b(mod m) has a unique solution modulo m. 


Next our aim is to exemplify the foregoing theorem and corresponding corol- 


lary by an example: 


Example 4.4.3. Consider the linear congruence 8% = 16(mod 24). Since 


gcd(8,24) = 8 and 816, using the last theorem our aim is to show that 4 8 
incongruent solutions modulo 24. Here x, = 2 is a particular solution. Then 
L£= a(t) = 2+ 3t(mod 24) are the incongruent solutions modulo 24 where 
t = 0(1)7. Thus the solutions are x = 2,5,8,11,14,17,20,23(mod 24). Now, if 
we choose the congruence 8x = 16(mod 23) then gcd(8, 23) = 1. Then by virtue 
of the last corollary, it has only one incongruent solution modulo 23 which is 
x = 2(mod 23). 
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Example 4.4.4. Consider the linear congruence 8x = 16(mod 24). Since 


gcd(8, 24) = 8 and 8|16, using the last theorem our aim is to show that J, 8 


incongruent solutions modulo 24. Here x, = 2 is a particular solution. Then 


r= a(—)t = 2+ 3t(mod 24) are the incongruent solutions modulo 24 where 
t = 0(1)7. Thus the solutions are x = 2,5,8,11, 14,17, 20, 23(mod 24). Now, if 
we choose the congruence 8x = 16(mod 23) then gcd(8, 23) = 1. Then by virtue 
of the last corollary, it has only one incongruent solution modulo 23 which is 
x = 2(mod 23). 


After solving a linear congruence equation, we are turning our discussion 
to solve a simultaneous system of linear congruences. This system actually 
came from Chinese puzzles as early as the first century A.D. In number theory, 
the Chinese remainder theorem gives a unique solution to simultaneous linear 
congruences with coprime moduli. In its basic form, the Chinese remainder 
theorem will determine a number p that, when divided by some given divisors, 
leaves given remainders. 

The earliest known statement of the theorem is by the Chinese mathemati- 
cian Sun-tzu Suan-ching in the 3rd century AD, whose original formulation was 
x = 2(mod 3) = 3(mod 5) = 2(mod 7) with the solution « = 23 + 105k where 
keZ. 

The Chinese remainder theorem is widely used for computing with large 
integers, as it allows replacing a computation for which one knows a bound on 


the size of the result by several similar computations on small integers. 


Theorem 4.4.3. (Chinese Remainder Theorem): Let m,,m,,+--m,, be pairwise 
relatively prime integers. Then for k number of integers a,,a,,--:a, the system 
of congruences x = a,(mod m,),x = a,(mod m,),---x = a,(mod m,) has a 
unique solution modulo M = m,m,---m,. 


. 4i°°'m, is the product of all integers 


Proof. Let M, = MaMa 7 MyM, 
omitting m.,., shows that gcd(M_,m,.) = 1. Then from the Corollary 4.4.1 it is 
possible to find a unique solution x, of the linear congruence M2 = 1(mod m.,). 
Our task is to show that the integer ¢ = a,M,x, + a,M,2, +---a,M,x, isa 
simultaneous solution of the above system. First our aim is to check, % satisfies 
x =a,(mod m,). Since all the integers M,,M,,---M, contain m, as a factor 
so a,M,x, = 0(mod m,) for all i = 2,3,---k, then & = a, Myxz,(mod m,). As 
M,«, =1(mod m,) it follows that = a,(mod m,). This shows that @ satisfies 
the linear congruence x = a,(mod m,). Proceeding as above, we can show that 


& also satisfies other congruences. 
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To proceed for the uniqueness part, let x’ and # be its two solutions. Then 


we have x =a, = %(mod m,) for r= 1,2,--- ,k. Therefore m, divides (x — #) 
for each r = 1,2,--- ,k. Since all m,’s are relatively prime then from Corollary 
2.4.1 we have M = m,m2:--m,|(x — %). This implies « = %(mod M = 


m,m,-:::m,). Therefore % is the unique solution of the given system. 


In the following example, we have illustrated the preceding theorem lucidly. 


Example 4.4.5. Let us consider a system of simultaneous linear congruences 

as x = 2(mod 3), x = 4(mod 5), # = 5(mod 7). Here M = 3-5-7 = 105 
1 1 

then we have M, = 108 cae M, = Sh M, = TOP ce be As 


3 


Mx, = 1(mod m.,.) so the linear congruences are 35x, = 1(mod 3), 21a, = 1( 
mod 5), 152, = 1l(mod 7). Those linear congruences are satisfied by x, = 
2, «, = 1, , = 1 respectively. Thus a solution of the system is given by 


&=a,Mix, +a,M,x, +0a,M,x, = 140 + 844 75 = 299(mod 105). Thus the 
unique solution of this system is & = 89(mod 105). 
4.5 Worked out Exercises 


Problem 4.5.1. Solve: (1) 36x = 8(mod 102) (2) 140” = 133(mod 301). 


Solution 4.5.1. 1. Since gcd(36, 102) = 6+ 8, therefore f any solution. 


2. Here 140 = 2?-5-7, 301 = 7 x 43. Therefore gcd(140,301) = 7 and 
7|133. Hence 7 incongruent solutions do exist. Dividing both sides of the 


congruence by 7 we have, 


20x = 19( mod 43) 

40x = 38 
43x — 40x = 43 — 38( mod 43) 

3x = 5( mod 43) 

42x = 70( mod 43) 

43x — 42a = 86 — 70( mod 43) 
x = 16( mod 43). 
- 2 = 164 43t, fort =0,1,2,3,4,5,6. 
- g = 16,59, 102, 145, 188, 231,274( mod 301). 


Problem 4.5.2. Using congruences, solve the Diophantine equations: 12x” + 
25y = 331. 
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Solution 4.5.2. Note that 


12” = 331( mod 25), 
or, 24% = 662( mod 25), 
or, 25a — 24x = 662 — 650( mod 25), 
or, © = 12( mod 25). 
"w= 124 25u, Vue Z. 
Further, 25y = 331( mod 12), 
or, 25y — 24y = 331 — 324( mod 12), 
or, y =7( mod 12). 
“. yY=74+120, Vue Z. 
*, 12a 4+ 25y = 12(12 + 25u) + 25(7 + 12v), 
or, 331 = 319 + 300u + 300, 
or, 12 = 25u + 25v. 
*, © =12+4 25u = 24 — 25v. 


Hence x = 24— 25v, y= 7+ 120 for v € Z. 
Problem 4.5.3. Solve: x = 5(mod 6), « = 4(mod 11), « = 3(mod 17). 
Solution 4.5.3. Here 
x = 5( mod 6) N =6-11-17 =1122. 
( mod 11) N, =11-17 = 187. 
( mod 17) N, =6-17 = 102. 
N, =6-11= 66. 


r=4 
r=3 


Now 187x, = 1(mod 6) => 187z, — 1862, = x, = 1(mod 6). Again 


1022, = 1( mod 11) 66x, = 1( mod 17) 
1022, — 99x, = 32, = 1( mod 11) 66x, — 68x, = —2x, = 1( mod 17) 
21x”, = 7( mod 11) 182, = —9( mod 17) 
21x, — 22x, = —x, =7( mod 11) 182, — 17x, =x, = —9( mod 17). 


“, &, =1, 2, =—-7, 2, = —9. 
* a,N,x, =5-187-1, a,N,x, =4- (102) -(—7), a,N,x2, =3- (66) - (—9). 
*, a, N,x2, +a,N,2, +a,N,7, = —3703. 


-. @ = —3703 + 4- 1122 = 785( mod 1122). 
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Problem 4.5.4. Obtain three consecutive integers, each having a square factor. 
Solution 4.5.4. Note that a = 0(mod 27), a+1 = 0(mod 37), a+2 = 0( 


mod 5”). Since 27,3? and 5° are relatively prime to each other, therefore by 


virtue of Chinese Remainder Theorem we find 


a =0( mod 4) N =4-9-25 = 900 

a= —1( mod 9) N, =9- 25 = 225 

a = —2( mod 25) N, =4-25 = 100 
N, =4-9 = 36. 


Now 2252, = 1(mod 4) = 2252, — 2242, = x, =1(mod 4). Again 


100x, = 1( mod 9) 36x, = 1( mod 25) 
100x, — 99”, = 1( mod 9) 72x, = 2( mod 25) 
2 2 3 
x, =1( mod 9) 72x, — 752, = —3( mod 25) 


3x, = —2( mod 25) 
24x, = —16( mod 25) 
24x, — 252, = —x, = —16( mod 25) 
x, = 16( mod 25). 
*. a, N,x2, +a,N,2, +a,N,v, = —1252. 
*, « = 548( mod 900). 
Thus the desired three consecutive numbers are 548, 549, 550. 


Problem 4.5.5. Prove that the congruences x = a(mod n) and x = b(mod m) 
admit a simultaneous solution if and only if gcd(n,m) | (a—b); if a solution exists, 


confirm that it is unique modulo lcm(n, m). 


Solution 4.5.5. Suppose there exists a solution for x. Let d= gcd(n,m). This 


implies r,s € Z such that n = dr,m=ds. Now 


x =a( mod n) > «x =a+nt,t € Z, 


x = b( mod m) > «& =b+mk,k € Z. 
 atnt=b+mk => nt -—mk=b-—a. 


Substituting for m,n we obtain 


d(sk — rt) =a—b= d= gcd(n,m)|(a— 6). 
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Next, let us assume d = gcd(m,n) and d|(a — b). Then for some t € Z, dt = 
a—b>42,,y, such that nz, +my, =d. Therefore dt = nx,t+my,t =a-—b> 


my,t+b=a-—2,tn. Let x =a(modn), « = b(mod m). So 4d a simultaneous 


solutions. Let y be any other solution. Then 


x = a( mod n) y =a( mod n). 
x = b( mod m) y = b( mod m). 
. © =y( mod n) 


By virtue of worked out Problem 4.3.8, we obtain x = y(mod Icm(m,n)). 


Problem 4.5.6. A certain integer between 1 and 1200 leaves the remainders 
1,2,6 when divided by 9,11,13, respectively. What is the integer? 


Solution 4.5.6. From the given conditions, we have 


x =1( mod 9), 1<a < 1200. 
x = 2( mod 11), 
x = 6( mod 13). 


Since 9,13,11 are relatively prime, therefore Chinese Remainder Theorem is 
applicable here. Rest proceeding similarly as in Problem 4.5.4, we obtain the 
integer 838. 


Problem 4.5.7. Obtain the two incongruent solutions modulo 210 of the system: 


2x = 3( mod 5) 
4x = 2( mod 6) 
3x = 2( mod 7). 
Solution 4.5.7. Here 
2x = 3( mod 5) (4.5.1) 
4a = 2( mod 6) (4.5.2) 
3x = 2( mod 7). (4.5.3) 
From(4.5.1), 4a = 6( mod 5), From(4.5.2), 45 = = ( mod a 
4x — 5a =x =1( mod 5), 2x = 1( mod 3), 
x =-—1+5( mod 5), 4x = 2( mod 3), 
x = A4( mod 5). 4a — 34 = x = 2( mod 8), 
x = 2( mod 6). 
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Since gcd(4,6) = 2, therefore from Theorem 4.4.2 we can say that there 4 2 
incongruent solutions given by x, + 8X, being a solution. Here x, = 2 is 
a solution, so 5 is the other. Therefore x = 5(mod 6) is the other congruence 


equation. From (4.5.3), we obtain 


6x = 4( mod 7), 
6x — 7x = —x = —3( mod 7), 
—x = —3( mod 7), 

*, & = 3( mod 7). 


Therefore x = 4(mod 5), « = 2(mod 6) or x = 5(mod 6), x = 3(mod 7). Note 
that N= 5-6-7 = 210. Therefore N, = 6-7 = 42, N, = 5-7 = 35 and 
N, =5-6=30. Thus 


42x, = 1( mod 5) 35x, = 1( mod 6) 
42x, — 402, = 2x, = 1( mod 5) 35x, — 36x, = —x, = 1( mod 6) 
6x, = 3( mod 5) x, = 5( mod 6). 
6x, — 5a, =x, =3( mod 5) 
x, =3( mod 5). 
30x, = 1( mod 7) 
302, — 282, = 2x, = 1( mod 7) 
8x, = 4( mod 7) 
8x, — 7%, = x, = 4( mod 7) 


Therefore a,N,x, + a,N,x2, + a,N,2%, = 1214 or 1739(Verify!). Thus the 
solutions are x = 164(mod 210) or x = 59(mod 210). 


Problem 4.5.8. Obtain the eight incongruent solutions of the linear congruence 
3a + 4y = 5(mod 8). 


Solution 4.5.8. Set 3x = 5 — 4y(mod 8). Since gcd(3,8) = 1 and 1|(5 — 4y), 
there exists one solution for any value of y. Because there are eight incongruent 
values of 5 — 4y(y = 0,1,2,3,4,5,6,7), let us solve this for each values of y. 
First, let us take y = 0(mod 7). Then 


3x = 5( mod 8) 
15a” = 25( mod 8) 
16x — 15a = 4 = -1=7( mod 8). 
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By similar reasoning, x = 3(mod 8) for y = 1(mod 8), « = 7(mod 8) for y = 2 
mod 8), « = 3(mod 8) for y = 3(mod 8), « = 7(mod 8) for y = 4(mod 8), 
x = 3(mod 8) for y = 5(mod 8), x = 7(mod 8) for y = 6(mod 8) and x = 3( 
mod 8) for y = 7(mod 8). 


Problem 4.5.9. The basket-of-eggs problem is often phrased in the following 
form: One egg remains when the eggs are removed from the basket 2,3,4,5, or 6 
at a time; but, no eggs remain if they are removed 7 at a time. Find the smallest 


number of eggs that could have been in the basket. 


Solution 4.5.9. From the given conditions, we have 


x = 1( mod 2) (4.5.4) 
x = 1( mod 3) (4.5.5) 
x = 1( mod 4) (4.5.6) 
x = 1( mod 5) (4.5.7) 
x = 1( mod 6) (4.5.8) 
x =0( mod 7). (4.5.9) 


If (4.5.6) is true, then « =1+4n =1+2(2n). Since gcd(2,4) 4 1, therefore we 
can eliminate (4.5.4). Moreover, if (4.5.8) is true, then x =1+6n =1+43(2n). 
Because gcd(3,6) #1, whence we can eliminate (4.5.5). Multiplying (4.5.6) by 
3 and (4.5.8) by 2, we obtain 


3x = 3( mod 3-4) = 3( mod 12) (4.5.10) 
2x = 2( mod 2-6) = 2( mod 12). (4.5.11) 

v. 3a —3 = 2x — 2( mod 12), 
x =1( mod 12). (4.5.12) 


If (4.5.12) holds true, then (4.5.6) and (4.5.8) is also so. Now we have x = 1( 
mod 5), « = O(mod 7) and x = 1(mod 12). Note that 5,7,12 are relatively 
prime. Thus N=5-7-12 = 420. Therefore N, = 7-12 = 84, N, =5-12=60 
and N, =5-7= 35. Hence 


84x, =1( mod 5) 352, = 1( mod 12) 
842, — 85a, = —la, = 1( mod 5 35a, — 362, = —x, = 1( mod 12) 
1 1 dt 3 3 3 
x, = —1( mod 5). x, =5—1( mod 12). 


Since a, = 0, therefore 602, = 1(mod 7). Thus a,N,x, +a,N,2,+a4,N,2, = 
—119(Verify!). Hence —119 + 420 = 301 eggs in basket. 
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4.6 System of Linear Congruences 


In this section, our discussion will be restricted to solve the system of linear 
congruence equations involving the same numbers of unknowns with the same 
modulus. 

Let us begin with an example. Consider the system of linear congruence 


equations: 


x + 2y = 1(mod 5) 
2x +y = 1(mod 5). (4.6.2) 


Now (4.6.1) x 2 — (4.6.2) yields 
3y = 1(mod 5). 


Note that 2 is the inverse of 3 modulo 5. So multiplying both sides of the 
foregoing equation by 2 we get, 


Similarly, (4.6.2) x 2 — (4.6.1) we get, 
3x = 1(mod 5). 

Since 2 is the inverse of 3 modulo 5, therefore proceeding as above we get 
x = 2(mod 5). 


Thus the solutions of the system of linear congruences are in pairs satisfying 
x = 2(mod 5) and y = 2(mod 5). 
This example motivates us to devise a general method for solving the system 


of linear congruences. 


Theorem 4.6.1. Let p,q,r,s,u,v and m be integers with m > 0, such that 
gcd(D,m) = 1 where D = ps— qr. Then the system of congruences 


pz + qy = u(mod m) 


rz + sy = v(mod m) 


has a unique solution modulo m given by, 


x = D(us — qv)(mod m) 


y = D(pv — ur)(mod m) 


where D is the inverse of D modulo m. 
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Proof. Let us begin with a calculation. Here (4.6.3) x s — (4.6.4) x q yields 


Dx = (us — qv)(mod m). 


Since D is the inverse of D modulo m, therefore multiplying both sides by D we 
get 
a = D(us — qv)(mod m). 


Similarly, applying D on (4.6.3) x r — (4.6.4) x s gives 
y = D(pv — ur)(mod m). 
Our claim is that any pair (x,y) is a solution. For this we have, 
px + qy = D{p(us — qu) + q(pu — ur)}(mod m) 
= Du(ps — qr)(mod m) 
= DDu(mod m) 
= u( mod m) 


and rx + sy = D{r(us — qv) + s(pu — ur)}(mod m) 


This proves the theorem. 


In the Theorem 4.6.1 we have discussed the solution for a system of two linear 
congruences with two unknowns. But the method fails for n linear congruences 
with n unknowns where n > 2. To overcome this, we require the algebra of 
matrices. The following definition on congruence relation between matrices will 


pave the way for our future discussions. 


Definition 4.6.1. For any two matrices S = (8ij)nxrn and T = (tij)nxk, S is 
said to be congruent to T modulo m(> 0) if si; =tij(mod m) for every i and j 
with 1 <i<n,1<j<k. This is denoted as S = T(mod m). 


4 1 4 
Example 4.6.1. Consider S = i and T = : . Then S = T( 
9 7 14 12 


mod 5). 


Proposition 4.6.1. For any two matrices [5], and [T],., with S = T(mod m), J 
matrices [U],,,, and [V],,.,, respectively, with all integer entries, such that SU = 
TU(mod m) and VS = VT(mod m). 


nxk nxk 
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Proof. Let S = (si;)nxk, T = (tij)nxk and U = (uij)kxp be the matrices with 
integral entries. Now the entries of SU and TU are \7"_, 8ipt,j and \7""_, tipttr; 
respectively. Since S = T(mod m), therefore we have s;, = t;-(mod m) for all 


i and r. In view of Theorem 4.2.1 we get, 


n 


n 
S> SirUrj = SS tipUrj(mod m). 


r=1 r=1 


This proves SU = TU(mod m). Similarly we can show that VS = VT(mod m). 


We continue our development of the method for solving system of congru- 


ences, 


$1171 1 $12%2 7... S8intn = t1(mod m) 


$2101 + $22%2 1... 82nEn = to(mod m) 


Sn1L1 + 8n2%q +... S8ynLn =ty(mod m). 


The system can be written as SX = Tod m), where 


S11 $12 Sin Ly ty 

$21 $2.2 S2.n i) ta 
S= X= and T = 

Sm,1  Sm,2 sts Smin In tn 


This method is based on finding the inverse S$ of S modulo m. Here S is defined 
as SS =SS= I(mod m), where Ix, is the identity matrix. 
2 3 


To illustrate this, let us choose S = : as Then S = (; ; where 


- 11 1 ~ 1 1 
ss=( ‘\=( ) (mod 5) and ss=(? )=( ; (mod 5). 
25 11 0 1 10 16 0 1 


Next proposition describes a method for finding inverses of 2 x 2 matrices. 


b 
Proposition 4.6.2. Let S = ig d be a matrix with integer entries and m be 
c 


a positive integer such that D = det S = ad — be with gcd(D,m) = 1. Then the 

d 
—¢ 
of D modulo m. 


matrix S = D is the inverse of S modulo m, where D is the inverse 
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Proof. Whether § is the inverse of S$, it suffices to examine SS = SS 


mod m). For this, let us consider 


ss=(° : D fe ae =D Agee : = DD ae = I( mod m) 
c d —c a 0 ad — be 0 1 

SS=D an Hes =) Se = DD eh = I( mod m). 
-—c a c ad 0 ad — bc 0 1 


Since D is inverse of D modulo m, therefore DD = 1fmod m) holds in both the 


cases. Thus S$ is the inverse of S modulo m. 


I 


Finally we are going to conclude with a need to find the solution for the 
system of congruences SX = T(mod m) where S is a n x n matrix. For that 
we need to find S, the inverse of S$ modulo m. In our last proposition, we have 
found the inverse S for 2 x 2 matrices. But for n x n matrices where n > 2, we 
need to find S$ with the notion of the adjoint of a matrix S denoted by adj S. 
Our first task is to find S$ for an n x n matrix. The following proposition serves 


this purpose. 


Proposition 4.6.3. Let S be ann x n matrix with integer entries and m be 
a positive integer with gcd(D,m) = 1. Then the matrit S = D(adj S$) is the 
inverse of S modulo m where D = det S and D is the inverse of D modulo m. 


Proof. Note that ged(D,m) = 1 implies det S 4 0. Now from the property of 
adjoint of a square matrix, we have 


S(adj S) = (det S)I = DI. 


Also gcd(D,m) = 1 implies that J an inverse D of D modulo m. This follows 
that, 

S(D(adj$)) = $(adjS)D = DD = I(mod m) and 

D(adjS)S = DD = I(mod m). 


Combining we get S = D(adj S) is an inverse of $ modulo m. 


This leads us to solve the system SX = T(mod m). Here if we multiply both 
sides of the congruence by S' we obtain, 


(SX) = ST(mod m) 
(SS)X = ST(mod m) 
X = ST(mod m). 


The following example illustrates the fact lucidly. 
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Example 4.6.2. Let us consider the system, 


x + 2y+3z = 1(mod 7) 
x + 3y+5z = 1(mod 7) 
x + 4y + 6z = 1(mod 7). 


This can be written as SX = T(mod m) where 


Te 3 x 
S=]1 3 5|,X=]y] andT=]1 
1 4 6 z 1 
—2 0 1 
Here D = det S =—1. Then D=6. Alsoadj S=|-1 3 —-2]. Thus we 
1 —2 1 
have 
—2 0 1 -12 O 6 
S=6|-1 3 -2]}=|-6 18 —-12 
1 —2 1 6 -12 6 
-12 O 6 1 —6 
X=/{-6 18 -12 1 | (mod 7) =] O | (mod 7). 
6 -12 6 1 0 


“. The solution is x = 1(mod 7), y = 0(mod 7), z = 0(mod 7). 


4.7 Worked out Exercises 
Problem 4.7.1. Find the solution of the system of linear congruences 


2x + 3y = 5(mod 7) 
x + 5y = 6(mod 7). 


Solution 4.7.1. Multiplying second equation by 2 and then subtracting with first 
one we get 


—Ty = —7( mod 7). 


This shows that y can take any residue modulo 7. If y =0, then x = 6(mod 7). 


So the first solution is (6,0). Continuing this manner we can find other solutions 
too. 
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Problem 4.7.2. Find the inverse modulo 5 for the matrix 


s(t) 


Solution 4.7.2. Here D=4—2=2. Then DD =1(mod 5) > D=3. Let $ 
be the inverse of S. Then 


gna/? A-( a a= () 1) (moa 
=i. 22 30 2 1 


Problem 4.7.3. Find the inverse modulo 5 for the matrix 


Solution 4.7.3. Here D = 1(12—20) —2(6—5) +3(4—2) = —4. Then DD = 1( 
mod 7) + D=5. Now 


1, 20. 4 Sa 0? a 2 0 6 
adjS=|-1 3 -2]| showsS=5|]-1 3 -2]=]2 1 4] (mod 7). 
oS aos Do > <0 Bd 8 


4.8 Exercises: 


1. Find the remainders when 2°° and 41° are divided by 7. 


2. Establish the following divisibility statements by theory of congruence for 
integers n(> 1): 
(a) 7/52" 43-2594: 
(b) 17] 280 ep sanb Arte; 
(ce) 43/67? 4 72041. 


3. For n(> 1), show that (—13)"t+ = (—13)" + (—13)""+(mod 181). 
4, Find the remainder when 24° is divided by 341. 


5. Prove the assertions below: 
(a)If a is an odd integer, then a? = 1(mod 8). 
(b)For any integer a, at = 0 or 1(mod 5). 


6. Prove the following statements: 
(a) The product of any set of n consecutive integers is divisible by n. (b) 


Any n consecutive integers form a complete set of residues modulo n. 
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7. 


8. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


Using theory of congruence show that 89/244 — 1 and 97|24° — 1. 
Solve the following linear congruences: 

(a) 5x = 2(mod 26); 

(b) 34a = 60(mod 98). 


. Using congruences, solve the Diophantine equations below: 


(a) 4a + 5ly = 9; 
(b) 52 — 53y = 17. 


Solve each of the following sets of simultaneous congruences: 
(a) x = 5(mod 11), x = 14(mod 29), x = 15(mod 31); 
(b) 2a = 1(mod 5), 3x” = 9(mod 6), 4a = 1(mod 7), 5a = 9(mod 11). 


Obtain three consecutive integers, the first of which is divisible by a square, 
the second by a cube, and the third by a fourth power. 


Check that whether the system x = 5(mod 6) and x = 7(mod 15) has a 


solution or not. 


Solve the system of congruences, 
3a + 4y = 5(mod 13) 
2x + 5y = 7(mod 13). 


Find an integer having the remainders 2,3, 4,5 when divided by 3, 4,5,6 
respectively. 


Verify that 0,1,2,27,2°,...,2° form a complete set of residues modulo 11, 
but. 
0,1, 27,37,...,10? does not. 


Find the solution of the following system of linear congruences, 
4a + y = 5( mod 7) 
x +2y =4( mod 7) 

Find the solution of the following system of linear congruences, 


x + 3y =1( mod 5) 
3x + 4y = 2( mod 5). 


Find the inverse modulo 5 for the matrix, 


Cr 
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19. Find the inverse modulo 7 for the matrix, 


1 
1 
0 


Fe OF 
ne) 


20. Find all solutions of the following system, 
x+y =1( mod 7) 
v+z=1( mod 7) 
y+z=1( mod 7). 


Fermat’s Little Theorem 


“Perhaps, posterity will thank me for having shown that the ancients 
did not know anything.” 


— Pierre De Fermat 


5.1 Introduction 


The famous French Mathematician Pierre de Fermat first wrote what would 
become his “Little Theorem” in 1640. It states that for any prime number p 
and any integer a the expression (a? — a) is divisible by p as long as p does 
not divide a(the pair are relatively prime). Although a number n that does not 
divide a” — a for some a must be a composite number but the converse is not 
necessarily true. An example, in the later section of the chapter, will justify 
the above argument. Thus, Fermat’s theorem gives a test that is necessary 
but not sufficient for primality. Also the theorem is applicable in public-key 
cryptography. 

As was typical of Fermat, no proof by him is known to exist. Although a 
proof in an unpublished manuscript dated around 1683 was given by German 
mathematician Gottfried Wilhelm Leibniz but in 1736 the proof, by Swiss Math- 
ematician Leonhard Euler, had been known to be published. Some 2,000 years 
old a special case of Fermat’s theorem known as the Chinese hypothesis which 
replaces a with 2, states that a number n is prime if and only if it divides 2” — 2. 
As proved later in the West, the Chinese hypothesis is only half right. Fermat’s 


little theorem concerns modular arithmetic. 
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5.2 Fermat’s Little Theorem 


Theorem 5.2.1. Fermat’s Little Theorem: Let p be a prime and p ¢{ a then, 
a?~* = 1(mod p). 


Proof. Let us begin with the first p— 1 positive multiples of a which are 

a, 2a, 3a,--- ,(p—1)a. 
None of them are congruent modulo p to any other. Then ra = sa(mod p) with 
1<r<s<p-—1 implies r = s(mod p), which is not possible. Multiplying we 


get, 


a: 2a-3a-++-+: (p—l1)a=1-2-3------ (p —1)( mod p) > a?! = 1( mod p). 


This is not the only way to prove the theorem. There are a lot more other 
interesting ways to prove this theorem. Mathematical induction is one among 
them. To begin with, we fix a prime p. For this prime p it is obvious that 1? = 1( 
mod p) i.e. 1?~' = 1(mod p), when a = 1. Suppose the statement prevails for 
a=k. Then k?-! = 1(mod p). Now we have to prove (k + 1)?~! = 1(mod p) 
for some base k+1 € Zand p{ (k+1). Taking aid of binomial theorem we have, 


(k+1)? =k + (Tite (Pee 


| 

Because 6 = ie for 1 <1 < p-—1, it follows that p divides every 
\(p — 1)! 

coefficients of the terms of right hand side of the foregoing equation except k? 

and 1. Now taking modulo p we have (k+1)? = k?+1(mod p). So by induction 

hypothesis we get (k +1)? =k+1(mod p). Therefore the result holds for k+ 1. 

Hence the principle of mathematical induction yields a? = a(mod p) i.e.a?~' = 1( 


mod p) for all a € Z such that pra. 

The above two proofs of Fermat’s Little theorem are mostly theoretic. In- 
stead, we can provide some experimental ways by means of combinatorics to 
make the theorem more lively and natural. Choose p = 3,a = 2 where 3 { 2. 
Consider the following diagrams, 
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Figure 5.1: Fermat’s Little Theorem 


Here every angle of the triangles are associated with red and blue coloured 
balls. There are 2? = 8 ways to pick the colour of the balls. Also we see that 
2° — 2 = 6 is divisible by 3. Therefore 2° = 2(mod 3). Thus in general a?~! = 1( 
mod p) holds, where p { a. 

Our next corollary investigates the question: Can we drop the condition 
gcd(a,p) = 1? 


Corollary 5.2.1. If p is prime, then a? = a(mod p) for any integer a. 


Proof. When p | a then a? = 0 = a(mod p) and if p{ a then by above theorem 


a?~' = 1(mod p) implies a? = a(mod p). 


A simple but interesting question to ask: if a” = a(mod n) holds, then does 
it imply n is prime? The answer is in a negative sense. For instance, pick out 
n= 117. Then taking a = 2 we see that 2117 = (27)!6 . 25 where 2” = 128 = 11( 
mod 117). Thus we find 2117 = 1116. 2°(mod 117) = 4° - 25(mod 117) = 274( 
mod 117). But 271 = (27). Hence 2”! = 113(mod 117) = 121-11(mod 117) = 
4-11(mod 117) = 44(mod 117) # 2(mod 117). Here we note 117 = 13-9. 
Hence, if a” = a(mod n) holds then n must be composite. 

Our future discussions will be based on some instances where those types 


of composite numbers even satisfy this congruence relation under some special 
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circumstances. 


Lemma 5.2.1. If p and q are distinct primes with a? = a(mod q) and a! = a( 


mod p) then, a?? = a(mod pq). 


Proof. It is very clear that (a?)? = a%(mod p) = a(mod p) and (a)? = a?( 
mod q) = a(mod q). So we have pla?? and g|a??. As gcd(p,q) = 1 then we can 
directly say that pq|a??. Since gcd(a,b) = 1 and alc, blc together imply ab|c, 


therefore a?? = a(mod pq). 


So the above lemma highlights the fact that the converse of Fermat’s theorem 
satisfies for some special type of composite numbers which can be expressed as 
the product of two distinct primes. These types of numbers are said to be 


pseudo-prime to the base a. Now we are in a position to define pseudoprime viz 


Definition 5.2.1. A composite integer n for which a” = a(mod n) is called a 


pseudoprime to the base a. 


If a = 2 then, it is called pseudo prime to the base 2 or simply pseudoprime. 

Let us take 341 = 11-31. So by Fermat’s Little Theorem we have 244 = 
2-219 = 2.1024(mod 31) = 2-1(mod 31) = 2(mod 31) and 2%! = 2.(2'°)? = 2.19/ 
mod 11) = 2(mod 11). Furthermore, gcd(11, 31) = 1. In view of Lemma(5.2.1) 
we can say that 2119! = 2341 = 2(mod 341) which further yields 341 as a 
pseudoprime. In fact, the first five pseudoprimes are 341,561, 645, 1105, 161038 
and the first four are odd. Finding pseudoprimes are difficult as those are rarer 
than primes. There are only 245 pseudoprimes and 78498 primes less than 
10°. We now try to construct an increasing sequence of pseudoprimes from the 
following theorem. 


Theorem 5.2.2. There are infinitely many psuedo-primes to the base 2. 


Proof. Let n be a composite number. Then J r,s € Z such that n = rs where 
l<r<s<n. Let K, =2"—1 be any integer where (2" — 1)|(2” — 1)[refer to 
Problem(2.6.4)] or (2" — 1)|K,, making K, a composite quantity. 

As n is pseudo-prime then 2” = 2(mod n). Hence 2” — 2 = kn for some 
k € Z. Therefore 


9Kn-1 — kn _ 4 — Or pare» eee 2? 4 1] 
= Kare) 4...4.2" 41] 
= 0( mod K,). 


Hence 2%» = 2(mod K,,). Therefore K, is a pseudoprime. 
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Remark 5.2.1. The number kK, = 2” —1 shown in the above theorem is said 
to be Mersenne number, which is named after Father Marin Mersenne (1588 — 
1648) /for further studies refer to Chapter 10 Section 10.4 of this book]. 


The above discussion generates the fact that the pseudoprimes are the spe- 
cial type of composite numbers which satisfies the conditions of Fermat’s Little 
theorem. But in pseudoprime, we have a barrier of base element a i.e. for these 
types of numbers the condition of Fermat’s theorem does not satisfy for all base 
elements a. If we consider 561(= 3 x 11 x 17) with gced(a,561) = 1 for any 
a € Z*, we have ged(a,3) = 1 = ged(a,11) = gced(a,17). By virtue of Fermat’s 
theorem, we get a? = 1(mod 3), a’? = 1(mod 11), a'® = 1(mod 17) which imply 


a’ = (a?)*8? = 1( mod 3) 
ae = (al)8*§ =1( mod 11) 
a — (q'®)* = 1( mod 17): 


Since 3, 11,17 are primes, the last three congruences together conclude a°°° = 1( 
mod 561). Therefore a°°! = a(mod 561) for all a € Z*+ with gcd(a, 561) = 1. 

The last example spotlights the fact that 561 is a special type of com- 
posite number which satisfies the condition of Fermat’s theorem for any in- 
teger. R.D.Carmichael first noticed the existence of these types of numbers 
in the year 1910. Those numbers are called Carmichael numbers named af- 
ter American Mathematician Carmichael. There are six Carmichael numbers 
561, 1105, 1729, 2465, 2821, 6601 less than 10,000. There are just 43 Carmichael 
numbers less than 10° and 1547 less than 10'°. Thus we are in a position to 
define the Carmichael number. 


Definition 5.2.2. The composite numbers n which satisfy the property a” = a( 
mod n) for all integers a are said to be absolute pseudoprime or Carmichael 


numbers. 


Next our aim is to establish the criterion for the existence of Carmichael 


numbers. 


Theorem 5.2.3 (Korselt’s Criterion). Let n be a composite square free integers; 
n=p,p,-*-p, where p, are distinct primes. If (p, — 1)|(n— 1) fori =1,2,--- ,r 


then n is Carmichael number. 


Proof. Suppose that a is an integer satisfying gcd(a,p,) = 1 for each i. Then, 
by Fermat’s theorem we have p,|(a?i~'—1). As (p, —1)|(n—1) so p,|(a”~! —1), 
as p,|(a” — a), for all a and i = 1,2,3,--- ,r. This implies n|(a” — a) for alla. 


Therefore n is Carmichael number. 


100 Number Theory and its Applications 


The next theorem supplies the pertinent information about the prime fac- 
torizations of Carmichael numbers. 


Theorem 5.2.4. A Carmichael number must have at least three different odd 


prime factors. 


Proof. Let n be a Carmichael number. Since n is composite and is the product 
of distinct primes so, it cannot have just one prime factor. Then assume, n = pq 


for some odd primes p,q with p > q. So 
n—1l=pq—1=(p—1)qg+(q—-1) = (q—1) £0( mod p— 1), 


which render (p—1) { (n—1). Since it has just two different prime factors hence, 


nm cannot be a Carmichael number. 


The development of primality of testing can be done further with the follow- 


ing: 


Definition 5.2.3. Let n be a positive integer with n—1 = 2*t where k is a non- 
negative integer and t is an odd positive integer. We can say n passes Miller’s 
test for the base a if either at = 1(mod n) or a?'t = —1(mod n) for some i with 


O0<i<k-l. 


The next theorem shows the idea of primality testing by means of Miller’s 
test. 


Theorem 5.2.5. If n is prime and a is a positive integer with n { a, then n 
passes Miller’s test for the base a. 
Proof. Let n —1= 2*t where k is non-negative integer and t is an odd positive 


(n 


—1) k— 
20 — a? : 


for w = 0,1,2,...,k. Since n is prime, by 
-1 2 


= 1(mod n). Furthermore z* = 


integer. Let z, =a 


Fermat’s little theorem we have z, = a” 


2 
(c=) =a"! = z, = 1(mod n) implies either z, = —1(mod n) or z, = 1( 


(0) 


mod n). If z, 1(mod n) then 22 =(a2 } =a? = 2, = 1(modn). 


Thus either z, = 1(mod n) or z, = —1(mod n). Proceeding as above, z, = 
2 = 
w+ w+ a 1( 


mod n). Thus continuing for w = 1,2,3,..., we find that either z, = 1(mod n) 


Z, = %-+:%, =1(mod n) for w < k. Also, z7,, = z, = 1(mod n) or z 


or z, = —1(mod n) for some integer w with 0 < w < (k—1). Hence n passes 
Miller’s test for the base a. 


Let us illustrate the above theorem by the following example. Choose n = 
25 =5-5. Then 774 = (74)® = 1(mod 5) such that 25 is a pseudoprime to the 
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base 7. Also 24 = 2.3 then 723 = —1(mod 25). Therefore 25 passes Miller’s 
test for base 7 as well as it is a pseudoprime. So getting motivated from the 
example we are going to define: 


Definition 5.2.4. [fn is composite and passes Miller’s test to the base a, then 


n is called strong pseudoprime to the base a. 


Let us illustrate the ideas behind the definition(5.2.4) with an example of 
strong pseudoprime which has passed Miller’s test. Consider n = 25326001. 
Then n—1 = 24x 1582875. Here we can check that 2187875 = —1(mod 25326001). 
This shows that 25326001 is a strong pseudoprime as it passes Miller’s test. 

Strong pseudoprimes are rare but there are still infinitely many of them. We 
conclude this section with a theorem that reflects the existence of an infinite 


number of strong pseudoprimes to the base 2. 
Theorem 5.2.6. There are infinitely many strong pseudoprimes to the base 2. 


Proof. To begin with, suppose n to be an odd pseudoprime base 2. We claim 
that the composite number N = 2” — 1 is a strong pseudoprime to the base 2. 
Referring to Problem 2.6.4 we see that if n is composite then 2” — 1 is also so. 
Furthermore, if n is pseudoprime then we have 2”~! = 1(mod n). This implies 
that 2”~! — 1 = nk for some odd integer k(> 0). We note that 


N-1>2"-—2=2(2"-1—1) = 2nk. 


(N-1) 


As 2” = (2"—1)+1=N+1=1(mod N) then we can write 2-27 = 2"* = 1( 
mod N). The argument shows that N passes Miller’s test for base 2. Thus NV 
becomes a strong pseudoprime base 2. An appeal to Theorem 5.2.2 concludes 


that there are infinitely many strong pseudoprime to the base 2. This finishes 


the proof. 


5.3. Worked out Exercises 
Problem 5.3.1. If gcd(a,35) = 1, show that a‘? = 1(mod 35). 


Solution 5.3.1. As gcd(a,35) = 1, therefore gcd(a,7) = 1 = gced(a,5). An 
appeal to Fermat’s theorem indicates a® = 1(mod 7) > a!? = (a®) - (a°) = 1( 
mod 7) and at = 1(mod 5) = (a*)? = 1(mod 5). Since gced(5,7) = 1, it follows 


that 35|(a’? — 1). Therefore a'? = 1(mod 35). 


Problem 5.3.2. If gcd(a,42) = 1 then 168 = 3-7-8 divides a® — 1. 
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Solution 5.3.2. Because gcd(a,42) = 1, therefore gcd(a,7) = gcd(a,3) = 
gcd(a,2) = 1. By virtue of Fermat’s theorem, we find a® = 1(mod 7), a? = 1( 
mod 3) and a = 1(mod 2). Therefore a® = (a?)? = 1(mod 3). Moreover, 
a® —1= (a? —1)(a2 +1) = (a—-1)(a+ 1)(a?+ a aoe —a+1). Because a is 
odd therefore, a >0=>a> 3. This yields 2|( a-—1), ), 4l( a+1). Since 7,3,8 are 
relatively prime to each other, therefore we get esl —1). Hence 8|(a® — 1). 


Problem 5.3.3. If gcd(a, 133) = gcd(b, 133) = 1 then, show that 133|(a'*—b'8). 


Solution 5.3.3. We know that 133 = 7-19 and gcd(a,19) = gcd(b,19) = 
1. Therefore in view of ne theorem we obtain a'® = 1(mod 19) and 
b'8 = 1(mod 19). Hence a'® — b'8 = (1 — 1)(mod 19) = 0(mod 19). Hence 
19|(a1® — 618). By similar reasoning, 7|(a®° — b°). Since ai® — b18 = (a6 — 
b®) ((a°)? + a%b® + (b°)?), therefore we have 7|(a'*—b'*). Thus 7-19 = 133|(a'8 
pls). 


Problem 5.3.4. Derive the following congruences: 
(a) a?! = a(mod 15), Va. (b) a’ = a(mod 42) Va. (c) a? = a(mod 30) Va. 


Solution 5.3.4. (a) Taking into consideration the corollary of Fermat’s the- 
orem, we find a?! = a(mod 5) > (a°)* = a4(mod 5) > a?! = a = a( 
mod 15). Furthermore, a? = a(mod 3) => a?! = a’(mod 3). Again, 
(a3)? = a?(mod 3) > a’ = a3(mod 3) = a(mod 3). Hence a?! = a( 

mod 3). Thus, a?! = a(mod 15). 


(b) As 42 = 7-3-2 by Fermat’s theorem we have a" = a(mod 7) and a® = a( 
mod 3). Therefore a® = a?(mod 3) = a” = a°(mod 3) = a(mod 3). Also, 
a? = a(mod 2) > a® = a®(mod 2) = a(mod 2) > a” = a?(mod 2) = a( 
mod 2). Since 7,3,2 are prime to each other therefore, a” = a(mod (7-3: 
2)) > a” = a(mod 42). 


(c) Left to the reader. 

Problem 5.3.5. If gcd(a,30) = 1, show that 60|(a* + 59). 

Solution 5.3.5. Note that gcd(a,30) = 1 implies gcd(a,2) = gced(a,3) = 

gcd(a,5) = 1. So gcd(a,4) = gcd(a, 2?) = 1. Now 60 = 2?-3-5 and ola) 
) 


together implies a* = 1(mod 60). Here a? = ee 3) implies a+ = 1(mod 3 
1(mod 2) which leads to 


and a* = 1(mod 5). Further, a = 1(mod 2) > a? = 
2|(a? — 1). Hence 

2 = (1 —2)( mod 2) 

= —1( mod 2). 
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Thus, combining the foregoing equation with 2|(a? +1) yields 2\(a*—1). Since 
3,4,5 relatively prime to each other, therefore we can conclude 60|(a+—1). Hence 


a* = 1( mod 60) 
= (1 — 60)( mod 60) 
= —59( mod 60). 


This completes the solution. 


Problem 5.3.6. (a) Find the unit digit of 3'°° using Fermat’s theorem. 


(b) For any integer verify that a° and a have same unit digit. 


Solution 5.3.6. (a) Its suffices to consider modulo 10. Now we plan to use 
Fermat’s theorem to get 34 =1(mod 5). Therefore 3'°° = 1(mod 5). Moreover 
3 = 1(mod 2). Hence 3!°° = 1(mod 2). Further gcd(2,5) = 1 => 10/310 = 1( 
mod 10). Hence the unit digit is 1. 

(b) By virtue of Fermat’s theorem, a® = a(mod 5) and a? = a(mod 2). 
Hence a* = a?(mod 2) = a(mod 2) implies a? = a?(mod 2) = a(mod 2). Thus 
a° =a(mod 10). Let0 <r < 10 holds. Then a® —r =a—r(mod 10). Therefore 
a® —r =0(mod 10) => a—r=O0(mod 10). Therefore unit digit’s are same. 


Problem 5.3.7. If 7{a, then prove that either 7|\(a® +1) or 7|(a? — 1). 


Solution 5.3.7. By Fermat’s theorem, a® = 1(mod 7). Therefore 7|(a®—1) but 
a® —1 = (a®—1)(a*+1). Therefore 7 { (a? +1) implies 7|(a?—1) and vice-versa. 


Problem 5.3.8. If p,q are distinct odd primes such that (p — 1)|(q— 1) and 
gcd(a, pq) = 1, show that at! = 1(mod pq). 


Solution 5.3.8. Here gcd(a, pq) = 1 implies gcd(a,p) = 1 = gcd(a,q). There- 
fore with the help of Fermat’s Theorem we get a?—' = 1(mod p) and a’~' = 1( 
mod q). Since (p—1)|(q-1), therefore q—1 = k(p—1)(k € Z). Hence (a?—1)* = 
1*(mod p) = 1(mod p) > a!~! = 1(mod p). Thus pq|(a?~1 — 1) = at} = 1( 
mod pq). 


Problem 5.3.9. If p,q are distinct primes then prove that p?~' + p?~' = 1( 
mod pq). 


Solution 5.3.9. By virtue of Fermat’s theorem, p%~! = 1(mod q) implies 
q?—' = 0(mod q). Therefore p?'+p%—' = 1(mod q). Similarly, q?~'+p?~! = 1( 
mod p). Further, gcd(p,q) = 1 yields p?~' + p%1 = 1(mod pq). 

Problem 5.3.10. Establish the statement: If p is an odd prime, then 1?~+ + 
gp-) .-s (9 —1)?-1 = (p— 1) = —1(mod p). 
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Solution 5.3.10. Since p is odd prime, so p > 3 and p{a. ifa< p then by 
Fermat’s theorem we have, a?~! =1(mod p). For p—1 terms we have, 


1. 1?~! = 1(mod p) 


2. 2?-' =1(mod p) 


3. (p—1)?-' =1(mod p). 


Therefore 17-1 + 2P-1...(p—1)?-! = (p—1) = —1(mod p). 


Problem 5.3.11. Confirm 1105 = 5-13-17 is absolute pseudoprime. 


Solution 5.3.11. For any integer a, if 1105 {a then5{a, 13ta& 17} a. 
So by Fermat’s theorem, we have a* = 1(mod 5) = at! = (a4)?76 = 1( 
mod 5). Also al? = 1(mod 13) > a1! = (a1?)9? = 1(mod 13). More- 
over, a!® = 1(mod 17) > a1 = (a6)®9 = 1(mod 17). As 5,13,17 
are relatively prime to each other, therefore at!°* = 1(mod 1105). Thus 
a'105 = a(mod 1105) provided 1105 { a. Clearly, a'!°° = a(mod 1105) 
prevails provided 1105 | a. Hence 1105 is an absolute pseudo prime as it 
satisfies al!°° = a(mod 1105) for any integer a. 


Problem 5.3.12. Prove that any integer of the form n = (6k+1)(12k+1)(18k+ 
1) is an absolute pseudoprime if all three factors are prime; hence 1729 = 7-13-19 


is also absolute pseudo—prime. 


Solution 5.3.12. Let p, = 6k+1,p, = 12k+1,p, =18k+1, be all primes. Now 
n = 36-36k? + 36- 2k? +36-9k? +36k+1. Therefore n—1 = 36k[36-k?+11k4+ 1] 
gives Pp, 1|n 1,p, 1|n 1 and p, — 1|n —1. Since p,,p,,p, are distinct 


primes and n is square free, therefore n is absolute pseudoprime. 


Problem 5.3.13. Show that 561 is the only Carmichael number of the form 3pq 


where p and q are primes. 


Solution 5.3.13. Let n = 3pq, with q > p odd primes, be a carmichael number. 
Then using Korselt’s criterion, we obtain (p— 1)|(3pq —1) =3(p—-1)q+3q-1. 
So (p—1)|(3q — 1) > (p— 1)a = 3q — 1 for some a € Z. Since q > p, we must 


havea > 4. Similarly, 4b € Z satisfying (¢—1)a = 3p —1. Solving these two 


equations for p,q yields 


2b+ ab—3 2b+6 
p= or 14 ab 9” (5.3.1) 
a: 2a+ab—3 


= 5.3.2 
q ie 20 (5.3.2) 
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Since p > 3 being odd prime, therefore 4(ab—9) < 2b+6 reduces to b(2a—1) < 21. 
Nowa>4=>60<3. Then, 


21 
4(ab—9) < +65 2S abs 7 >a sd. 


Hence a = 4 or 5. If b = 3, then the denominator of (5.3.2) is multiple of 
3. So the numerator must be multiple of 3, which is impossible as there # any 
‘a’ divisible by 3. Thus b = 1 or 2.The denominator of equation (5.8.2) must 
be positive, so ab > 9. Thus the only possible values for a and b is 5 and 
2 respectively, which gives p = 11,q = 17. So 561 = 3-11-17 is the only 


Carmichael number of the form 3pq, where p and q are primes. 


Problem 5.3.14. Show that there are only a finite number of Carmichael num- 


bers of the form n= pqr where p is a fixed prime, and q andr are also primes. 


Solution 5.3.14. Assume r > q. Applying Korselt’s Criterion, we get (q — 
1)|(par — 1) = (q—1)pr+pr—1. Therefore (q—1)|(pr —1) > pr—1=a(q-1) 
for somea € Z. Similarly, pq—1 = b(r — 1) for some b € Z. Since, r > q so 


a> b. Solving last two equations for q and r yields 


pa Pa=1)+alb—1) 


ab — p , 

p(b—1)+ b(a—1) 

q= 2 . 
ab—p 


Because this last fraction must be an integer, we have 
ab—p* <p? +pb—p-—b, 
which further reduces to 


a(b—1) < 2p? + p(b— 1), 


2p? -1 
>a gees me 


< 2p? +p. 
aa 5 SOP 


So 4 only finite values for a. Likewise, the same inequality gives 


b(a — 1) < 2p? + p(b—- 1), 
=> b(a—1—p) < 2p” —p. 


Since a > b and the denominator of the expression for q must be positive, we 


havea >p+1. Now, a= p+t+1 gives 


(p+ 1)(q-1) =pq-—p+q—-—1=pr-—15 plq, a contradiction. 
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Thereforea>p+1>a-—p-—1>0. The last inequality gives us 


b < b(a—p—1) < 2p?—p, 


which shows J finitely many values of b. Because a,b determine q,r respectively, 


therefore there are only a finite number of Carmichael numbers of the form 


nm = pqr. 
Problem 5.3.15. Show that 2047 is a strong pseudoprime base 2. 


Solution 5.3.15. Here n = 2047 yields n — 1 = 2046 = 2 x 1023. Now 21073 = 
(2'1)93 — 204893 = 1(mod 2047). So 2047 passes Miller’s test for base 2. Thus 


2047 is a strong pseudoprime base 2. 


5.4 Wilson’s Theorem 


Wilson’s theorem, in number theory, signifies that any prime p divides (p—1)!+1, 
where n! is the factorial notation for 1x2x3x4x---xn. For example, 7 divides 
(7 —1)!+ 1=6!+4+1 = 721. The conjecture was first published by the English 
mathematician Edward Waring in Meditationes Algebraicae (1770 ‘Thoughts on 
Algebra’), where he described it to the English mathematician John Wilson. 

After that it was proved by the French mathematician Joseph-Louis Lagrange 
in 1771. The converse of the theorem is also true; that is, (n — 1)! +1 is not 
divisible by a composite number n. In theory, these theorems provide a test for 
primes; in practice, the calculations are impractical for large numbers. 


Theorem 5.4.1. Wilson’s Theorem: If p is a prime then (p—1)! = —1(mod p). 


Proof. Let us choose p > 3 and consider the linear congruence ax = 1(mod p) 
where a is any one of 1,2,3,--- ,p—1. Therefore gcd(a,p) = 1. Hence, it has 
an unique solution viz a@ = (mod p) with 1 < @ < p—1. Because p is prime, 
a=a@6a=1o0ra=p—1 provided a? = 1(mod p) > (a— 1)(a+1) = 0( 
mod p). Therefore (a—1) = 0(mod p) or (a+1) = 0(mod p). Now if we delete 
1 and p—1, then the remaining 2,3,...,p — 2 are set into pairs a and @, where 
a# 4G. So if these pss congruences are multiplied, we obtain 2-3---(p—2) = 1( 
mod p) => (p— 2)! = 1(mod p) = (p— 1)! = (p—- 1) = -1(mod p). 


Let us illustrate the use of the theorem by means of an example. Let us take 
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p =11. Divide the integers 2,3,4,5,6,7,8,9 into ®5° pairs such as 


2-6=1 
3:4=1 
7:-8=1 
5:9=1 


mod 11 
mod 11 
mod 11 
mod 11 


ee, ge, ee ee 


) 
) 
) 
) 


Multiplying each pair together we obtain, 9! = 1(mod 11). Hence 10! = 1( 
mod 11), shows the result is true for p = 11. An interesting observation is that 
the converse is also true. Let n be a non—prime required integer. Then n must 
have a divisor d where 1 <<d<n. Asd<n-—1, we have d|(n — 1)!. Now from 
the condition we have, n|((n—1)!+ 1). Hence combining the conditions, we have 
d|((n — 1)! + 1). Thus d|1 leads to contradiction, showing n is prime. Taking 
Wilson’s theorem and its converse together we can say that the condition is 
necessary and sufficient for an integer to be prime. Thus it gives us a condition 
of testing primality. 

Now we are at the end of this discussion with an application of Wilson’s the- 
orem on quadratic congruences, where quadratic congruences assume the form 
Ax? + Bx + C = 0(mod m), where A # 0(mod m) (otherwise the congruence 
would be a linear congruence). We will learn methods to evaluate these quadratic 
congruences. However, we will first restrict our modulus m to being only an odd 
prime (3,5,7,11,13,...), or rather, any prime except 2. Now we are in a position 
to state the following theorem: 


Theorem 5.4.2. The quadratic congruence x? + 1 = 0(mod p) where p is an 
odd prime, has a solution if and only if p = 1(mod 4). 
Proof. Let a be a solution of 2?+1 = 0(mod p) then a? = —1(mod p). Since pt a 


p-1 pal 


by Fermat’s theorem, we have 1 = a?~!(mod p) = (a*) = (mod p) = (—1) = ( 


mod p). The possibility that p = 4k + 3 for any integer k does not arise as 
ne 


(-1) ue (—1)?**1 = —-1. Therefore 1 = (—1)(mod p) implies p|2 which is 
—1 
a contradiction. So p is of the form 44 +1. Now, (p— 1)! =1-2--- > 


pet ...(p—2)(p~1) and 


p—1=-1( mod p) 
p—2 =-—2( mod p) 
= (25) ( moa » 
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p -1\* 
Therefore (p—1)! = (-1)" (1 -2Qe+- 2) (mod p). If we assume p = 4k+1, 


b= -1\,)? 
then (es = 1. Therefore —1 = (2) ] (mod p), by Wilson’s theorem. 


-—1 
Therefore (2)! satisfies 2? + 1 = 0(mod p). 


5.5 Worked out Exercises 


Problem 5.5.1. Find the remainder when 15! is divided by 17. 


Solution 5.5.1. Since (17 — 1)! = 16!, we have by virtue of Wilson’s theorem 
(17 — 1)! = —1(mod 17). Therefore 16! = —1(mod 17) = 16(mod 17) > 15! = 1( 


mod 17). Hence the remainder is 1. 
Problem 5.5.2. Find the remainder when 2(26)! is divided by 29. 


Solution 5.5.2. From Wilson’s theorem, we find 28! = —1(mod 29) = 28! = 28( 
mod 29) = 27! = 1(mod 29). Here we note that gcd(28, 29) = 1 > 27(26)! = 
(1 + 29) = 30(mod 29) + 9(26)! = 10(mod 29) + 9(26)! = (10 + 29) = 9 
mod 29) => 3(26)! = 13(mod 29) = 3(26)! = (13 +29) = 42(mod 29) > (26)! = 
14(mod 29). Therefore 2(26)! = 28(mod 29). Thus, 28 is the remainder. 


Problem 5.5.3. Show that 18! = —1(mod 437). 


Solution 5.5.3. Note that 437 = 19-23, where both 19 and 23 are prime 
numbers. By Wilson’s theorem, we have 18! = —1(mod 19) therefore 19|(18! + 
1) holds. So here the only thing we need to show is 23|(18! + 1), because 
gcd(19,23) = 1. Further by Wilson’s theorem, we obtain 22! = —1(mod 23) = 22( 
mod 23) = 21! = 1(mod 23) = 1 + 23 = 24(mod 23) => 7(20)! = 8(mod 23) => 
7-5-19! =2 =2 + 23 = 25(mod 23) > 7-19-18! = 5(mod 23) = 5 4 23 = 28( 
mod 23) > 19-18! = 4(mod 23) > 19- 18! = (4 — 23) = —19(mod 23) > 18! = 
—1(mod 23). Therefore 23|(18! + 1) = 437|(18! + 1). 


Problem 5.5.4. Prove that for n(> 1) is prime if and only if (n — 2)! = 1( 


mod n). 


Solution 5.5.4. By Wilson’s theorem and it’s converse we have, n is prime if 
and only if (n—1)! = —1(mod n). Hence (n — 1)! = -l+n=n-1(mod n). 
Therefore (n — 2)! = 1(mod n), as ged(n,n — 1) = 1. 


Problem 5.5.5. If n is composite then show that (n — 1)! = O(mod n) except 


n=A4. 


Fermat’s Little Theorem 109 


Solution 5.5.5. [fn = 4, then (4-1)! = 3! = 6 = 2(mod 4). Thus this 
equivalence is not true forn=4. Ifn > 4 is a composite number, thenn =r-s 
for some integers r and s. Since gcd(n,n—1) = 1, thereforel <r<n-1. Sor 
must be the one of the factor of (n—1)!. Similarly, for 1 <s<n-—1 the above 
argument ts also true. 

Ifr#s, thenr and s are different factors of (n—1)!. Son=r-s|(n—1)!. 
Therefore (n — 1)! = 0(mod n). 

Ifr =s, thenn =r?. Our claim is r < 5+ If not then, r => 5. Therefore 
n=r> a =>4> n. But this is not true because n > 4. Hence r < 
5 => 2r< n> 2r<n-1. Both r and 2r are factors of (n —1)!, therefore 
r(2r)|(n -l1jl= r|(n —1)!. Hence (n — 1)! =0(mod n). 


Problem 5.5.6. Given a prime p, establish (p — 1)! = (p—1)(mod 14+2+3+ 
ps 


Solution 5.5.6. An appeal to Wilson’s theorem generates, (p—1)! = —1 = p—1( 

mod p). Therefore p|{(p—1)!—(p—1)}. We know that, 1+24+3+4+---+(p-1) = 
-1 

a Since p—1 is even, therefore eee) is an integer and ine) <(p—-1). 


Furthermore, (p—1)|{(p— 1)!— (p—1)} > PD | £(p 1)!— (p—1)}. Because 
gcd (22,0) =1, therefore both p and 2=» divide {(p — 1)! — (p—1)}. Thus 


pe) |{(p — 1)! - (p- 1)} > (- 1)! = (P- 1)(mod 14. 2+ 3--- + (P=). 


Problem 5.5.7. If p is a prime prove that p|(a® +(p—1)!-a), for any integer 


a. 


Solution 5.5.7. Taking into consideration Euler’s generalisation theorem and 
Wilson’s theorem, we find a? = a(mod p) and —1 = (p— 1)!(mod p) hold re- 
spectively. Multiplying last two congruences, we have —a? = (p—1)!-a(mod p). 
This proves, p|(a? + (p—1)!-a). 


Problem 5.5.8. If p is a prime prove that p|((p—1)!-a? +a), for any integer 


a. 
Solution 5.5.8. Hint: Same as Problem(5.5.7) 
Problem 5.5.9. Verify 4(29!) +5! is divided by 31. 


Solution 5.5.9. An appeal to Wilson’s theorem gives, 30! = —1(mod 31). 
Therefore 30 - 29! = 31 — 1 = 30(mod 31) = 29! = 1(mod 31). Hence 4(29)! = 4( 
mod 31). Thus, we have 4(29!) + 5! = 4+ 120 = 124(mod 31) = 0(mod 31). 


Problem 5.5.10. Obtain the solution of x? = —1(mod 29). 
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Solution 5.5.10. As 29 = 1(mod 4) so, J a solution given by | (2 = 1) y)? =-1( 
mod p)/refer to Theorem 5.4.2]. Therefore + (=*)!= +14! . 


Problem 5.5.11. Prove that the odd prime divisor of n? +1 is of the form 
4k +1. 


Solution 5.5.11. Let p be an odd prime divisor of n? +1. Therefore n? +1 = 0( 
mod p). So n satisfies the quadratic congruence equation x? = —1(mod p). 
Hence p is of the form 4k +1. Because p is of the form 4k + 3 it follows 
that, n? = —1(mod p) > 1 = n?-!(mod p) = ig (mod p) = = 
mod p) = 1 = (—1)*2— (mod p) = (—1)?**!(mod p) = —1(mod p). This 


proves p\2, a contradiction. 


5.6 Exercises: 
1. Verify using Fermat’s theorem: 17|(111°4 + 1). 
2. Find the remainder of 97! when divided by 101. 
3. Derive the congruence: a'* = a(mod 3-7- 13) for all integer a. 
4. Find the remainder of 53! when divided by 61. 
5. Prove 1835'9!° + 19867°°! = 0(mod 7). 
6. Assume p{a,p{ 0, p is prime; 


(i) If a? = b?(mod p) then, a = b( mod p). 
(ii) If a? = b?(mod p) then, a? = b?(mod p?). 


7. Using Fermat’s theorem, prove that for a odd prime p; 


(i) 1-1 4.2P-1 4... 4 (p—1)?-! = —1(mod p). 
(ii) 17 +2? +--+ (p—1)? = 0(mod p) 


8. Confirm that the followings are absolute prime: (a) 2821 = 7-13-31 (b) 
2465 = 5-17-29. 


9. Use Korselt’s criterion to determine which of them are Charmichael num- 
bers: (a) 8911 (b) 10659 (c) 162401 (d) 126217. 


10. Find the remainder when 3*°° is divided by 7. 


11. Find all positive integers n such that 2?"+1 is divided by 17. 
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12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


Find 27° + 39° + 4% + 5°° + 6 mod 17. 
Determine whether 17 is a prime or not using Wilson’s theorem. 


If p and p+ 2 are a pair of primes then prove that 4((p — 1)!+ 1) + p= 0( 
mod p(p + 2)). 


What is the remainder of 149! when divided by 139. 

Find all Carmichael numbers of the form 5pq where p and q are primes. 
Find a Carmichael number of the form 7 - 23-q where q is an odd prime. 
Show that 1373653 is a strong pseudoprime to base 2, 3. 


Obtain the solution of 2? = —1(mod 37). 
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Arithmetic Functions 


“Mathematics is the queen of sciences and number theory is the queen 


of mathematics.” 


— Carl Friedrich Gauss 


6.1 Introduction 


There are few functions of special importance in connection with the study of 
the divisors of an integer. Any function whose domain of definition is the set of 


integers is known as the arithmetic function. 


Present chapter treats multiplicative functions defined on integers, having 
the property that there is value at the product of two relatively prime integers 
equal to the product of the value of the function at these integers. In this chapter 
several results about multiplicative functions are done that will be used later on. 
We also define the sum of divisors and the number of divisors functions. Later on 
the Mobius functions investigate integers in terms of their prime decomposition. 
The summatory function of a given function takes the sum of the values of f at 
the divisors of a given integer a. The Mobius inversion formula is determined, 
which writes the values of f in terms of the values of its summatory function. 
We conclude the chapter by presenting the Greatest Integer function along with 


some interesting properties. 
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6.2 The Sum and Number of Divisors 


In mathematics, function has an important role to play with different topics. 
For advance study of number theory we have some important aspects related 
to functions. Any function whose domain is the set of integers are called the 
number theoretic function or arithmetic functions. The range set may be other 
than positive integers also. We will start our discussions with the sum and 


number of divisors. 


Definition 6.2.1. Given a positive integer n, T(n) is defined as total number 


of positive divisors of n. 


For an example if we choose n = 12, then 7(12) = 6 as the divisors are 
1,2,3,4,5,6,12. In the following table we have shown few integers and their 


corresponding number of divisors. 


n |2/3/4/5/6|7]8] 9] 10 
r(n)|2/2/3/2]/4]2]/4]3] 4 


Definition 6.2.2. Given a positive integer n, a(n) is defined as the sum of their 


divisors. 


For example if we choose n = 12, then (12) = 1+2+3+4+4+5+4+6+12 = 28. 
In the following table we have shown few integers and their corresponding sum 


of divisors. 


n |2]3]4]5]617]8]9 | 10 
o(n)|3 14/7] 6/12] 8] 15 | 13 | 18 


Before going for further discussions we are going to interpret the symbol S- f(d) 
dln 

which means ‘Sum of values of f(d) as d runs over all positive divisors of n’. 

This sum is denoted as F(n) and defined as F(n) = S- f(d). If n is prime 


dln 
then t(n) = 2 and o(n) = n+1. The converse is also true is justified with 


the given example: S~ f(d) = f(1) + f(2) + £(4) + f(5) + (10) + f(20) xe. 
d|20 
T(n) = S/ 1, o(n) = Sod, therefore, 7(10) = yo =14+1+4+14+1+4+1=4and 
d\n d\n d|10 
o(10) = SS d=1+2+5+410=18. Those are already shown in the above two 


d|10 
given tables. 


The first theorem of the chapter aims to find the positive divisors of a positive 


integer where the prime factorisation of that positive integer is already known. 
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Theorem 6.2.1. [fn = pipe. pir is the prime factorization of n > 1, 


then the positive divisors of n are precisely, those integers d of the form d = 


b, b ; : 
Pipi ++-pir, where0 <b, <t,(i=1,2,3,...1r) and vice-versa. 


Proof. Ifd =1, then b, = b, =---=b, =OQandd=n, then b, =1t,,...,b.=t 


ar T* 


Let n = dd’ where d,d’ > 1 holds. Then they can be expressed as product of 


primes where d = 9,9,9,...4¢,, @ = 1,1T,T,---7, considering g,,r, as primes. 
Hence po pe - ‘pir = G,943 ++ GT ols ---7,- By uniqueness of primes some of 
q, is same as p, so collecting them we have, d= q,9,4,---4, = pr . por where 
b, = 0 is possible. 

Conversely, every number d = po pp ee pr turns out to be the divisor of n. 
Then we have, n = pipe . “pir — (pi pre .- -p’r) (pis "1 pt2 Pe .- -pir?r) = dd 
where d! = pi1~ "1 pla? ...ptr~>r and t, — b, > 0 for all i, then d’ > 0 and d|n. 

The next theorem deals with the formula for both the number theoretic func- 
tions T(n) and a(n). The previous two tables on these two functions illustrate, 
if the integer n is prime then r(n) = 2 and o(n) = n+1. In particular if n = p®* 


where p is prime then the divisors of p® are 1, p, p* ---p* thus T(p*) = a+1 and 
port _ 


CO) a DEP BOS ag 


two functions are as follows. 


. Thus the general formula for these 


Theorem 6.2.2. Ifn = pope ++ pir is prime factorization of r > 1 then the 


followings are true. 


1. r(n) = (t, +1), + (t, +1)... (t, +1). 


t,+1 t,+1 t.+1 
ee ree etl _y 
2. o(n) = @ Pa Pe 
p,—1 p,—1 pial 


Proof. 1. According to the above theorem, the positive divisors of n are pre- 
cisely those integers d = pr pe ee per where 0 < b, < t, holds. So there 
are t, +1 choices for b,,(t, + 1) choices for b, and continuing we have 
t, + 1 choices for b,. Therefore total number of positive divisors are 
(t, + 1), + I(t, + 1)...(¢, + 1). Hence r(n) = (t, + 1)(t, + 1G, 4 
1)--(t,+1)= So, +0). 


1<j<r 


2. In order to evaluate a(n) we consider the product, (1 + p, + p + p> + 
py l+p?+pe+...pl2)---(1+p, +p? +...p'r) where each term in 
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brackets are positive divisor of each prime factorisation of n. Therefore 


o(n) =(l+p, +p? +pet+...prj(l+p?+pit+...p2)---(l+p, +p? +...p'r) 


Bo gt pirtl_4 

p,-1 p,-1 p,-1 
= pet 1 

1<i<r p,—1 


We illustrate this with an example. 


Example 6.2.1. Let n = 150 = 2x3x5? then r(150) = (1+1)(1+1)(2+1) = 12 
d ee a a a 
roe [ot = poe 


Now the following definition deals with a special property of number theoretic 


functions known to be multiplicative property: 


Definition 6.2.3. A number theoretic function f is said to be multiplicative if, 


for positive integers m and n, f(mn) = f(m)f(n) where gcd(m,n) = 1. 


Remark 6.2.1. The function f(n) = 1, Vn € Z is multiplicative because 
f(mn) = 1, f(m) = 1 & f(n) = 1, so that f(mn) = f(m)f(n). Similarly, 
the identity function g(n) = n, V n € Z is multiplicative, since g(mn) = 
mn = g(m)g(n). Observe that multiplicative functions f and g with the property 
f(mn) = f(m)f(n) and g(mn) = g(m)g(n) for all pairs of integers m and n, 
whether or not gcd(m,n) = 1, is said to be completely multiplicative functions. 


Now we are at the stage to discuss the multiplicative property of 7 and oa. 
Theorem 6.2.3. The functions T and o are both multiplicative. 


Proof. Let m and n be two relatively prime integers both greater than 1, for if 


any one of them is 1 then the result is trivial. So our primal assumption is both 
t 


mn >t. Letm= pipe sp and n= qh q? +++ gis be prime factorisation 
of m and n respectively where no p, = q, because gcd(m,n) = 1 and if any 
of p;’s same as any of q,’s then this leads to a contradiction(Why!). Therefore 


BS ok Sot te dy adi j 
mn = PDP, te pDeg a q3? a and 


r(mn) = [t, + D+) + YIG. +DG.+1)---G. +1) 


= 1T(m)r(n) 
pet 1 gral 
a(mn) = II i = 
i<i<r Pi 1<j<s 4s 
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We will continue our study on multiplicative functions of positive divisors for 


products of relatively prime integers. Next lemma is the first step on this study. 


Lemma 6.2.1. If gcd(m,n) = 1, then the set of positive divisors of mn consists 
of all products d,d, where d,\|m and d,|n and gcd(d,,d,) = 1 


Proof. Let us assume m,n > 1 and m = pipe ++ pir and n = qt qi . gis be 
their respective prime factorization. Therefore 


— ntint te 1 G1 GI J 
Mn = PPP PT d? °° dS 


Hence any positive divisors d of mn represented in the form 
ME ees | Ap by poy poo 2. Abs 
ae a OE as a te Oe! cama ae 


where, 0 < a, < t, and 0 < b, < j, then d = d,d, where d, = p{1p$2 ---p°r 
where d,|m and d, = qh qh qr vee qr where d,|n and ged(d,,d,) = 1, as p, # q, 


because m and n are relatively prime. 


Before proceeding further we will illustrate the idea of a _ ate 


by means of an example. Let m = 4 and n = 5. Also F(n = Ss f(d 
d|n 
defined earlier in this section. Here we choose f as an arithmetic function. 


In this example we will show F(20) = F(4)F(5). Now the divisors of 20 are 
1,2,4,5,10,20, therefore F(20) = f(1) + f(2) + f(4) + f(5) + f(10) + f(20). 
Also the divisors of 4 are 1,2,4 and of 5 are 1,5. Thus we have, 


F(20) = f(1) + f2) + F(A) + £05) + £10) + F(20) 
FU -I) + fl -2) + fUL- 4) + FL +5) + F(2-5) + F(4- 5) 
FFA) + FAVFQ) + FFA) + FD FS) + FA)FO) + (4) FS) 


( 
= (f(1) + f(2) + F(4)) (FQ) + F(5)) 
= F(4)F(5) 


I 


I 


This shows the arithmetic function F' is multiplicative. Now the theorem is as 


follows, 


Theorem 6.2.4. If f is a multiplicative function and F is defined by F(n) = 
S- f(d) then F is also multiplicative. 
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Proof. Let m,n are relatively prime integer then 


d|mn d,|m,d,|n 


where gcd(d, ,d,) = 1 and f is multiplicative, then we have f(d,d,) = f(d,)f(d,). 
Therefore 


F(mn)= SY) f(d)f(d2)= {| S05 £G) | | S02 A) | = Fm) Fm). 


d,|m,d,|n d,|m d,|n 


This proves the fact that F' is multiplicative. 


6.3. Worked out Exercises 


Problem 6.3.1. Prove that there are infinitely many pairs of integers m and n 


with o(m?) = a(n”). 


Solution 6.3.1. There are infinitely many integers k such that gcd(k,10) = 1. 
Let us consider m = 5k,n = 4k. This implies there exist infinitely many such 
m,n. Suppose k is prime with k # 2,5. Now m? = 5k? and n? = 47k? = 2*k?. 
Theorem 6.2.2 yields 


3 3 3 
o(m?) = 2 ice taai(* ‘). 


B= ea k—1 
a1 k3—1 ke 1 
2 
= * = 31 . 
i aoe re aaa or (=) 


Thus there are infinitely many pairs of integers m and n with o(m?) = a(n?). 


Problem 6.3.2. If n is a square-free integer, prove that T(n) = 2°, where s is 


the number of prime divisors of n. 


Solution 6.3.2. Since n is square-free, therefore n = p,p,---p, where each 
Pp, #p, # fori#j. From Theorem 6.2.2, we obtain 


T(n) = (k, + 1)(k, +1)---(k, +1), with k, =1 for alli. 
Thus T(n) = (1+ 1)4+1)---(14+1) =2-2---2 = 2° as there are s terms 
Problem 6.3.3. Prove that the following statements are equivalent: 


1. t(n) is an odd integer. 
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2. n is a perfect square. 


Solution 6.3.3. 1=2:Suppose (1) holds. Let n = ps pe .- pes, Then using 
Theorem 6.2.2, we have r(n) = (k, +1)(k, +1)---(k, +1). Note that each k,+1 
is odd, so k, 1s even. Hence k, = 2j, implies 
n= po) pr oe pris = (p' p?2 oe pis), 

which proves n is a perfect-square. 

2=>1:Suppose (2) holds. Then n = a? for some a = pr pe ---p¥s, which 
implies 
2k 


s 


s 


nN =p ip oe ‘Dp 
Therefore T(n) = (2k, +1)(2k, +1)---(2k, +1). Since each of 2k, +1 is odd, 
therefore T(n) is odd. 


o(z) 


z 


1 
Problem 6.3.4. For any positive integer z, prove S- ria 
dlz 


Solution 6.3.4. Note that d is a divisor of z if and only if = is a divisor of 
z(Why!). Therefore the set of divisors of z are given by {d,,d,,...,d,}, which 


Bi 22 Zz 
further can be expressed as § —,—.,..., =}. Thus 
d, d, d, 
Zz Zz Zz 1 1 1 
o(z) =d, +d, 4 td, = =2( ) 
. . d, d, d, d, d, d, 
implies 
o(z) | ee 1 
z 7 1 a 2 53 ‘e d, = ys d 
dl\z 


Problem 6.3.5. If z = qi qi veeg's is the prime factorization of z > 1, then 


ecg ery are ae arr 


Solution 6.3.5. Since the divisors of z include 1 and z, therefore 


prove that 


o(z)>z+1>23— <1. 


o(2) 


By virtue of Theorem 6.2.2, we obtain 
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Therefore 
z& = qu qe one q's 
1 oe Ge 
(4 —1)(a—1)- (a, -1) 
t t 
_ (Ga? +a) — DG — D+. — D 
(qi? — 1(q2" —1) ++ (q@etl—1) 
_ (4 = 1G = 1) +a, = 1) 
(gh 1) (3? **=1)--(gte *=1) 
a) 43? a's 
—1 ee [eee —] 
& (de = Egy = eg 1) . ean 
(« *) (0 *) - («. 7 #) 
But 
1 ‘L 1 
Gi > 4: = = T > 
qi’ q, — Ae qi 


Hence 


1 1 1 
ie >(2 ie )--(Q-2). 
o(z) dh ve q. 
Problem 6.3.6. Prove if z > 1 is a composite number, then o(z) > z+./2z. 
Solution 6.3.6. Since 
o(z) =14+d,4+d,+...4+d,4+2, 
its suffices to show that 
d,+d,+...+d,>vVz. 


Since z is composite, there exists d,(for some i) such that 1 < d, < z and 
d,|z. Therefore +|z and d, < z together implies 1< 2 and1<d,>7<1=> 
a < z. Therefore 

z 
1 a er 
oe . 


Now two cases may arise: 
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Case(i) If d, > Vz, then clearly 1+d, > Vz. So 


1 z 
_> = Se 
Boa ea 
Let d, = a Then d,|z implies d, > \/z. Therefore l+d,+z>2z+/z. 
Hence from o(z) =1+d,4+d,+...+d,+4+ 2, it follows o(z) > z+ Vz. 


s 


Thus combining the above cases the assertion follows. 
Problem 6.3.7. For any integer k > 1, show that 
1. there exist infinitely many integers n for which r(n) = k, 
2. but at most finitely many n with a(n) = k. 


Solution 6.3.7. 1. Let p be any prime andn = p*—1. Then t(n) = k(Hou!). 
Since there are infinitely many primes, therefore there are infinitely many 


n satisfying n = p*—! and t(n) =k. 


2. Using Problem (6.8.5), we have a(n) > n, Vn. Ifo(n) =k, for any k, then 
k serves as an upper bound to n. In fact, for anyn > k, o(n) > k(How!). 
Hence there are at most k(> 1) integers such that o(n) < k. 


Problem 6.3.8. If pair of successive odd integers q and q+ 2 that are both 
primes, called twin primes. For these q and q+2 prove that o(q+2) = o(q)+2. 


Solution 6.3.8. The only divisors for any prime q are 1 and q itself. Therefore 
o(q)=qt+1. Thus o(q¢+ 2) =q+3 and o(q) +2=q+3. Thus q andq+2 
together implies o(q +2) = o(q) +2. 


Problem 6.3.9. Let f and g be multiplicative functions that are not identically 
zero and have the property that f(p") = g(p*) for each prime p and k > 1. Prove 
that f = g. 


Solution 6.3.9. Letn > 1 be an arbitrary integer with prime factorization given 
by n= qi qe bs “gis. Then 


f(n) = f(qpae ---gis) 
= f(q2) f(a?) FQ) 
= 9(4" )o(a?) --- g(a) 
= g(a) 
= g(n). 
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In particular, ifn =1 then f(1) = g(1) =1. Hence combining all f = g holds. 


Problem 6.3.10. For any integer z > 1, prove that there exist integers z, and 
2, for which r(z,) + T(z) = z. 


Solution 6.3.10. [f z is prime, then T(z) = 2. Since tau(1) = 1, taking z, = 
Z, =1 gives T(z,)+ T(z) = T(z). 


If z is composite, let z = age ---q's be its prime factorization. Then at 
t, 
least one of t, > 2. Let q,’ be that factor. Therefore 


7(2) =, HYG4+ I-41) ° (41) 
=20$ 1g) t+ Gt UG 1G, +1). 


= qiqi?---q's, where q, # 4q,- 


1g Feet ed) eT) 
Lt), +1)---(, +1). 
T(z.) _ t, 1)(t, 1) ae (t, + 1). 


Combining we obtain, 7(z,) +7(z,) = T(z). 


II 

om 
—mM~e 

+ 


Problem 6.3.11. For any integer z > 1, prove that 14), rd)? =(Naz r(d))”. 


Solution 6.3.11. Since T(z) is a multiplicative function, therefore [r(mn)|° = 


[r(m)r(z)]® = [r(m)]3[7(z)]®. This shows r(z)? is a multiplicative function. 
Hence by virtue of Theorem 6.2.4, F(z) = S > r(d)* is multiplicative. More- 
dlz 


over, the multiplicative property of G(z) = )14).7(d) implies H(z) = G(z)* is 
multiplicative(Why!). 


Let z = qe qe -+ gis be its prime factorization. Since F and H both are 


multiplicative, for z = q', F(z) = H(z) holds. By similar reasoning, the relation 
F(z) = H(z) holds true for z = qi qe + “gis. Therefore considering z = q' and 


applying Theorem 6.2.1, all the divisors of z are given by 1,q,q°,...,q°. Thus 
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d\q’ 
=1+(1+1)? + (241)? 4+...+@4+1)7 
=14+2°+3%+...4+(t+1)° 
_ fener 
2 
(So 7(@)" = fr) +7(@) +... + 7a)? 
dlq* 
= [1+ (+1) + (241) +..-+ ¢+1)? 
_ ferneray’ 
2 
Hence S°r(d) =(S>7(a)’, so F(z) = H(z) for z=¢. 
d\q’ d\q’ 


Problem 6.3.12. Given z > 1, let o,(z) denote the sum of the sth powers of 
the positive divisors of z; that is, 0,(z) = x d*. Prove that 
dl|z 


Ww) gist?) | gia) = gi(tita) 1 
o(z)= Sess ; 
. qge—1 qi —1 qe —1 

£,3¢ 


2= 992°" “gir being the prime factorization of z. 


Solution 6.3.12. By virtue of Theorem 6.2.1, all divisors of z are of the form 
Gg seg. OSG, <4, 


Therefore all the sth powers of the divisors of z are of the form 


S$ 7A. 8 a,s 


QP ger aig 
Let us consider the product of sums 
(lt+q@+@%tqh’)...l+¢+e% tai’). 


Each positive divisor to the sth power occurs only once as a term in the expansion 
of the product. Therefore 


o(zj=(1t@+@% tah’)... +¢@+@% +a"). 
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Applying the formulae for the sum of the finite geometric series, 


s(t,41) 
Ss 2s t,s\ __ Gi aie Fal 
(ekg ed, a) = ge —1 , 


git) a 1 gitar) 2 1 gots +1) js 1 
> oO, (z) = 3 1 3 1 See a te . 
qi qT q. 


Problem 6.3.13. For any positive integer z, show that 


Solution 6.3.13. Let H(n) = S- =r(d). Then 


G(mn) = > “r(d) 


d|mn 
mn 
= S- a 
d,|m,d,|n 
mn 
_ d, d, (d, )r(d,) 
d,|m,d,|n 
= 7 7(4,)5-7(4,), since T(d) is multiplicative 
d,|m,d,|n x : 
m n 
= oe —r(d,))( S- —r(d,)) 
d,|m,d,|n 4 d,|m,d,|n 7 
= G(m)G(n) 


Hence G is a multiplicative function. Using multiplicative property of o(d) the 
function F(n) = )1q),0(d) ts multiplicative. 


Next let z = qq tee q's be its prime factorization. To prove 
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its suffices to show F(q') = G(q'). Now 


d\q* 
H=Pt(P+qe)+...4¢ (Mtg +...4+¢) 
= (t+ +ig +...+(1¢? 


= (lq +---+tq +(t+1). (6.3.2) 
e@) = ore 
d\q* 
=a) + an) +--+ ar) 


| 
restates 
[= 
Meat 
Q 
oe 
+ 
iw) 
Q 
oa 
| 
mm 
+ 
| 


Sty eG aa) 
= F(q'), by (6.3.2). 


Problem 6.3.14. For any integer z >1, prove that T(z) < 2/z. 


Solution 6.3.14. If d|z, then either d < \/z or “ < Vz. For if d > fz or 
| > Vz, then 
d- 5 =2>Vayz=z, 


a contradiction. Let d,,d,,...,d, be the divisors of z where d, <d, <...< d,. 
Clearly, d, =1,d, =z. Now d,|z > z 
the divisors in such a way that d,d, = z, where d, = z 
d, = d,. 


d, and so z\d, must be one of d,. pairing 


d,. So either d, <d, or 


Case(i) t is even: Then we have 5 unique pairs {d,,d,}(d, A d,) such that 


d,d, =z. Let us arrange every pair in such a way that d, <d,. Let d,, be 
the largest of the d,. Since there are 5 unique pairs, it must be 5 <d,: 
But r(z) =t and from above d,, < Vz. Thus, 


T(z) 
2 


< Vz > 1(z) < 272. 


Case(ii) t is odd: Then we have ie ,d,}(d, A d,) such that 


d,d, = z and one pair {d,,d,} where dd, = z. Let us arrange every 


unique pairs {d, 


unique pair in such a way that d, < d,. Let d,, be the largest of the d,. 
Now if d, <d,,, considering the pair {d,,d,,} and applying the definition 
of d,,, we obtain 


4? 


d,, <d,, andd,,d, = z. 
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Hence d, <d, > d,d, <d,d, > z < z, a contradiction. Hence d, > d,,. 
But d? =z=>d, = Vz. As in Case(i), 


— <d, and t=7(z). 


Therefore 


which further implies 
T(z) -1 
a S$ Va 7(2) — 1 < 22 > 12) S 2v2. 


Hence T(z) < 2\Vz for both even and odd cases. 


Problem 6.3.15. Find the form of all positive integers n satisfying T(n) = 10. 


What is the smallest positive integer for which this is true? 


Solution 6.3.15. Let n = qq ee q's be the prime factorization of n. Then 
T(n) = (4: +1)(t2 +1)... (ts +1). If r(n) = 10, then the possibilities are 10 and 
5 x2. This implies ty + 1 = 10 or (ty + 1)(ta +1) =5 x2. Thus n = q) or 
n= gig where qi, q2 are distinct primes. 

The smallest of such integers would be 2° or 2+ x 3 or 3+ x 2. Then the 


smallest among them is 2+ x 3 = 48. 


6.4 Mobiis yu-function 


In this article, we will discuss an important arithmetic function called Mobiiis p- 


function with some of its properties. 
Definition 6.4.1. For a positive integer n, define w by the rules 


1 ifn=1; 
B(n) = 0 if p?|n for some prime p; 
(-1)" ifn=p,p,---p,, where p,’s are distinct primes. 


For example we see that (2) = —1, (3) = —1, u(4) = 0. Thus if we choose 
n=15=3.x5 then p(15) = p(3-5) = (-1)? = 1. Now in the next theorem we 
are going to discuss the multiplicative property on Mobidus wp function. 


Theorem 6.4.1. The function ps is a multiplicative function. 
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Proof. Its suffices to show that for any two relatively prime integers m and 
n, w(mn) = pu(m)pu(n). This is trivial form = n = 1. Now if we choose 
either p?|n or p?|m then p?|mn. Therefore (mn) = 0 = p(m)p(n). This 
case is also trivial. Now we assume m,n to be square-free integers. Then 
M = P,Py***Pa, N= 4,42°°*Y, Where p, and q, are all distinct, then u(mn) = 
(PBs **Bade4s***%) = (-1)**” = (=1)"(-1)" = p(m)pu(n). This proves that 
i is a multiplicative function. 


Now from the above theorem we can see that both m and n are divisors of 
mn. A natural question arises how this function behaves with divisors of any 
integers. If mn = 1 then the only divisor is d = 1 therefore S/u(d) = p(1) = 1. 

djl 
So we have to discuss the divisors for those n > 1 and for that we need to apply 


the formula F(n) = S- (d) which has already been discussed in the first section 
dln 
of this chapter. Our next theorem illustrates the clarification of this discussion. 


Theorem 6.4.2. For each positive integer 
1, ifn=1; 
nen Da={y ont 
din 0, ifn>1. 
where d is positive divisors of n. 


Proof. The assertion is obvious if n = 1, then S- p(d) = (1) = 1. We proceed 
d\n 
by mathematical induction on the number of different prime factors of n when 


n> 1 and if n= p*%, then 
> H@) = w(1) + wp) +... + wp?) = 1+ (-1) =0. 
|p 


Since yu is multiplicative, using Theorem 6.2.4, F is also so. Thus if 


ee Qa Qa Qa 
N= Pp,'P,?P,3°°°P Lan 


ne 


then 


So u(d) = S> ud) SS u(d)-+» SO wd) =0. 
d\n 


a a 
d|p,* d|p.? d|prr 


To illustrate the above theorem let us consider n = 12, the divisors of 12 are 
1,2,4,3,6 and 12. Thus the required sum is, 
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S2 u(d) = (1) + (2) + (3) + u(4) + (6) + (12) 


In mathematics, the classic Mobiiis inversion formula was introduced into 
number theory on 1832 by August Ferdinand Mobiiis, stated as follows: 


Theorem 6.4.3. Mobiiis Inversion nee Let F and f . two Sane theo- 
retic functions related by the formulae F(n = 2H f(d) and, f(n = 2H p(d) F(n/d) 


for every n. If either of them is true then ee aia both the i ahs 
Proof. Let us first choose that F(n 2 f(d), then 


2 HA F(n|d) 


S- u(d)F(d’), since integer d’ is the quotient when d|n 


dd’=n 
= Dy pu(d) Ss" fle), since F'(n = f(d) for each n 
dd'=n eld’ d\n 
= We u(d)f(e), as integer k is the quotient when eld’ 
dek=n 
= S- fle Ss p(d), taking integer k’ = dh for some integer h. 
ek/=n d|k’ 


Now if k’ = 1, then using the Theorem 6.4.2 we have, S- p(d) = 1. Therefore 


d\k’ 
2 HA F(n|d) = f(n). 
Conversely let, f(n = 2D F(n/d) holds. Then, 


rsa on 


d\n ‘d'|d 


= S- u(d')F(p), Since d= d'p,n = qd = d'pq for some integer p and q 


d’pq=n 
= > F(p) oa u(d’) where, h’ = d'q for some integer h’. 
ph’=n d!|h! 


Now again applying Theorem 6.4.2 we have,> an’ u(d') = 1 if h’ = 1 holds. 
Therefore S- f(d) = F(n). 


d\n 


Arithmetic Functions 129 


Before going to the last result of this section we see from Theorem 6.2.4 that 
if f(m) is multiplicative then F(n) is also multiplicative for each integer n. Now 
the question arises, is the converse assertion also true. The following theorem 
illustrates the answer of it. 


Theorem 6.4.4. If F is a multiplicative function and F(n) = Ss” f(s) then f 
s|n 
is also multiplicative for any integer n and positive divisor s. 


Proof. Let m,n be relatively prime positive integers then any divisor s of mn 
can be uniquely written as s = s,s, where s,|m and s,|n where gcd(s,,s,) =1. 


Now by inversion formulae we have, 


Pa 
3 
o 
lI 
is 
= 
es 
zy 
—— 
» | 
ane 
II 
M 
= 
~ 
Rs 
y 
a 
= 
3 
Ne 


s|mn 


II 
hg 
= 
n_ 
ay 

ox 
° | 

ee 
M 
= 
ee 

ay 

ame 
2) 
Sou, 


t 
oe 
& 
pas 
= 
= 
=n 
= 


This proves the theorem. 


6.5 Worked out Exercises 


Problem 6.5.1. Suppose a function A is defined by 


Inp, ifn=p*, where p is a prime andk > 1; 
A(n) = 


0, otherwise. 


Prove that A(n) = Eane(4) Ind = — diay, H(@) Ind. 


Solution 6.5.1. Let n = p*. Then 


ye »(5) Ind = p(p") In 1+p(p*-!) In pt... 4... u(p*~*) In p*+....Apu(p®) In p*. 
d/n 


Case(i) [fk =1, then diay, (4) Ind = In p(Verify!). 


Case(ii) If k > 1, then p(p*~*) =0 except for i= 1,2. Then the sum is same 
ask=1. 
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Hence Eane( 4) Ind=Inp=A(n). Neat 
S- u(d) ) Ind = p(p®) In1 4+ p(p') np) +...4...4+ u(p*) np’? +... + u(p*) Inp*. 
d/n 


Fork > 1, p(p*) = 0 implies Ser u(d) Ind = —Inp for all k. Hence 
S> u(d) Ind = —A(n). 
d/n 


Remark 6.5.1. The function A in the Problem 6.5.1 is known as Mangoldt 


function. 


Problem 6.5.2. Let n= prs pke . -phs be the prime factorization of the integer 


n>. If f is a multiplicative function that is not identically zero, prove that 


dL HA) F(@) = (1 - FP.) - f,)) + (b= F@.))- 


d/n 


Solution 6.5.2. Since u and f is multiplicative, therefore uf is also so(Why!). 
By virtue of Theorem 6.2.4, F(n) = diay, MCA) F(a) ts multiplicative. Consider, 


d/p* 
= w(L)f(1) + up) f(p) +--+ we") fe") 
= MA) FC) + wp) f(p) (Why!) 
=1f(1)+(-1)f() 
= f(1) — fp) 


Since for a multiplicative function not identically zero, therefore f(1) = 1 implies 
F(p*) =1—f(p). Thus 


dL HA) F(@) = (1 - fP.))A— Fe.) +L = F(@.))- 


d/n 
Problem 6.5.3. Let S(n) denote the number of square-free divisors of n. Prove 


that 
= Sala] = 2, 
d/n 


where w(n) is the number of distinct prime divisors of n. 


Solution 6.5.3. Consider, 
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1, ifn=1; 
Jn(n)|= 4 0, if p?|n, p being prime ; 
1, ifn=p,p,:--p., p, being distinct. 
Let ged(m,n) = 1. Then |w(1)| = 1. If m = 1, then |u(mn)| = |p(n)| = 
|u(m)||u(n)|. If p?|m, then p?|mn implies |u(mn)| = 0 and |u(m)| = 0. Hence 


\u(mn)| = |u(m)u(n)|. Assume, both m,n are square-free. Letm = p,p, +++ p,, N= 
9192 °°" W, with P; # q, as gcd(m, n) =1. Clearly, |u(m)| a |u(m)| = |u(mn)| = 

1. Hence, |u(mn)| = |u(m)||u(n)|. This shows |u(n)| is multiplicative. Using 
Theorem (6.2.4), S(n) = Ylayn |M(m)| és also so. 


k 


Now, consider n = p*. The divisors of n are 1,p,p?,...,p*. Therefore 


S(n) = So |e(n)| = 2. 
d/n 
The number of square-free divisors of p* is 2 and is defined by Dif | (rn). 
Given that, n = prt pe? eps, From Theorem 6.2.1, all the square divisors of 
n are represented by n = p'1 pS? ---p%, 0<a, <1. Here the number of square- 
free divisors of p, is 2, which are 1 & p,. It is true for alli = 1,2,3,...,s. 
Hence the total number of square-free integers is 2° = 2°), where w(n) is the 


number of distinct prime divisors of n. Therefore 


S(n) = S(ph pk ---p*s) 


s 


= S(pi1)S(p;2) ++ S(pt*) 


(> Jo ))) + (= (po) 


— 25 — gu(n)_ 


) 


Problem 6.5.4. The Liouville X function defined as 


Mz) _ (-1)ti tte te tts | if z= pipe be “pis, z>1; 
a yea; 


1. Prove that X is multiplicative. 


2. For some positive integer z, prove that 


. OE 1, is i for some integer k; 
We 0, Otherwise. 
Solution 6.5.4. 1. Let us consider two positive integers z and k with gcd(z, k) = 


1, where z= pip. «++ pts, a ae ere ae 
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Now zk = pp? ---pleqitqs?+--q’, p, #q,- Hence 


(zk) — (<1) tat tt +U,+Uy+...+0,, 
= (Sta tete . (ite 
= Nz)A(K) 


This shows that \(z) is multiplicative function. 


2. Let F(z) = dig, A(d). Then by Theorem 6.2.4, F is multiplicative. Let 
z=p'. Then, 


F(z) = X(1) + X(p) + A(p?) +... + A(p") 
= 1+ (—1) + (-1)? + (-1)?7 +... + (1) 1 + (1. 


Now, two cases may arise: 


Case(i) t is even: Then z = p*, t = 2w for some positive integer w. 
Therefore, taking m = p*, we obtain z = m?. Also, F(z) = 1. 

Case(ii) ¢ is odd: Then we have F(z) = F(p') =0. Letn = pit ps septs, 
Since F' is multiplicative, therefore F(n) = F(p? )F (p32) --- F (pts). 
If z =k? for some integer k, then all the t,’s are even. So F(p,’) =1 
and consequently, F(z) = 1. Again, if any of the t, is odd, then 
F(p,') =0. So F(z) =0. 


Problem 6.5.5. For every integer z > 3, prove that S*/_, u(t!) =1. 


Solution 6.5.5. Here (4) = 0(Why!). If n > 4, then z! would contain 4 as 
a factor. Since yw is multiplicative, therefore for z > 4, p(z!) = 0. So, only 
case need to consider is z = 3. Now p(1) = 1, w(2) = —-1 = pu(3) implies 
ye, w(t!) =14 (-1)+1=1. 


6.6 Greatest Integer Function 


In this section we are going to discuss a special type of arithmetic function called 
greatest integer function. The domain of definition of this function is the set 
of real numbers and the range set is the set of integers. This function is very 
much useful for calculating continued fractions. The definition of the function 


as follows. 


Definition 6.6.1. For an arbitrary real number x, the largest integer less than 


or equal to x and denoted by {x] is called the greatest integer function. 
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For an example we have [2.2] = 2 and [—2.2]) = —3. Here for every real 
number x, there is a unique real number @ such that x = [a] +6,0 < 6 <1, 
where @ is the fractional part of z. This 6 sometimes denoted as {x} such that 
x = |a]+{ax}, V2 € R. Actually the greatest integer function for any real number 
x follows the inequality 7 —1 < [a] < x. In our next proposition we have shown 
division algorithm using this inequality. 


Proposition 6.6.1. For any x € R, prove division algorithm by the inequality 
z—-1< [a] <-o. 


Proof. Let q =(] and r = m—n[], clearly m = nq+r and we will show that 


the remainder satisfies the above inequality. As € Rthen (=) 1l< [=] at 
Now multiplying by —n the above inequality and changing the order of inequality 


we have, —m < —n|™] <n—m. Adding m we get, 0 < m—n[@] <n=> 
0 <r<_n. We are to show this gq and r are unique. Let us assume that 
they are not unique then m = nq, +7, = nq, +17, for ¢,,¢, are quotients and 
O0<r,,r, <n where r,,r, are remainders. Now subtracting these two equations 
we have, 0 = n(q, — g,) + (", —7r,) thus (r, —r,) = n((q, — @,)) which implies 
n|(r, —r,) but this is possible only if r, —r, =0. Therefore r, =r, and q, —4@,, 


which shows that qg is unique quotient and r is unique remainder. 


Now we will discuss few properties related to this greatest integer function. 


Proposition 6.6.2. For any x,y € R and m € Z, the greatest integer function 
satisfies following properties: 


(i) [2 + m] = [x] +m 


0, if x € Z; 


ble eal={ 8 ifzeR\Z. 


(iii) [2] + [y] < [e@+y] 
o (el [E) 
Proof. Let x =n+6 forn€Z,0<60<1, 


(i) Here, x +m=(n+m)+6 wherem+neéZ,0<6<1. Thus 


[c+m) =n+m= [a]+m. 
(ii) Here, 


—n-6, 0>-60>-1; 
oes 
(-n-1)+(1-8@), 0<1-@<1. 
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Therefore 


ae —(l+n), if1-041; 
Li 
—n, ifl—d=1. 


This proves that 


Ptta=| 9” eee 


(iii) Let y=r+6',r€Z, 0<6' <1. Therefore 
xct+ty=(n+r)+(04+0),0< (646) <2. 
Thus we have, 


eae, n+r, if0<d04+0 <1; 
. = 
4 ntr+l, f646'>1. 


Hence 


[2] + [y]J=n+r< [ety 
(iv) Now let * =246,2€Zand0<6<1. Then we have 
m 


x= mz+mé, mz € Zand 0 < m0 <m. 


Therefore 


Hence 


Now we are going to the application part of this greatest integer function. 
For that we choose an integer 7 whose factorial is 7! = 1-2-3-4-5-6-7 = 24-37-5.-7. 
Here we can see that the highest power of 2 which divides 7! is 4. We can find 
the exponent of any prime which occurs in prime factorization of any factorial 
of an integer by greatest integer function using the next theorem. 


lo) 
n 
Theorem 6.6.1. If p is a prime then, S- | is the exponent of p appearing 
k=1 
in the prime factorization of nl. 
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Proof. If p > n then p does not appear in the prime factorization of n!. Thus 
we have p <n. Among the first n positive integers those who are divisible by 


p are p,2p,3p--- =] p. Thus there exists exactly | multiples of p occuring 
Pp Pp 


in the product of n!. Among those integers p,2p,3p--- =)» there are | 
Pp Pp 


integers which are again divisible by p? and they are p’,2p”,3p”--- Fe 


After continuing these steps finitely many times we get the total number of 


co 
n 
times p divides n! is y Fa : 
Pp 
k=1 


Now we will illustrate this theorem by means of an example. 


10 
Example 6.6.1. Let us take n = 10 and p = 2 then there are | = 5 integers 
which are divisible by p = 2 and they are 2,4,6,8,10. Among those integers 
10 
there are EA = 2 integers which are divisible by 4 and they are 4,8. Now 


92 
: 10 : . oAg SS 
among these two integers there are 33| = 1 integers which are divisible by 
ee F . | 10 10 10 
8 and it is 8 itself. Therefore the total number is > + 32 + |= 8.Now 


10! = 1-2-3-4-5-6-7-8-9-10 = 28. 3*-5*-7. So the highest power of 2 is 8. 


In our next two results we are going to find some common well known facts 
of mathematics by using the last theorem. 


Theorem 6.6.2. [fn and r are positive integers with 1 < r <n, then the 


n n! 
bi ial lent = —— is an integer. 
inomial coefficien (") AGN g 
n nl 
Proof. For proving = ——— is an integer we are only to show n! is 
r ri(n—r)! 


divisible by r!(n — r)!. Now from the Theorem 6.6.1 we have the exponent of 


highest power of prime p that divides n! is 33 =| and the highest power of 
i=1 
! a oe = 
prime p that divides ‘Imaal is > || »( 2. Again from the 


i=1 i=1 
Proposition 6.6.2(iii) we have [a + b] > [a] + [b] for any two integers a,b. Then 


Pla | 


Taking the summation we get, 


we have, 


>a) >[+h [Se]. 


i=l i=l 
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| 
From the above inequality it follows that p occurs in the numerator of Aa 
ri(n—r)! 
at least as many times in the denominator. As p is arbitrary so r!(n — r)! must 


! 
divide n!. Thus ————_ 
ri(n—r)! 


Corollary 6.6.1. For any positive integer r, the product of r consecutive inte- 


is an integer. 


gers is divisible by r!. 


Proof. Here we can assume the product of r consecutive integers as n(n — 


1)---(n—r+1) where n is largest. Here n(n —1)---(n-—r+1) = - 
ri(n—r)! 
n! n! 
—— } xr! and from the Theorem 6.6.2 we know that ————— is an 
ri(n—r)! ri(n—r)! 


integer. This proves the assertion of this corollary. 


In our later part of discussion on greatest integer function we have shown 
some valuable relations between this function and other arithmetic functions. 


Their relationship comes out as, 


Theorem 6.6.3. Let f and F be two arithmetic functions such that F(n) = 


N 
S- f(d) where n is a positive integer. Then for any positive integer N, ys F(n) = 
dln n=1 
N 
N 
LreolT 


Proof. We are going to start the theorem by the form of F(n). Taking the 


N N 
sum over this function we have 7 F(n) = x S- f(d). Here we are to collect 
n=1 n=1 din 


the terms with equal values of f(d). Since each integer divides itself then the 
assertion for a fixed positive integer m < N, the term f(m) appears in S- f(d) 
d|n 
if and only if m is a divisor of n is possible. Now to calculate the number of 
terms in the sum S- f(d) in which f(m) occurs as a term, it is sufficient to find 
d|n 
the number of integers from the set {1,2,---.N} which are divisible by m.From 


N 
the Theorem 6.6.1 there are exactly | of them. Thus for each m such that 
n 


N 
1<m<N, f(m) is a term of the sum y f(d) for A different positive 
n 
d|n 
integers less than or equal to N. Therefore 


» ~f@ = ¥ slm =| = S° F(n) 


n=1 d\n 
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This proves the theorem. 


Our next corollary is the immediate application of this theorem on two arith- 
metic functions 7(n) and a(n). 


Corollary 6.6.2. If N is a positive integer then, 
N N N N 
N N 
) T(n) ) | i an 2d a(n) d (| - ) 


Proof. We know that 7(n) = Sol and o(n) = S- d. Now taking F'(n) = 7(n) 
din d\n 


N N 
N 
and f(n) = 1, for all n € N we have from the Theorem 6.6.3 [> T(n) = S- EB : 


n 
n=1 n=1 
Again taking F'(n) = o(n) and f(n) = n, for all n € N we have from the Theorem 
N N 
N 
6.6.3 2d a(n) = 2d ¢ | ) : 


Now to visualize those two forms of T(n) and o(n) we will go through an 


example given below. 


4 
Exercise 6.6.1. Let us consider N = 4 then, S- T(n) = r(1) + 7(2) + 7(3) + 


n=1 


7(4) =14+2+4+2+3=8. Now, 


BE = +2145] + [1] =44+24+141=8. 


4 
S¢ a(n) = o(1) + 0(2) + 0(3) + (4) = 1434447515 


> (»[4]) = i) +202] +3|5| +41] =4444+344=15. 


6.7 Worked out Exercises 


Problem 6.7.1. Find the highest power of 5 dividing 1000!. 


Solution 6.7.1. 


1000] , [1000] , [1000] , f 1000 ai 
2s) [000], (200), 2000) = aa no 
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Problem 6.7.2. For an integer z > 0, show that 5 | - | — ;| =z: 


Solution 6.7.2. By definition, we have the following inequalities: 


=-1< [=| <5 (6.7.1) 
; 1< 4 < = (6.7.2) 


From equation (6.7.2), we have — [-2] < 5+1. Adding the last inequation with 
(6.7.1), we obtain 


B |-s]<gt+gtiaetise (6.7.3) 


Further, from inequation (6.7.2), we have 5 < — [4]. Adding the foregoing 


inequation with (6.7.1), we obtain 


z 


z< [=| = -s| (How!). (6.7.4) 


Finally, (6.7.3) and (6.7.4) gives /s]-|- ; = 2. 


Problem 6.7.3. [fz > 1 and q is a prime, then find the exponent of the highest 
2z)! 
power of q that divides ee) 


(2!)?" 
Solution 6.7.3. For any prime q, let s be the highest power of q that divides 
(2z)!. If q\z!, let k be the highest power of q such that q®\z!. Thus a Ser 
So s—k is the highest power of q satisfying gk | Oe Also, s — 2k is the 


highest power of q satisfying qe *| ne By virtue of Theorem 6.6.1, the highest 
power of q dividing (2z)! is S77, [22] and the highest power of q dividing z! is 


(2z)! 
(2!)? 


Sa-E6-£ (Gl). 


k=1 


4 Fae Finally, the highest power of q dividing is given by, 


q® 


Problem 6.7.4. Let the positive integer z be written in terms of powers of the 
prime q so that we have z = a,q* -... a, ta,qgta,, where0 <a, < ¢. 


Find the exponent of the highest power of q appearing in the prime factorization 


of z!. 


Solution 6.7.4. Before finding the exponent of the highest power of q, let us 
state and prove the following lemma viz 
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Lemma 6.7.1. Forqg>1,z>1 (q (44+ a+... 2) ae 


Proof. By principle of mathematical induction we are going to prove the above 


lemma. For k = 1, the lemma is trivial(Verify!). Suppose the lemma is true for 


z=k. Then 
1 1 1 
(q 1)( + pte ta) <1. 


Therefore 


1 1 1 1 1 1 1 q-1 
(q—-1) (f+ 54454) = 0-0 (A+ 54.45) +45 


q q 
_ 1 1 1 1 
mad gr eo a a ee 
By hypothesis a(2 -...4 x.) ; its a <1, therefore 
( eee =) 1 1 1 1 Sie 1 1 
pa eee — 
q gk q ge | gk k+1 gk qktl 
1 
<i k+1 
<1 


Hence the lemma is true for z=k+1. 


Using Theorem 6.6.1 the exponent of the highest power of gq appearing in the 
prime factorization of z! is 


Co 
z a 
S =] = fag +..tagta, + | 
j= LY q 


a a 
- lat? +...+a,+%+ 2 


+ 
+ 
a, Ao 
a, bebe oy t a 
a, a, ao | 
t...t...¢44 (6.7.5) 
| q gk gkth 
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Therefore 


On adding the left and right column entries, we have 


([4]+ [3] +--+ | sa] +|4]) @-v=2-ta tea), 


Hence 


> 3] B= (ga, + ose a,) 

‘ = é 

faa te Gat 

Problem 6.7.5. Using Problem 6.7.4, find the exponent of highest power of p 


dividing (p* — 1)!. 


Solution 6.7.5. Hint: Here, 


p’ —1=(p—1)(p* 14+ p*72+...4 941) 
= (p—1)p*"! + (p—1)p*? +... + (p—1)pt (p— 1). 


Since, p is prime, 0 <p—1<p so 
G4 =p-l, Gy,» =p-—l,..., a, =p-—l, a =p-l. 
Take z = p* —1 and apply the formulae in Problem 6.7.4. 


Problem 6.7.6. For any positive integer N, verify the formulae: 


yr =] = [VN]. 


Solution 6.7.6. Let F(z) = SE X(d), X being the Liouville function defined in 
dl 


Problem 6.5.4. Taking help of Theorem 6.6.3, we have ay F(z) =o, A(z) [2]. 
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Moreover, by Problem (6.5.4) we have 


1, ifz=m? for some integer m; 


F(z) = 
0, Otherwise. 


N 
Therefore S- F(z) monitor the number of perfect squares less than or equal to 


Z=1 
N as F assigns a value of 1 to each z that can be expressed as a perfect square. 
Thus 


. N 
S- A(z) A = Number of squares < N. 
z 


Next let us consider, [VN] and perfect squares, which are 1°,2?,37, and so on. 


2 there are exactly m perfect squares(positive integers) less 


For any N =m 
than or equal to N. Suppose [VN] is not an integer m be the largest integer 
satisfying m? < N. Therefore N < (m+1)? > m< VN <m+1. Since 
m = VN, therefore VN is the number of perfect squares less than or equal to 


N. Hence ea Az) [2] = [VN]. 


z 


Problem 6.7.7. If N is a positive integer, prove that 


els 


z=1 


Solution 6.7.7. Applying Corollary 6.6.2, yields oy [2] = Sane T(z). There- 


fore 


As X=4 < 1(VN > 0), therefore [45+] =0. Hence eae [+] = pein, T(z). 


Therefore _, ([¥] — [M=3]) = 2%, r(2) — ENG) a(2) = rN). 


Problem 6.7.8. Given a positive integer N, prove: ~ ju(z) [2] =, 


z 


Solution 6.7.8. Let F(z) = )1q,, u(d). By Theorem 6.4.2, we find 


_j 1, ffz=1; 
ree) =| 0, af eS, 


142 
By Theorem 6.6.1, we have 
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yA : Ya B 
LF) 4 FQ) 4... 4 FN) 
Ss). 
Hence 17, (z) [¥] = 1. 
Let us illustrate the problem taking N = 6. 
Yale) fo] = stay [| + acay fp f+ aca) E+ way [$]+ wy [2] + (6) [| 
= =1-6+(-1)-3+(-1)-2+0-1+(-1)-141-1 
=6-3-2+4+0-141 


=I. 


Problem 6.7.9. Given a positive integer N, prove: bee 


Solution 6.7.9. From Problem 6.7.8, we obtain 


a [e|=-1 s 


H(z) 


<1. 


wy) = = x os u(z) =] (6.7.6) 
Again, 
N N-1 
H(z) uz) , p(N) 
d z 7 z=1 e | N 
N-1 
2 4 > (2) ~ se a (6.7.7) 
(6.7.6) and (6.7.7) yields 
N N-1 N-1 
Ho) St Ea (§ 
{ies N [N i 
~ WN ule) (> }) +5 
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Since 
N N 1 
la +5] < lal +[Ol, lab =lal- fl, 0< |~ — =] sii al-¥ 
z N 
therefore 
5H) 22S ata 2 N 1 
z | N ne z Zz N 
z=1 z=l1 
N-1 
1 1 
pee oh 
Sy bAl+y 
1 
< =(N-1)4+ = =1as |p(z)| <1. 
N 
Let us illustrate the problem taking N = 6. 
6 
Sue) _ H(A) 2 w(2) , w(3) _ p(4) , BB) __ #6) 
coal 1 a 5 6 
ati 1 bi Oy fA 8 
- 2 3 4 5 6 
slat ehh ad 
6 5 6 
13 2 
S)jl+)—)) =.. <2. 
( i ) 15 ~ 
6.8 Exercises: 
1. Show that o(n) = o(n + 1) for n = 14, 206, 957. 
2. For any positive integer n, prove that a(n) >P1l+gt+...4+4. 


. Given a positive integer k > 1, show that there are infinitely many integers 


n for which 7(n) = k, but at most finitely many n with o(n) = k. 


. Prove that there are no positive integers n satisfying o(n) = 10. 


. Show that for k > 2, if 2 —3 is prime, then n = 2*—1!(2* — 3) satisfies the 


equation o(n) = 2n +2. 


. Prove that if f and g are multiplicative functions, then so is their product 


fg and quotient £(whenever the latter function is defined). 


. For any positive integer n, show that 


bs 


d|z 


=o(d) =) dr(d). 
d|z 
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10. 


11. 


12. 


13. 


14. 


15. 
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. Given z > 1, let o,(z) denote the sum of the sth powers of the positive 


divisors of z; that is, o,(z) = Sod’. Prove that o, is a multiplicative 
d|z 
function. 


. For each positive integer n, verify that u(n)u(n+ 1)u(n + 2)u(n +3) =0. 


If the integer n > 1 has a prime factorization n = pe pr? ...pkr, prove the 
following 
(a) Van H(Do(d) = (-1)"pipe.-- Pri 
d 
() Dain ee = 0 = C= 2). G2). 
ki ko 


If the integer n > 1 has a prime factorization n = p;'p5 ae gt then 
establish that ) 74), #(d)A(d) = 2". 


Find the highest power of 7 dividing 2000!. 


If n > 1 and pis a prime, show that (25)! is an even integer. 
(n!) 


Find an integer n > 1 such that the highest power of 5 contained in n! is 
100. 


Determine the highest power of 3 dividing 80! and the highest power of 7 
dividing 2400!. 


7 


Euler’s Generalization and 


@—function 


“Mathematicians have tried in vain to this day to discover some order 
in the sequence of prime numbers, and we have reasons to believe that 
it is a mystery into which the human mind will never penetrate.” 

— Leonhard Euler 


7.1 Introduction 


Fermat’s work does not contribute much to the mathematics of his own day but 
creates a lasting impression on later generations of mathematics and Leonhard 
Euler (1707 — 1783) was the first one to appreciate its significance. Many the- 
orems(without proof) were proclaimed by Fermat, and were later on proved by 
Euler with the similar arguments formulated by him. 

Present chapter deals with Euler’s generalization of Fermat’s Little Theorem, 
depending on a function which indeed was invented by Euler, but named by J. 
J. Sylvester(1814 — 1897) in 1883. Euler’s generalisations concerns congruences 
with prime moduli to arbitrary moduli. 

Euler’s theorem has great contributions in Economics. When F(L, K) is a 
production function then Euler’s theorem says that if factors of production are 
paid according to their marginal productivities, the total factor payment is equal 
to the degree of homogeneity of the production function times output. 

Euler has great contribution in other fields of science such as function theory 


and theory of music, as well as the relationship between music and mathematics. 
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We give an account of the most important results obtained by Euler in num- 
ber theory. 


7.2 Euler’s ¢—-function 


The chapter, Fermat’s little theorem addresses the congruence relation with a 
prime number. Now the question arises: Can we change the prime number by 
an arbitrary positive integer? The answer is in an affirmative sense and Euler’s 
generalization is the important result which leads to that answer. Before going 
to this significant result we need to introduce an important arithmetic function 
called Euler’s ¢—-function or Euler’s totient function. To meet the purpose, first 
let us define this special type of function. 


Definition 7.2.1. For any positive integer n with n > 1, Euler’s phi functionor 
Euler’s totient function denoted as (n) and defined as the number of positive 


integers not exceeding n and relatively prime to n. 


Let us illustrate the above definition by some example, for which we displayed 


below a table of positive integers n and corresponding ¢(n). 


n |1]2/3/4]5]/6]7]/ 8] 9] 10 
on) | 1fil2/2}4f2le]4alel| 4 


From the above table, it is clear that ¢(1) = 1 and ¢(p) = p—1 for any 
prime p. Also, the converse with respect to second equality is true, i.e. if for 
any positive integer n, d(n) = n—1 holds then n is prime. Our next proposition 


directs us to ensure the proof of this statement. 
Proposition 7.2.1. If p is a prime then ¢(p) = p—1 holds and vice versa. 


Proof. If p is a prime, from the definition of ¢-function, the number of integers 
which are less than p and prime to p is p— 1. Thus, ¢(p) = p—1 for every prime 
D. 

Conversely, let p be composite. Then it has a divisor g with 1 < q < p and 
gcd(p,q) #1. Now q belongs to the set {1,2,3,---p— 1} and q not relatively 


prime to p implies ¢(p) < p—2. Hence if é(p) = p—1 then p must be prime. 


The first important agenda of this section is, for any arbitrary positive integer 
n what should be ¢(n) when the prime factorisation of n is known. The next 
few results of this section helps us to reach that platform from where we can 
find ¢(n) for any arbitrary positive integer n. 
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Theorem 7.2.1. If p is prime and a > 0, then ¢(p™) = p® (: _ ). 
Pp 


Proof. Here we need to find those positive integers for which gcd(n, p*) = 1 that 


is p{n. Now given below the arrangement of those positive integers not greater 


than p*. The arrangement is a rectangular array containing p columns and p?~! 
rows: 
1 >) Sea a 
pt+l1 pt+2 ns) 
Pe pl Be pee op 


and there are p*! integers between 1 and p® which are divisible by p, namely 


a1 


Dp, 2p, 3p,---,P 


p lies in rightmost column of the above array. Thus there are exactly p® — p*~! 


integers which are relatively prime to p® and so by definition of the ¢-function, 


1 
o(p*) = p® — p® | = p® (1 - a 
Pp 


To understand the above theorem lucidly by means of an example, let us 
choose p = 2 and a = 3. Now using the table we have: 


NO Ot OW FR 
aon *- Ww 


Only the elements of the right sided column divides 2?. Thus ¢(2?) = (8) 
is the number of elements of the set {1,3,5,7} which is 4 = 2?~'(2—1). We 
are now in the stage to find the phi function for prime powers. But still a 
question arises, whether it is possible to find the phi function of any positive 
integer directly whose prime factorization is given using the above theorem. 
The answer of this statement is in the affirmative sense but for that we have to 
check the multiplicative property of this arithmetic function ¢. The next part 
of the present section deals with this fact. 
Now we are in the position to state and prove the following theorem. 


Theorem 7.2.2. The function ¢ is a multiplicative function. 


Proof. It suffices to show that ¢(mn) = ¢(m)¢(n), where gcd(m,n) = 1. If any 
one of m,n is 1, the result is true(Why!). Thus we may assume m > 1,n > 1. 


We arrange the integers from 1 to mn into m x n order array as follows: 
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1 2 eee r eee m 
m+i1 m+2 tee m+r ses 2m 
2m+1 2m +2 tee 2n+r -++ 3m 

(n—1m+1 (n-1)m4+2 +--+» (n-1)m+r --- mn 


We know that there are ¢(mn) entries of the above array which are prime to 
mn(Why!) and this is same as the number of integers relatively prime to both m 
and n(refer to problem(2.6.1)). Now gcd(gm+r,m) = gcd(r,m), so the numbers 
in r—th column are relatively prime to m if and only if gcd(r,m) = 1. Thus 
there are only ¢(m) columns containing integers relatively prime to m. Here 
every entry of that ¢(m) columns are relatively prime to m. Now to show each 
of these ¢(m) columns there are ¢(n) integers which are relatively prime to n. 
In the entries of r-th column there are n integers r,m-+r,...,(n —1)m+r no 
two of which are congruent modulo n. If it happens, let (tm+r) = (gm +r)( 
mod n)(0 <i <j <n). Therefore im = jm(mod n) implies i = j(mod n) as 
gcd(m,n) = 1, which leads to a contradiction. Thus the numbers in the r-th 
column are congruent modulo n to 0,1,2,---,2—1, in some order. If s = t( 
mod n) for some integer s and t then gcd(s,n) = 1 if and only if gcd(t,n) = 1. 
Thus r-th column contains as many integers, which are relatively prime to n, 
as does the set {0,1,2,...,n—1}, namely ¢(n). Therefore the total number of 
entries in the array that are relatively prime to both m,n is $(m)@(n). 


Finally, we are in the position to find the phi-function for any arbitrary 
positive integer. 


Theorem 7.2.3. If the integer n > 1 has a prime factorization n = p™ po? «++ pr 


then $(n) = (p — per)... (pe — p%}) =n (1 a | ifs (1 _ ~). 


1 P,. 


Proof. Since ¢ is multiplicative(Why!) and n has a prime factorization, n = 
pot pS? ---p%r then we have 


b(n) = b(po )b(p$2) --- d(per). 


Qa. a,—1 


Again from the Theorem 7.2.1, we have (p;") = (p;’ —p;’ _) for each 


J 
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j =1,2,3,--- ,r. Hence 


The exemplification of the above theorem has been done from the following 
example: 


Example 7.2.1. Choose n = 720. Then the prime factorization of 720 is 24 - 


37-5. Thus applying above theorem, we have 


(360) = 720 (1 5) (1 3) (1 =): 


At the outset of this section, a table of positive integers and their correspond- 
ing phi-function, was displayed. There, ¢(1) = ¢(2) = 1 and the values of phi 
function for other integers are even. This is not a coincidence, as evident from 


our next theorem: 
Theorem 7.2.4. For n > 2, 6(n) is an even integer. 


Proof. Let us consider n = 2’ with j > 2. Then from Theorem 7.2.1, ¢(n) = 
#(27) = 27-', an even integer. If n is not a power of 2 then it is divisi- 
ble by some odd prime. Then n = p’m, where p being an odd integer and 
gcd(p,m) = 1. Therefore ¢(n) = 6(p’)¢(m)(Why!) = p’~*¢(m)(p — 1), which 
is also even(Why!). 


7.3. Worked out Exercises 


Problem 7.3.1. Verify that the equality ¢(z) = (z+1) = o(z4+2) holds, when 
z= 5186. 
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Solution 7.3.1. Note that 


1 2592 
5186 = 2- 2593, $(5186) = 5186 (5) (Sa) = 2592. 


2 6 12 18 
5187 =3-7-13-19, o(sisr) = 5187 (3) (2) (3) (3) = 2592. 


1\ (1296 
188 = 27-12 188) = 51 =) ( —— } = 2592. 
5188 97, (5188) 518s (5) (Fr) 59 


Problem 7.3.2. Prove: For some k >1, ¢(z) = 5 if and only if z = 2". 


1 
Solution 7.3.2. Let us consider z = 2". Then $(z) = 6(2*) = 2* (1 - 5) = 


Conversely, suppose ¢(z) = - Then for 5 to be an integer, z must be even. 
Let z = Qk yk? +++ phe and assume k, #0. Let q = pe? sper, Soq>1 and 
ged(2*,q) =1. 

. b(2) = o(2*9) = $2") 9(9); 
=2*(1- 5 )o(a) = 2" *9(a. 
Further 5 = $(z) = 2*-16(q) > z = 2*¢(q). 


-, ph2...p¥r = $(q) = (ph? «++ p*r) 


1p? p= (py — Dep. 1) 


Therefore for each p,,p, = (p, — 1) for some j. This is impossible if k, # 0. 


Hence k, = 0. Thus the converse part follows. 


Problem 7.3.3. Prove that the equation ¢(z) = (z+ 2) is satisfied by z = 
2(2p — 1) whenever p and 2p —1 are both odd primes. 


Solution 7.3.3. Here 2p —1 is an odd prime implies gcd(2,2p — 1) = 1. 


- (2) = 0(2)6@p—1) = 2p—(1= E>) = 2p-2. 
Now z+2 = 2(2p—1)+2 = 4p, p being an odd prime, yields gcd(4, p) = 1. 
- 62 +2) = (460) = 2” (1-2) = 2-2 
-, b(z) = o(z +2). 
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Problem 7.3.4. Show that there are infinitely many integers n for which 6(n) 
is a perfect square. 


1 
Solution 7.3.4. For k > 1, ¢(2") = 2" (: — 5) =2*-1. Ifk is odd, thenk—1 


is even. Letk = 2m+1, for some m € Z. 
o. (2*) = 6(27™*1) = (2)? = a perfect square. 
Thus there are infinitely many n = 2", k being odd, and $(n) is a perfect square. 


Problem 7.3.5. Prove that if the integer n has s distinct odd prime factors, 
then 2°|g(n). 


Solution 7.3.5. Letn = pk pke : -- ps, Dp, > 2. 
. o(n) = pi" *(p, — Lp~*(p, — 1)» p8s—"(p, — 1). 

As each p, is odd, so let p, = 2r, +1 for some r,. 

O(n) = pi *(p, — p(y, — 1) ++ pip, — Y(2r,)(2r,) -+- (2r,), 

=2 OS De aS sep Site 
os 2°|G(n). 

Problem 7.3.6. If every prime that divides n also divides m, prove that d(nm) = 
no(m). 
Solution 7.3.6. Let p,,p,,...,p, be all those primes which divide both n and 
m. Suppose 
n= ph pk Se “pes, m= pp! ws - pis qi? q? e6 Ke ahs being prime be such that 
UF P;. 
em 01 as pith pke +52 Sue pests gq? q? ee gr, 


- — pk, t7, ko +7 Raetd ait, Mm, 
; (nm) = py Ji py? cet i J q, a, acacia ie 


Problem 7.3.7. If é(n)|(n—1), prove that n is a square-free integer. 
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Solution 7.3.7. Let n = ph phe -+ ps and suppose n is not square-free such 
that k, > 2 for somer. Now 


o(n) = (ph = p'—') Lacs (pk — pki) pane (pks — pest), 


Since k, > 2, k,-1>1, sop,|(p.' —p.) > p,|o(n). By hypothesis $(n)|(n— 
1) implies p,|(n —1). Again p,|n yields p,|n —(n-1) => p, 


1, which is a 
contradiction. Therefore for alli, k, = 1 implies n is square-free. 

Problem 7.3.8. Prove that there are no integers n for which $(n) = - 
Solution 7.3.8. Here ¢(1) = 1 = ¢(2), $(3) = 2 = $(4). So the statement holds 
true for n = 1,2,3,4. Let n > 4. On the contrary, suppose o(n) = Ee Det 


4 
n= pripke ..- pes, k, > 1. 


PiPo Ps 4’ 
=> A(p, me Gus — Lats tp, —1)=p,p,°--p,, 
= 2(p, —1)---(p, —1) =p, +++ p,, as p, = 2. 


Since p,,...,p, are all odd, therefore p,---p, is odd. But 2(p, —1)---(p, —1) is 
even. So p, = 2 fails to work. Now if all p,,p,,...,p, are odd, then p,p,-+-+p 


s 


is also so. Furthermore 4(p, — 1)(p, —1)---(p, — 1) is even, which implies no 


such n exists. 


Problem 7.3.9. If p is a prime and k > 2, show that $((p*)) = p*-?6((p — 
17), 


Solution 7.3.9. Here ¢(p*) = p*1(p—1). Since ged(p,p — 1) = 1, therefore 
gcd(p*-1,p —1) =1. Using the multiplicative property of ¢, we obtain 


¢(¢(p*)) = o(p*~"(p — 1)) = o(p*~*)6(p — 1) = p*-?(p — 1) G(p — 1). 


Now for every positive integer n, ¢(n?) = nd(n). Therefore (p —1)¢(p — 1) = 
((p—1)?). Hence $(9(p*)) = p**(p — 1) 6(p — 1) = p**6((p — 1)”). 


Problem 7.3.10. [fn = ph pha .- pis , then prove that 


voor (0-B) (-g)(-B): 
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: ged pesttiy k. 1 
Solution 7.3.10. Note that o(n) = rs a ee and ¢(n) =p." (p, — 


1)---pf+"*(p, 1). Therefore o(n)$(n) = (pit pit) +++ (pos — phe?) But 


k.-1 
2k, k,-1 2k, pJ k,\2 
(p;? —p,? )=p;? (1- bap =(p;") (1- t=), For p, 21 we find 
P 


k,+1 2 1 1 1 1 1 1 

J s s s 

j 7 mel ee | 2 k,+1 1 2 <1 k,+1° 
P; a P; sf P; i 


7.4 Euler’s Theorem 


The first published proof of Fermat’s little theorem(stated in chapter 5 of this 
book) was given by Euler in 1736, where he had taken a prime p and an integer a. 
But later in the year, 1760 he succeeded in generalizing the result from prime p 
to an arbitrary integer n. This generalization is known as Euler’s generalization 
of Fermat’s theorem. The present section deals with the proof and related ideas 
associated with this remarkable theorem. 

Now, as a precursor to launch the proof of Euler’s generalization of Fermat’s 


theorem, we need the following lemma: 


Lemma 7.4.1. Let n > 1 and gcd(a,n) = 1. Ifk,,k,,+++ ,k,.,,) are the positive 


integers less than and prime to n, then ak, ,ak,,--- ,ak,.,. are congruent modulo 
n to k,,k,,-++ ky, i some order. 
Proof. Here we are going to show that no two of the integers ak, ,ak,,--- ,ak.,.,. 


are congruent modulo n. For if, ak, = ak,(mod n) holds with 1 <i < j < (n) 
then k, = k,(mod n), which is a contradiction since this two integers are less 
than n. Since, gcd(k,,n) = 1 Vi and gced(a,n) = 1 then from the worked out 
Problem 2.6.1) gcd(ak,,n) = 1 Vi. Let us fix ak, for some integer j, there 
exists unique integer b where 0 < b < n for which ak, = b(mod n). Since, 


ged(b,n) = ged(ak,,n) = 1, so b must be one of the integers k,,k,,-+- ky¢,)- 
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This is true for all 7. This proves that the numbers ak,,ak,,--- ,ak and 


o(n) 
the numbers k,, k k are identical with respect to modulo n in a certain 


17%29" "9 a(n) 


order. 


We now represent an example to make a lucid understanding of this lemma. 
For that let us take n = 9 and the set {1,2,4,5,7,8} is a reduce system modulo 
9. Since gcd(2,9) = 1 then we have, 2-1 = 2,2-2=4,2-4=8,2-5=10,2-7= 
14, 2-8 = 16 is also a reduce system modulo 9. 


Theorem 7.4.1. (Euler): If n is a positive integer and gcd(a,n) = 1 then 
a?\") = 1(mod n). 


Now before going to the proof, we illustrate the idea of it by an example. 


Example 7.4.1. From the last example, it is clear that both the sets {1,2,4,5,7, 8} 
and {2-1,2-2,2-4,2-5, 2-7, 2-8} are reduced residue system of modulo 9. Therefore 


(2-1)(2-2)(2-4)(2-5)(2-7)(2-8) =1-2-4-5-7-8( mod 9), 
2°.1.2-4-5-7-8=1-2-4-5-7-8( mod 9). 


Since we have gcd(1-2-4-5-7-8,9) =1, we conclude that 2° = Dey a 1( 
mod 9). 


We now use the idea of this example to the following proof. 


Proof. Let us take n > 1 and k,,k,,--- 


n which are relatively prime to n. Since gcd(a,n) = 1, ak,,ak,,--- ,ak 


» kun) be the positive integers less than 


$(n) 
are congruent to k,,k,,--- ,k (Why!). Then the least positive residue of 


» a(n) 
ak, ,ak,,-++ ,ak are the integers k,,k,,--- ,k in some order. Therefore 


o(n) 179") » a(n) 


(ak, )(ak,) +++ (ak...) = yky+++k 
and so a®™k, ky +++ Rigg = ky ky ok 


o(n)( mod n) 


g(ny( mod n). 


Since gced(k,,n) = 1 for each i so ged(k,k,---k,.,,),7) = 1[see Problem 2.6.1]. 
Thus the congruence becomes a®\”) = 1(mod n). 


Remark 7.4.1. [fn =p is prime, then o(p) = p—1. Further if p{ a, then we 


have a?~' = 1(mod p), which is equivalent to Fermat’s Little theorem. 


Euler’s theorem has vast application in finding the modulo of a large num- 
ber with respect to a positive integer. Applying Euler’s theorem, we can find 
congruent modulo of 4°°! with respect to 99. Since gcd(4,99) = 1 and (99) = 


1 1 2 10 
2 : = Bre rt er, — = — ? 
(3° - 11) = 99 (1 5) (: =) 99 x qe ay 60, from Euler’s theorem 
we have 4°° = 1(mod 99). Now 301 = 5-60 +1, therefore 4°°! = (4°°)° . 4" = 4( 


mod 99). 
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7.5 Worked out Exercises 


Problem 7.5.1. Use Euler’s theorem to evaluate 2!99°°° modulo 77. 


Solution 7.5.1. Here gcd(2,77) = 1, therefore 2°) = 1(mod 77). Now 


$(77) = 6-10 = 60 > 2° = 1( mod 77). 
Hence 
280000 = 1 mod 77), (200) ee = 210M = 1¢ mod 77) 2700" =1( mod 77). 
7, 296000 = 1( mod 77), (29°)3 = 218° = 1( mod 77) = 296% = 1( mod 77). 
7, 299609 = 1( mod 77), (2%)? = 218° = 1( mod 77) = 2°©° = 1( mod 77). 
+, 99980 = 1( mod 77). 


But 21° = 1024, 13-77 = 1001 > 2° = 23(mod 77). Therefore 24° = 234( 
mod 77) => 2199000 = 934(mod 77). Now 232 = 529 = 6-77 + 67 > 23? = —10( 
mod 77) => 234 = 100 = 23(mod 77). Hence 


2100000 = 23(mod 77) 
Problem 7.5.2. For any prime p, prove that: 
T(p!) = 2r((p— 1)!). 


Solution 7.5.2. Let p! = pr pke . -phs -p =1-2-3---(p—1)-p and p,,p,,---p, be 
distinct primes. Here k, > 0 are the integers for each i(= 1,2,---s). Therefore 
(p— 1)! = pip? ---pSs. Since ged(p, p:p2? «--p*») = 1, therefore 


T(p!) = r(p- prt pk2 --- p*s) 
= 1(p)7(pyi pl? --- pi) 
= T(p)T((p — 1)!) 


2-7((p—1)!), ° T(p) = 2. 


I 


Problem 7.5.3. If gcd(a,n) = 1, show that the linear congruence ax = b( 


mod n) has the solution x = ba?) —!(mod n). 


Solution 7.5.3. If « = ba®™-1(mod n), then ax = a(ba?™=-1) = ba?™, 
Since gcd(a,n) =1, by Euler’s theorem we have a? = 1(mod n). 


ax = ba®™ =b-1=0( mod n). 
Problem 7.5.4. Show that if gcd(a,n) = gcd(a — 1,n) =1, then 


tee ea? ar 0 aod'a)) 
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Solution 7.5.4. By Euler’s theorem, we have 
gcd(a,n) = 15 a®™ =1( mod n) > a®™ —1=0( mod n). 


But a?™ —1 = (a—1)(a?™-14...4+a?+a41). Therefore (a —1)(a%™-1 + 
..+@+a ot 1) = 0(mod n). Since gcd(a — 1,n) = 1, therefore 1+a+a? + 
.. + a?)-1 = O(mod n). 


Problem 7.5.5. If m and n are relatively prime positive integers, prove that 
mor) 4. 29 = 1(mod mn). 


Solution 7.5.5. Since gcd(m,n) = 1, therefore an appeal to Euler’s theorem 
produces 
m?™ = 1( mod n) & n?™ = 1( mod m). 


But n®™ = 0(mod n) & m?™ = 0(mod m). 


Since gcd(m,n) = 1, therefore combining we obtain m?™+n%™ = 1(mod mn). 
Problem 7.5.6. Find the units digit of 3'°° by means of Euler’s theorem. 


Solution 7.5.6. Here gcd(10,3) =1. By Euler’s theorem, 3°@° = 1(mod 10). 
Now, ¢(10) = 4, therefore 34 = 1(mod 10). Hence (3*)?° = 1(mod 10). There- 
fore 3!°° = 1(mod 10). Thus, unit digit of 3'°° is 1 


Problem 7.5.7. Prove that a‘? = a®(mod (21° — 23)) for any integer a. 


Solution 7.5.7. Here, 


qi — ga a3(a!? -l)= a3(a® + 1)(a® — 1) 
= a*(a° + 1)((a’ + 1))(a® — 1) 
= a®(a® + 1)((a? +.1))(a? +a4+1)(a—1). 
21° — 23 = 23(2° + 1)((2 + 1))(2? +24 1)(2-1) 
OPS Be he F18. 


Applying the definition of Euler’s phi function we get, 
$(8) = 4, 6(5) = 4, (13) = 12, 6(9) = 6, (7) = 6. 
Case(i) If gcd(a,2'? — 2°) = 1, then this implies, 


gcd(a,8) = 1, gcd(a, 13) = 1, gcd(a,2) = 1, 
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gcd(a,5) = 1, gcd(a,9) = 1. 
Now applying Euler’s theorem in all those above cases we can write, 
a‘ =1( mod 8), a’? = 1( mod 13), a® = 1( mod 7), 
a* = 1( mod 5), a® = 1( mod 9). 
Considering all the congruences together, we have 
a’? = 1( mod 8-5-13-9-7). 
eS @ (mod Y= 97)): 
Case(ii) If gcd(a,2'? — 2?) 41, then for some integer k, 
a = k(2"° — 23), and 
a! 9g3 = (a! —@)a = (a4 —a?)k(2!5 — 23) = a! = a3( mod (215—23)). 
Hence combining both the cases for any integer a, we get a’? = a?(mod (21°— 
2°)). 
Problem 7.5.8. Use Euler’s theorem to confirm that, for any integer z > 
0, 51|1027*? — 7. 
Solution 7.5.8. Here, 51 = 17-3. Therefore $(51) = 16-2 = 32. Also, 
gcd(10,51) = 1 gives 10°°!) = 10°? = 1(mod 51). Thus, 
10°? = 1( mod 51). (7.5.1) 
Next, we are going to show 10° = 7(mod 51). Now, 
10 = 7( mod 3), 
10 = 1( mod 3) > 10'8 = 1( mod 3). 
~, 10° = 10°- 10 =7-1( mod 3), 
or, 10° = 7( mod 3). (7.5.2) 
—10 = 7( mod 17), 
“. (—10)? = 7? = 49 = —2( mod 17). 
+, (—10)® = 10° = (-2)* = 16 =—1( mod 17). 
-, (—10)? =—10 = 7( mod 17). 
.3) > 10° = 7( mod 51). 
A) => 10°? . 10° =1-7( mod 51), 
10°?7+® = 7( mod 51). (7.5:5) 


mh ww 


Thus, for any integer z > 0, 51|10°**9 — 7. 
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Problem 7.5.9. Prove that if a is an integer, then a” = a(mod 63). 


Solution 7.5.9. From Fermat’s little theorem we see that, a’ = a(mod 7). So 
to prove this assertion we need to check a’ = a(mod 9). If 9\a then it is trivial. 
If3t{a then sede, 9) = 1, so from Euler’s theorem it follows that a?) = a® = 1( 
mod 9) or a’ =a(mod 9). Thus together we have a” = a(mod 63). 


Problem 7.5.10. Solve the linear congruence 54 = 3(mod 14) by Euler’s the- 


orem. 


Solution 7.5.10. Here we multiply both sides of the congruence by 5?(04)-1 = 
5°. This gives 5°-2 =3-5°(mod 14). Now by Euler’s theorem we have 5?04) = 
5° = 1(mod 14). This implies, x =3-5° = 15-1111 = 15-9 =9(mod 14). 


7.6 Properties of ¢—function 


Present section deals with some curious properties of Euler’s phi function related 
with some arithmetic functions. Discussion of this chapter commence with an 
important property of totient(¢) function, where the sum of values of ¢(d) where 
d is the divisor of any positive integer n is always equal to n itself. Famous 


German mathematician Carl Friedrich Gauss was the first person to notice that. 


Theorem 7.6.1. For each positive integer n >1,n = S- o(d) where d is posi- 
d|n 
tive divisor of n. 


Proof. Let us choose n = 1 then, S- o(d) = o(1) =1 =n. Thus the equality is 
djl 
true in this case. Now we are only to prove the result for any positive integer 


n > 1. Let us choose a set S| = {1,2,3,---,n} and |S | be the number of 
elements in S,, then clearly |S_,| =n. For each divisor d of n we denote S, be the 


set of all integers not exceeding n and gcd(m,n) = d for each m € S,. Now from 


the proposition (2.4.2) we have gcd(m,n) = d if and only if goa 7 4) a 


We now have to show that each S, has (5) number of elements. Here for a 
particular d all the elements of S, are multiples of d and less than or equal to 


n. Thus the elements of S,, are d, 2d, 3d,--- , (5)a Now, let ad € S, be any 


element where gcd (« *) =e. Then clearly gcd(ad,n) = ed. Here ed = d if and 


only if e = 1 imply that only ad in S, are those whose gcd (« ‘) = 1 that is the 
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number (5). Since each integers of the set {1,2,3,--- ,n} lies in exactly one 
class S,, we have the formula n = ys (5): But d runs through all positive 


d|n 


fy n n 
divisors of n so does ZT Thus finally we have, n = a (5) = s o(d). 


Here we have illustrated the above theorem by means of an example: 


Example 7.6.1. Let us choose a number n = 12 and the divisors of 12 are 
1,2,3,4,6,12. Thus the classes S', are, 


S, = {1,5, 7, 18s = {2, 10}, S, = {35:9 }4 24 = {4, 8}, 5, = {6}S,, = {12}. 


Now, $(12) = 4, 0(6) = 2, 6(4) = 2, 0(3) = 2, 6(2) = 1, ¢(1) =1. 
Therefore \- $(12) = $(12) + (6) + 4(4) + 4(3) + (2) + (1) = 12 =n. 


d\12 
This shows the clarification of our above theorem. 


Also, the next part of our discussion is based on the last theorem. Here we 
illustrate the theorem with a suitable example, which totally depends on the 
multiplicative property of ¢[for further details refer to theorem (7.2.2)]. Now 
for n = 1, the case is trivial. Let us choose n = 24 and apply the formula 
F(n) = an O(@) where F and ¢ are both number theoretic functions. Since 
¢ is multiplicative, F is also so(Why!). Again n = 24 = 2°-3 be the prime 
factorization of 24, which implies F(24) = F(2°)F(3). Now 


F(2’) = S° 4(d) 
a|23 
= $(1) + o(2) + 9(4) + (8) 
=1+(2—1)+ (2? —2)+ (2° — 2?)[- op") = p* —p* |] 
=14142+4+4=23 
and F(3) = S> ¢(d) 


d|3 
= 6(1) + 4(3) =14+2=3. 


Therefore F(24) = 2-3 = 24 and thus we have n = 24 = F(24) = S~ 6(d) 
d|24 
which is our desired result. 


Based on the last example, we are going to give the alternative proof of 
Theorem 7.6.1 as follows: 
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Proof. Ifn = 1, the case is ae Vi Fe we assume n > 1. Let us consider 
the number-theoretic function F'(n => ¢(d). Since ¢ is multiplicative, F’ is 


also so. Let the prime factorization of n a given by n = pa pie ee pes. Then 
F(n) = F(p":) F (pz) --- F(p*). For each value of j, we obtain 


= S> (4) 


dlp,’ 

= o(1) + 4(p,) + d(p?) + o(p) +... + 6(D;") 

=1+(p, —1)+ (p? —p,) + (pp?) +... + (D —?) 
d. 

=p;’. 


Hence F(n) = pir pte . -- pts =n> IC) =n. 


Now for the next part of discussion , let us choose a positive integer 20 and 
(20) = 8. Here the set of positive integers less than 20 and prime to 20 are 
{1,3,7,9,11,13,17,19} and their sum is 1+3+7+9+11+4+134+17419 = 80 = 
4 x 20 x 8. This is not a coincidence, in fact our next theorem deals with it. 


Theorem 7.6.2. For n > 1, the sum of the positive integers less than n and 


1 
prime to n is gro(n). 


Proof. Let k,,k,,-++ , ky.) 
Now using Proposition (2.4.3), we have from congruence relation, 


be the positive integers less than n and prime to n. 


k, tk, +---+k =(n k,)+(n k,)+++++(n Keay) 


o(m) 


Therefore, 2(k, +k, +--+ +4@,.,)) = nd(n) 


1 
=> k, + k, ae K on) = ron), 


which proves the theorem. 


Finally at this point we can give an application of Mobidus Inversion formula, 
which leads us to the following theorem: 


Theorem 7.6.3. For any positive integer n, d(n = ud 


Before going to the proof, let us illustrate the theorem by means of an ex- 
ample: taking n = 14 we see that, 
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d 2) u(7) p14 
uy (Ap) = Moe 
d|14 
= 14[1+ oe 
i tic, Gh 
=uli-5-F4+q 
= 14x 6 =6= (1) 


Proof. From the Theorem (7.6.1) we know, F(n) = S> o(d) = n and from 


d|n 
Mobiéus inversion formulae we have, ¢(n) = ye p(d)F (5). Therefore we get, 
din 
n u(d) 
a(n) = oad) =n XO 
d|n dln 


7.7 Worked out Exercises 


Problem 7.7.1. For a square-free integer n > 1, show that T(n”) = n if and 
only ifn = 3. 


Solution 7.7.1. If n = 3, then r(n?) = 7(37) = 2+1 = 3/refer to Theorem 
6.2.2]. Next, suppose n is square-free with n > 1 and t(n?) = n. Let n = 


P,P,***p, with p, A p,. Moreover, applying Theorem 6.2.2 we get 


t(n?) = 7(peps +p?) 
Ot NO 1s Piss 
- t(n?) = N=D),P,°'p, = 3°, 


which implies all p, = 3. Hencen=3 ands=1. 
Problem 7.7.2. For n > 2, prove the inequality ¢(n?) + ¢((n +1)?) < 2n?. 


Solution 7.7.2. If k is composite, then o(k) < k— Vk. As n? is composite, 
so is (n+1)?. Therefore $(n?) < n2 — Vn? = n?—n. Again o((n+1)?) < 
(n+1)?-—J/(n+1)2=n?+n. Thus 6(n?) + 6((n + 1)?) < 2n?. 


Problem 7.7.3. Given an integer z, prove that there exists at least one k for 
which z|@(k). 
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Solution 7.7.3. Let k = p{1p$2---p°r be such that 


o(k) = per—*---p®r~"(p, —1)-++(p, — 1). 


Our claim is z= p%—*--. pr", So let z = qh + ghs, Choose k = q@i +}... q@s*?, 


. b(k) = qt ---9?+(q, — 1) (9, - 1), 
which implies z|@(k). 


Problem 7.7.4. Show that if z is a product of twin primes, say z = p(p + 2), 
then 


d(z)o(z) = (2 +1)(¢ +3). 


Solution 7.7.4. Here gcd(p,p+2) = 1, so d(z) = o(p)d(p+2) = (p—1)(p+1). 
But o(z) = o(p)o(p + 2) = (p+ I)(p+ 3). Therefore 6(z)o(z) = (p— Dp + 
1)?(p+3). Now (z+1)(z—3) = (p?+2p+1)(p? + 2p—3) = (p+1)?(p+3)(p—1). 


Hence $(z)o(z) = (2+ 1)(z +38). 


Problem 7.7.5. Assuming dln, prove that $(d)|¢(n). 


ky ke a1,.a2 Gr 


Solution 7.7.5. Since d\n, so assume n = p}'p5?...pkr and d= pips”... pt 
where 0 < a; < kj. Then g(n) = n(l sa) re eee oe) and $(d) = 
d(1 Bale! o sell a) Since d\n, then it follows that $(d)|d(n). 


Problem 7.7.6. If z is a square-free integer, prove that for all integers k > 2 


S/ o(d*) (a) = 2*. 


d|z 


Solution 7.7.6. Since @ and o are multiplicative, 


F(z) = S¢ o(d*~")6(d) = S¢ o(d)o(d)---o(d) (a), 
alz dlz (k—1)times 
is also so. 


Case(i) Let z be square-free and z =p. Then 


F(p) = 9) o(a**) 9(@) 


d|z 
= o(1)6(1) + o(p"!)d(p) 
a14 Ph pi ayaphaet. 
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Case(ii) If z= p,p,---p,, then 
dL o(d)$(d) = F(2) = FP, )F(p,) + F,) 


dlz 
= PyPS PL = (PPP) = 2. 
Problem 7.7.7. For any integer n, prove that 3|a(3n + 2). 


Solution 7.7.7. Let 3n+2 = p;'ps? ---p*». Since 3 = 0(mod 3) and 3n+2 = 2 
mod 3), therefore pe 4 0(mod 3) fori =1,2,...,s. If all p. = 1(mod 3), then 
pe ps? ---p¥s = 1(mod 3). Since pst pe? ---p*s = 2(mod 3), therefore 4 one 
p, satisfying pe = 2(mod 3). This implies p, = 2(mod 3). Because if p, = 0( 
mod 3) and p, = 1(mod 3), then this yields pit = 0(mod 3) and pe = 1(mod 3) 
respectively. But this is not the case. Since p, = 2(mod 3), then p? = 4 = 1( 
mod 3) and p* = 2(mod 3). Therefore if p" = 2(mod 3), then r is odd. Hence 
p.’ =2(mod 3), k, is odd. 


k, k, | k,-1 
; py Ape Se. pe pe age Bae) 
: a(p:!) = 1 = 1 ’ 


=p + pit +...+p, +1, and k, is odd. 


Since 2 = (—1)(mod 3), therefore if r is odd then p’ = (—1)(mod 38) and if r is 
even then p’ = 1(mod 3). 


 o(pe) = ph + ph +... +p, +1 
=(-1)+1+...+(-1) +1( mod 3) 
= 0( mod 3.). 
*. 8jo(pi) = 3\(o(ph)) ---o(ph) --- o(pk*) 
> o (ps1 pke a -p*s), “1, o is multiplicative 
3)a(3n + 2). 


Problem 7.7.8. For any integer n > 1 has the form n = pe ps? ...pkr, then 


show that > ya, H(d)(d) = (2 — pi)(2 — pa)... (2 — pr). 
Solution 7.7.8. Since uw and ¢ are multiplicative then u- @ is also multi- 
plicative. Therefore F(n) = dian H(d)G(d) ts also multiplicative. Note that 


n= pr ps? ... pk is the prime factorization of n. Then 
F(p*) = > u(d)o(d) 
d|p* 


= p(1)6(1) + u(p)o(p) +... + wp") o(p*) 
— pl. u(p*) =0 for k > 2h. 


lI 
= 
+ 
7 
e 
Na 
ma 
s 
| 
= 
a 
II 
iw) 
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*, F(n) = (2—pi)(2 — po)... (2 — pr). 


Problem 7.7.9. If the integer z > 1 has the prime factorization z = gh qh . -qhs ; 


prove 
> i6(a) 7 qe Pak qe 41 ~ gant 41 
=F atl +1 gti f- 


Solution 7.7.9. Since f(x) = x is multiplicative, therefore f -@ is also so. 
Hence 


F(z)= s do(d), is multiplicative. 
dl\z 


Consider, 
F(q*) = 5° de(d) 
d|q*® 
=1-61)+¢- 69+ -o(7)+...+4°- (4°), 
=l+qq-)+ 7 (7 -a)+...+¢(¢ - 7%), 
=14+¢ qt+qt ge +¢q° gt... + Gk — gk}, 
= 1+ (-1)"q+ (-1)?¢? + (-1)°¢? +... + (-1)7*q*. 


PEL = (gt 1g — ge 1 4+...+¢?-—g+1)(Why)). 
2k+1 
q +1 2k Qk-1 2 
= +1, 
qf qd q q 
2k+1 
qd +1 
= FG. 
(q ) Get 
dlz 


= Pap Pa) Bal) 


s 


iG IG al qett 41 
Ne Gd ced Gocpdee ys 


Problem 7.7.10. Given k > 0, establish that there exists a sequence of k con- 
secutive integers n+1,n+2,..,.n+k satisfying 


p(n +1) = w(n+ 2) =---=p(n+k)=0. 


Solution 7.7.10. Let p, be the kth prime. Then for i # j. gcd(p*,p*) = 1. By 


Euler’s Generalization and )—function 


virtue of Chinese Remainder theorem, 4 a solution to: 


X =-1( mod p’), 
X = —2( mod p?), 


= —k( mod pe), 


where p, = 2,p, = 3,...,p, = kth prime. Ifn = p,p,---p, and N, = 


a simultaneous solution is 


) (p>) 


ate (—2).Nz 
=> X = —N#?) _ ono") — kN OR), 

1 2 k 
=> X+i=0( mod p’), for i=1,2,3,...,k. 


(PA) 


2 
b geen cary raen be Ne 


=>X+i= ap’, for some integer a. 


Hence p(X +7) =0, i= 1,2,3,...,k. 


7.8 Exercises: 


1. Calculate (5040), (36000). 


2. Prove the following assertions: 
(a) é(3n) = 3¢(n) if and only if 3|n. 
(b) $(3n) = 2¢(n) if and only if 34 n. 


Abe 
P; 
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, then 


3. Ifthe integer n > 1 has r distinct prime factors, then show that ¢(n) > 5+. 


4. Ifn = p{'p? ... ptr then prove the inequality 7(n)¢(n) > n. 


5. Prove that there are infinitely many integers n satisfying ¢(n) = 


n 


3° 


6. Show that Goldbach’s Conjecture implies that for each even integer 2n 


there exists integers ny and nz with (m1) + d(n2) = 2n. 


7. Use Euler’s theorem to establish the following: 
(a) For any integer a, a!’ = a(mod 2730). 
(b) For any odd integer a, a°? = a(mod 4080). 


8. For any prime p prove the following assertions: 
(a) o(p!) = (p + Lo((p — 1))); 
(b) d(p!) = (p + 1)6((p — 1)!). 
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14. 


15. 


. For a positive integer z, prove that oS —~— = 
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. Prove that 4|o(4n + 3) for any positive integer n. 


t1 te 


. If the integer n > 1 has the prime factorization n = p;'p,?...pi” then 


establish that: 


d k - k _ ky (pr— 
Le ee ee 


. Show that for any integer n, (n)|n — 1 if and only if n is prime. 


. Prove that ) Jain 7(d)O(G) = nr(n). 


wd) z 


o(d) Gz) 


d|z 


Show that if p and 2p +1 are both odd primes, then n = 4p satisfies 
o(n +2) = d(n) +2. 


For which positive integer n does ¢(n) divides n? 
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“The mathematician Pascal admires the beauty of a theorem in number 
theory; it’s as though he were admiring a beautiful natural phenomenon. 
Its marvellous, he says, what wonderful properties numbers have. It’s 
as though he were admiring the regularities in a kind of crystal.” 


— Ludwig Wittgenstein 


8.1 Introduction 


In this chapter we have studied another important aspect of modular arithmetic 
called primitive root. To study primitive roots we have introduced the concept 
of order of an integer modulo k(€ Z*). The order of an integer a modulo k is the 
least positive integer t for which at = 1(mod k), where ged(a, k) = 1. Basically 
for this value of k, a becomes the primitive root of k if t becomes ¢(k). For 
instance 3 is a primitive root of 5, because 3°) = 34 = 81 = 1(mod 5) . 

When primitive root exists, it is very convenient to apply them in proofs and 
explicit constructions; for instance if p is an odd prime and a is a primitive root 
modulo p, the quadratic residues modulo p are exactly the even powers of the 
primitive root. 

Another important usefulness of primitive roots is to find indices or discrete 
logarithms of integers. This discrete logarithm which follows similar properties 
as logarithm of positive real numbers, can be applied in simplifying the compu- 
tations of modular arithmetic. 

The primitive root modulo k is mainly used in Cryptography, including the 
Diffi-Hellman key exchange. Also primitive roots are applicable in sound dif- 
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fusers. 


8.2 Multiplicative Order 


In the last chapter we have seen that for any integer a and positive integer m 
with gced(a,m) = 1, a?" = 1(mod m) where ¢(m) is Euler’s phi function. 
Thus there exists at least one integer x which satisfies the equation a” = 1( 
mod m). Then from well ordering principle we can assert that there exists a 
least positive integer n which satisfies the above congruence equation. This 
leads to the following definition. 


Definition 8.2.1. Let m > 1 and there exists an integer a such that gcd(a,m) = 
1. Then the least positive integer x which satisfies the equation a” = 1(mod m) is 
called order of integer a modulo m, denoted by ord,,a. In 1801 Gauss introduced 


this notation in his text book Disquisitiones Arithmeticae. 


Example 8.2.1. Here, our goal is to find an order of 3 modulo 11. We have 
3° = 243 = 1(mod 11). Therefore the integer 3 has order 5 modulo 11. 


In above example, if we consider 31°,3!° or powers in terms of multiple of 
5 then those values will also satisfy the equation 3” = 1(mod 11). Our next 
theorem deals with this fact. 


Theorem 8.2.1. If a(€ Z) has order n modulo m i.e. ord,,a =n then, a? = 1( 
mod m) holds if and only if n divides b. 


Proof. Suppose n divides b. So b can be written as b = kn for some integer k. 


Since ord,,a = n then, 
a" = 1( mod m) => (a”)* = 1( mod m) or a? = 1( mod m). 


Conversely, let b be a positive integer satisfying a” = 1(modm). Then 


by the division algorithm J q,r such that b = qn+r, 0<r<_n. Therefore 


a’ = (a")4.a". Now a? = 1(mod m) and a” = 1(mod m) together implies a” = 1( 


mod m), which contradicts the fact that n is the least positive integer. Therefore 


we have b = qn and consequently n|b. This proves the theorem. 


An immediate consequence of the last theorem leads to the following corol- 
lary. 


Corollary 8.2.1. Ifa and™m are relatively prime with m > 0 then, order of the 


integer a modulo m must divides ¢(m) i.e. ord,,a|o(m). 
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Proof. We know that gcd(a,m) = 1. Then by Euler’s theorem, a?) = 1( 
mod m) satisfies the equation a* = 1(mod m). If k be the order of a modulo m 
i.e. ord,,a = k then, k must divide ¢(m). 


We now illustrate the fact by means of an example. For that, let us choose 
a=5and m= 12. Then the integers less than 12 and prime to 12 are 1,5, 7,11. 
Thus, ¢(12) = 4. It is easy to see that 5? = 1(mod 12) > ord,,5 = 2. Obviously 
2 divides 4 = $(12). Then we can write this as 54 = 5°(mod 12) where 4 = 2( 
mod 2). Our next result is based on the order of an integer. 


Theorem 8.2.2. [fa has order n modulo m i.e. ord,,a =n then, for some non 


negative integers i and j the congruence a’ = a)(mod m) holds if and only if 


i = j(mod n) prevails. 


Proof. To start with, assume a’ = a/(mod m) where i > j. Since gcd(a,m) = 1 
then, a’? = 1(mod m)(Why?). As a has order n modulo m so, n|(i — j) [refer 
to Theorem 8.2.1]. Therefore ¢ = j(mod n). 

For the converse part, let i = j(mod n). Then i = gn+ 7 for some integer gq. 
Also, a” = 1(mod m). This shows that at = a’1+J = (a")?- a) = a/(mod m). 


This finishes the proof. 


Theorem 8.2.2 gives an idea about the exponent x of a which satisfies a* = 1( 
mod m). Now a fairly natural question presents itself: Is it possible to express 
the order of any exponent of a in terms of order a? The following theorem 


contains the answer. 


Theorem 8.2.3. If the integer a has order n modulo m, then a’ has order 


"modulo m for some t > 0. In other words, for somet > 0 iford_ a=n 
gcd(t, n) a 
n 
th eS. 
en ord, a CR 


Proof. Let d = gcd(t,n). Then t = bd, n = b,d with gcd(b ,b,) = 1 for some 
integers b; and by. Now (a‘)®2 = (a’!4)@ = (a”)'1 = 1(mod m). If at is assumed 


to have order r modulo m then by Theorem 8.2.1, we have r|bp. On the other 


hand, since a has order n modulo m, the congruence a‘ = (a‘)" = 1(mod m) 
indicates n|tr. This yields b, d|b, dr => b, |byr. Now gcd(b,,b,) = 1 shows 6,|r. 
Also, r|b, and b, |r simultaneously implies r = b, = “ = aa Therefore a’ 
has order —~— modulo m. 

gcd(t, n) 


We take immediate advantage of this theorem to prove the following corollary. 
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Corollary 8.2.2. Let a(€ Z) has order n modulo m. Then a‘ also has order n 
if and only if gcd(t,n) = 1 i.e. ord,a' =n <=> ged(t,n) = 1. 


Proof. From Theorem 8.2.3, we have ord, a’ = 5; Then ord,,, a' = nif and 


2-1 
gced(t,n 


only if ged(t, n) = 1. 


Example 8.2.2. The following example will exemplify Theorem 8.2.3. Let us 


choose a = 4 and m = 13. Then 4° = 1(mod 13). Thus ord,,4 = 6. Now 


ord,,4° = ey = 2. In fact 418 = (4°)? = 1(mod 13). 


In Corollary 8.2.1, we have seen that order of integer modulo m must divide 
¢(m), provided a and m are prime to each other. If the order of integer modulo 


m becomes exactly ¢(m), then a is called primitive root of m. 


Definition 8.2.2. For an arbitrary integer a relatively prime to a positive in- 


teger m with ord,,a = o(m) then, a is called the primitive root of m. 


In fact, the above definition can be written as a®™ = 1(mod m) where 
gcd(a,m) = 1. For instance if we choose a = 5 and m = 7 then, ¢(7) = 6 as 
7 is prime and we see that 5° = 1(mod 7) verifying 5 as a primitive root of 7. 
Also there are some cases where we cannot find primitive roots. For example if 
we choose a = 7 and m = 6 then, the integers less than 6 and prime to 6 are 
1,5. Thus, (6) = 2 and also 7 = 1(mod 6) but 7? 4 1(mod 6). So in this case 
7 is not a primitive root modulo 6. Our next theorem is going to exhibit an 


important property of primitive roots. 


Theorem 8.2.4. Ifa and m(> 0) are relatively prime and if a is primitive root 
of modulo m, then the integers a',a?,---a®™ forms a reduced residue system 


modulo m. 


Proof. Its suffices to prove, all of the integers a‘, a?,-- -a?(™ are incongruent 
modulo m. If not, let a’ = a?(mod m) for 1 <i < j < $(m). Thereby using 
Theorem 8.2.2, we can say that i = j(mod ¢(m)). But this is possible only 
if i = j, which proves that a',a?,-- a?) are incongruent modulo m. Hence 


a sass -a®(™) forms a reduced residue system of modulo m. 


The following corollary deals with finding the number of primitive roots: 


Corollary 8.2.3. If an integer m(> 0) has primitive root then, the number is 


exactly o(¢(m)). 


Proof. Let a be a primitive root modulo m. Then from Theorem 8.2.4, all the 


2 


integers a!,a?,---a®(™ forms a reduced residue system modulo m. Again using 
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Corollary 8.2.2, we can assert that a‘ is a primitive root modulo m if and only 
if gcd(t, d(m)) = 1. As there are ¢(¢(m)) such integers then the number of 
primitive roots are exactly ¢(¢(m)). 


Example 8.2.3. Let us choose a = 2 and m = 11. Then the integers less 
than 11 and prime to 11 are 1,2,3,4,5,6,7,8,9,10. In fact ¢(11) = 10. Its 


obvious that 2!° 


= 1(mod 11). Thus 2 is a primitive root modulo 11. Now 
from the above corollary, we can say there are exactly ¢(¢(10)) = 4 primitive 
roots as the integers less than 10 and prime to 10 are 1,3,7,9. Now 2? =8= 8( 
mod 11), 2’ = 128 = 7(mod 11), 29 = 512 = 6(mod 11). So here the primitive 


roots of 11 are 2,6,7,8. 


8.3 Worked out Exercises 


Problem 8.3.1. Find the order of the integers 2,3, & 5 modulo 19. 


Solution 8.3.1. Here 6(19) = 18. Therefore the divisors of 18 are 1,2,3,6,9, 18. 
Under modulo 19, 


1 


FSA a6 S 72] 15, 2" 


imply order of 2 is 18. By similar reasoning, 


Bete eee Oe ae bo ea 


generates order of 3 to be 18 and 


Sa Ree — Oh IS ey ee — a 


produces order of 5 to be 9. 


Problem 8.3.2. If k is a positive integer and a is an integer relatively prime 


to k such that order of a modulo k is k —1 then, show that k is prime. 


Solution 8.3.2. An appeal to Euler’s theorem yields a*~! = 1(mod k) and 
a®*) = 1(mod k). If $(k) < k—1, then this leads to a contradiction. Hence 
o(k) =k—1. If k were composite, then it would have a divisor d withl<d< 
k. Furthermore, k is a divisor of itself and this implies ¢(k) < (k — 2). But 


o(k) =k—1 shows that k is not composite and hence a prime. 


Problem 8.3.3. Assume that the order of a modulo n is h and the order of b 
modulo n is k. Show that the order of ab modulo n divides hk; in particular, if 
gcd(h,k) = 1 then ab has order hk. 
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Solution 8.3.3. We note that 


a’ = 1( mod n) > a”* = 1( mod n), 


b* = 1( mod n) > b*" = 1( mod n). 
- (ab)’* = ah*b’® = 1( mod n). 
Thus by virtue of Theorem 8.2.1, order of ab divides hk. Next suppose gcd(h, k) = 


1. Leth = prt pe? -+ + ple & k= qi! qh? ve ghs, Here q, # p, as ged(h,k) = 1. 
Let w be the order of ab. Then w\|hk. So 


l,l Lm, .m m 
wW=pip2---prg, 1g, a 5, 


whereO <1, Sh, O<m, <k,. Letbw =hk,, hy = pipe pr, ky = 
PT at 


qq. ?+--q™>. Thus h,|h, k,|k. Leth =hh, & k=kk,. 


- (ab)"=*u = ahe*up%e*y = 1( mod n). 
- (alto ky pha ky )h = 1( mod n). 
But (ab=*u phe ky )* — gihaky prhaky 


= (a")*u (b")’u = (b")*v( mod n), as a” = 1( mod n). 
(8.3.2) 


(8.3.1) 


(8.3.1) and (8.3.2) together imply (b”)*» = 1(mod n). Since order of b is k, 
therefore we get k|hk, (refer to Theorem 8.2.1). Since gcd(h,k) = 1, therefore 
klk,. Hence k|k,, k,|k > k=k,. Similarly, h = h,. Finally, w = hk. So 
gcd(h, k) = 1 => order of ab = hk. 


Problem 8.3.4. Prove that the odd prime divisors of the integer n* +1 are of 
the form 8k +1. 


Solution 8.3.4. Assume p\(n4 +1). Therefore n* = —1(mod p) > n® = 1( 
mod p). Here gcd(n,p) = 1, for ifn = kp (k € Z) n* = (kp)* => pln’. 

This combines with p|(n* +1) gives p\1, which is impossible. Let r be the order 

of n modulo p. Therefore r|8 [refer to Theorem 8.2.1]. Thus, r = 1,2,4,8. 

Here order of n can not be 1, forn = 15> n4 = 1. Similarly, order of n 

can not be 2 and 4(Why!). Hence order of n modulo p must be 8. Therefore 

8|¢(p) > 8|\(p -— 1) > p= 8k +1 where k € Z. 


Problem 8.3.5. Prove that if p and q are odd primes and q|(a? — 1), then either 
q\(a — 1) or else q = 2kp +1 for some integer k. 


Solution 8.3.5. Our first claim is gcd(a,q) = 1. For if, let gcd(a,q) = d(> 
1). Then dlq & q\(a? —1) together yields d|(a? —1). Also dla implies d|1, a 
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contradiction. Hence our first claim is fulfilled. Now q|(a? -lsa@= il 
mod q). Let r be the order of a modulo q. Then r|p [refer to Theorem 8.2.1]. 
Moreover p being prime shows r = 1 or p. If r = 1, then a = 1(mod q) > 
q\(a—1). Ifr =p, then p\d(q) (Explain Why!). But é(q) = q—1. Therefore 
p\(q—1) > pk =q—1, k EZ. But q being odd implies q—1 is even. Since p is 
odd, k must be even, so k = 2k for some k € Z. Therefore p(2k) =q—1, q= 
2pk +1 for some k. 


Problem 8.3.6. Verify that 2 is a primitive root of 19, but not of 17. 


Solution 8.3.6. Here, 


o(19) =18, 2°=64=7( mod 9) 
7? = 49 = 11( mod 19) 
7 =77 =4-19+1=1( mod 19) 
21 = (2°)? = 73 =1( mod 19). 
Therefore 2'* = 2°79) = 1(mod 19). Suppose order of 2 modulo 19 = r(< 18). 
This implies r|18. So r = {1,2,3,6,9}. Now, 
2'#1( mod 19) > r¥1. 
2? 41( mod 19) >r #2. 
2° 41( mod 19) >r 43. 
2°=7#£1( mod 19) >r¥6. 
2°=8-7=56=18( mod 19) > rF9. 
So o(19) = 18 is the smallest integer r for which 2” = 1(mod 19). Hence 2 is a 
primitive root of 19. 
Neat for 17, (17) = 16. Let r be the order of 2. Therefore r € {1,2,8, 16}. 
Here r #1,2,4(Verify!). Now 
2° = 15-17+1=1( mod 17). 
3, 28 =1( mod17). 
So order of 2mod 17 is 8 and not 16. Hence 2 is not a primitive root of 17. 
Problem 8.3.7. Let r be a primitive root of the integer n. Prove that r® is a 
primitive root of n if and only if gcd(k, o(n)) = 1. 
Solution 8.3.7. Since r has order ¢(n) modulo n, by virtue of Theorem 8.2.3, 
o(n) . k 
————. modulo n. Now if gcd(k, o(n)) = 1, then r® has order 
ged(k, 6(n)) ee 


¢(n) implies r* is a primitive root of n. 


r* has order 
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Conversely, suppose r* is a primitive root of n. Then, r® has order $(n) 


modulo n. From above, d(n) = may = gcd(k, d(n)) = 1. 


Problem 8.3.8. Prove that if p and q > 3 are both odd primes and q|R,, then 


q=2kp+1 for some integer k. 


10? — 1 10? —1 
Solution 8.3.8. Here, R, = . If q|R, then for some r, qr = > 


q(qr) =10?—1. This shows q|10? —1 implying q|(10—1) or q = 2kp+1 for some 
k [refer to worked out Problem 8.8.5]. Since q > 3, then q{ (10-1). Therefore 
q = 2kp+1 for some integer k. 


Problem 8.3.9. Prove that a is a primitive root modulo odd prime p if and 


only if a is an integer with gcd(a,p) = 1 such that 
a # 1( mod p) 


for all prime divisors q of p—1. 


Solution 8.3.9. Let a be a primitive root modulo p. Then the order of a modulo 


p is b(p) =p —1. Thus for any prime divisor q of p—1 we can assert that 


aa £1( mod p). 


In anticipation of a contrapositive argument, let a be not a primitive root of p. 


Then there exists an integer t <p—1 with at = 1(mod p). Now from Corollary 
8.2.1, we can say that t divides p—1. This implies that p—1 = st for some 
integer s(> 1). Then we have pot =t. Let q be a prime divisor of s. This 
shows that po =t-(<). From this we get, 


(p=1) 


a @ =a'a) = (a)t = 1( mod p). 


This finishes the proof of the converse part. 
Problem 8.3.10. Prove that if a is a primitive root modulo m, then @ is also 
primitive root modulo m, where @ is an inverse of a modulo m. 


Solution 8.3.10. Let a be a primitive root modulo m, then we have a? = 1( 
mod m). Let the order of @ modulo m be k. Then by virtue of Corollary 8.2.1 


we get k|d(m). Since @ is inverse of a modulo m then, 


aad = 1( mod m) 

=> (aa)* = 1( mod m) 
=> a*(a@)* = 1( mod m) 
=> a* =1( mod m) 


This shows that ¢(m)|k. Combining k|¢(m) and ¢(m)|k yields k = o(m). This 


proves that @ is also primitive root modulo m. 
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8.4 Primitive Roots for Primes 


In the foregoing section we have dealt with an important concept, known as 
primitive roots. In the present section we will study whether every prime has a 
primitive root or not. To proceed further, the concept of polynomial congruence 
will act as an important tool. The definition of polynomial congruence is as 


follows: 


Definition 8.4.1. Let f(x) be a polynomial with integral coefficients, then the 


expression f(x) =0(mod m) is known to be polynomial congruence modulo m. 


Here in polynomial congruence an integer a is a root of f(#) modulo m if 
f(a) = 0(mod m). Also if a is a root of f(a) modulo m then it is obvious that 
every integer which are congruent to a modulo m is also a root of f(x) = 0( 
mod m). 

For instance, let f(x) = 2? + 2x +4 has two incongruent roots modulo 6 and 
they are « = 2(mod 6), x = —4(mod 6). If we choose g(x) = x? + 2 then it has 
no roots modulo 6. The next theorem deals with roots of a polynomial modulo 
p, where p is prime. 

Theorem 8.4.1. (Lagranges): Let f(x) = anx” + Gn—1v"* +++» + a9 and 
p {an (n > 1), where p is prime then the polynomial congruence f(x) = 0( 


mod p) has at most n incongruent solutions modulo p. 


Proof. Let us apply the principle of Mathematical induction on n, degree of 
f(x). Ifn = 1 then f(x) = ayxz + ao. Since p { a; then gcd(a,,p) = 1, thus 
the congruence equation ajx% = ao(mod p) has unique solution|[refer to Corollary 
4.4.1]. Thus the result is true for n = 1. 

Suppose the statement is true for all polynomials whose degree is k(> 1). 
Let the degree of f(a) be k + 1, whose one of the roots being chosen as a. 
Then we have, f(z) = (4 — a)g(x) + r, where the degree of g(x) is k with 
integral coefficients. Also, r is constant. Since a is a root of f(x) then, f(a) = 
(a—a)g(a) +r = 0(mod p). So we can write, f(a) = («—a)g(x)(mod p). Now 
as the degree of g(x) is k then p does not divide the leading coefficient of g(x), 
otherwise p will divide the leading coefficient of f(a) whose degree is k + 1. If 
8 be another root of f(x) then, f(8) = 0(mod p) => (8 — a)g(Z) = 0(mod p). 
As a, 6 are different roots under congruence modulo p, then we have g(3) = 0( 
mod p). As the degree of g(x) is k, by induction hypothesis, at most k numbers 
of @ are possible. 

Therefore f(x) = 0(mod p) has at most k +1 incongruent solutions modulo 
p. Thus the statement is true for n = k +1 and hence it is true for all integers 
n(> 1). 
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This result leads to an observation that is useful in certain situations; namely, 


Corollary 8.4.1. [fp is prime and q divides p—1, then the congruence equation, 
xz? —1=0(mod p) has exactly q incongruent solutions. 


Proof. Here q|(p — 1) implies p — 1 = qk for some integer k. Then, 


aP-h 1 = (a7 —1)(xP*-) 4 ph?) 4. 4 2 4-1) 
= (7? 1) R@), 


Here R(x) = x%'—-)) + gh?) 4... + 21 +1 whose degree is g(k — 1) = 
gk —q = (p—1)—gq. Applying Theorem 8.4.1 we can say that R(x) has at most 
(p — 1) —q incongruent roots. Also from Fermat’s little theorem, x?~' — 1 = 0( 
mod p) has p—1 incongruent roots under modulo p. Now let x = c be a solution 
of x?—-'—1 = 0(mod p) but not a solution of R(a) = 0(mod p). Then x = c must 
be the solution of «4 — 1 = 0(mod p). So Theorem 8.4.1 yields the number of 
incongruent solutions of 7?—1 = 0(mod p) is exactly (p—1)—(p—1)+q = q. 


Now we are in a stage to assert that for any prime p and any divisor q of 
p—1, the congruence equation whose degree is q has exactly q different solutions 
under modulo p. Our next theorem focuses on the number of integers having a 


given order under modulo p. 


Theorem 8.4.2. Let p be prime and d a positive divisor of p—1. Then the 


number of incongruent integers of order d modulo p is ¢(d). 


Proof. Let d|(p —1) and x(d) be the number of positive integers having order d 
modulo p which are less than p. Since every integer lying between 1 and p — 1 
has order d for some d|(p — 1), it follows 


p-1= > x(a). 


d|(p—1) 


Again from Theorem 7.6.1 we observe that, 


p-1= > ¢(d). 


d|p—1 


Combining the last two equations, we obtain 


YS x™@= YS 6M. (8.4.1) 


d|(p—1) d|(p—1) 
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Claim: d|(p—1) > x(d) < ¢(d). From (8.4.1) it follows that y(d) = (d). If 
x(d) = 0 then we are done. Let us choose .(d) > 0, which shows that there exists 
an integer n of order d. Then there exists d number of integers n,n?,n°,--- ,n% 
which are incongruent modulo p. Also, these integers satisfy the equation «4 = 1( 
mod p) because, (n*)4 = (n4)* = 1(mod p) where k € {1,2,--- ,d}. However 
the Corollary 8.2.2 signifies that any power k of a is of the order d modulo p 
provided gced(k, p) = 1. Finally, we conclude that k is no one but ¢(d) and also 
x(d) = $(d). So the number of incongruent integers having order d modulo p is 


¢(d). This proves the theorem. 


If we substitute d = p— 1 then we arrive at the following corollary: 
Corollary 8.4.2. Every prime has a primitive root. 


Proof. In the above theorem, taking d = p— 1, p being a prime, we can say 
that there are ¢(p — 1) incongruent integers of order p— 1 modulo p. Using the 
definition of primitive root, for any integer a relatively prime to p, the order of 


a becomes d = p— 1 = ¢(d) modulo p implies a is a primitive root. 


Remark 8.4.1. Using Corollary 8.2.3, for any prime p which has a primitive 
root, the number of primitive roots are ¢(¢(p)) = d(p — 1). 


Finally, the following example illustrates the above results: 


Example 8.4.1. Choose p= 29. Then d=4 is a divisor of p—1= 28. So the 
number of integers incongruent modulo 31 of order 4 is 6(4) = 2. Also, there are 
$(6(29)) = (28) = 14 number of primitive roots. Taking n = 12, shows 124 = 1( 
mod 29) (Verify!), satisfies ct —1 = 0(mod 29). So the number of integers of 
the form 12* where 1 < k < 28, are relatively prime to and less than 29. Now 


the order of 12* is gcd(k, 28) =4, ifk =7,21. 


Finally we need to evaluate 12" and 127! modulo 29. In fact, 


127 = 17( mod 29) 
127! = 12( mod 29). 
Thus 12 and 17 are the only integers of order 4 modulo 29. Again if we choose 


n=2 and d=p—1= 28 then we have 28 = 1(mod 29). This shows that 2 is 
the primitive root modulo 29. 


The concluding part of the section deals with the following table which lists 


the smallest positive primitive root for each prime below 200. 
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Prime | Least Positive Primitive Root | Prime | Least Positive Primitive Root 
2 1 89 3 
3 2 97 5 
i) 2 101 2 
7 3 103 i) 
11 2 107 2 
13 2 109 6 
17 3 113 3 
19 2 127 3 
23 5 131 2 
29 2 137 3 
3l 3 139 2 
37 2 149 2 
Al 6 151 6 
43 3 157 5) 
AT i) 163 2 
53 2 167 i) 
59 2 173 2 
61 2 179 2 
67 2 181 2 
71 7 191 19 
73 5) 193 i) 
79 3 197 2 
83 2 199 3 


Table 8.1: Primitive root for Primes 
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8.5 Worked out Exercises 


Problem 8.5.1. Prove for an odd prime p, the only incongruent solutions of 


x? = 1(mod p) are 1 and p—1. 


Solution 8.5.1. Since p is odd prime therefore, 2|(p— 1). Hence with reference 
to Corollary 8.4.1, the congruence equation has exactly 2 incongruent solutions. 


Clearly, 1 is a solution as 1 = 1(mod p). Now p—1 is also a solution as 
(p—1)? =1(mod p). Therefore 1 and p—1 are solutions and they are incongruent 
modulo p. 


Problem 8.5.2. Find all the positive integers less than 43 having order 6 modulo 
43, provided 3 is a primitive root of 43. 
Solution 8.5.2. By virtue of Theorem 8.2.2, 3°(1 < k < 42) are incongruent. 
42 
Thus, all integers less than 43 are congruent to 3" having the order ged (h, 43) 
modulo 43/refer to Theorem 8.2.3]. Now 
42 


——— =6 = egecd(k, 42) = 7 > k=7, 35. 
gcd(k, 42) ged\kia2) ; 


Thus, 3",3°° have order 6 modulo 43. Here, 


3° = 27,34 = 81 =—5( mod 43), 

#3" = -135 = —135 + 3-43 = 37 = —6( mod 43). 
3" 37 = (—6)(—6) = 36 = (—7)( mod 43), 
318 = (—7)(—5) = 35 = (—8)( mod 43). 
3°? = 314.318 = (—7)(—8) = 56 = 13( mod 43). 
3°35 = 39 = —4( mod 43), 

7,38 = 9(—4) = —36 = 7( mod 43). 


Hence 7(= 3°°), 37(= 3") have order 6 modulo 43. 


Problem 8.5.3. Considering r as a primitive root of the odd prime p, prove 


the following: 
1. The congruence —— —1(mod p) holds. 
2. If ry is any other primitive root of p, then rr, is not a primitive root of p. 


3. If for the integer r’, rr’ = 1(mod p) holds then r’ is also a primitive root 


of p. 
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Solution 8.5.3. 1. From Fermat’s theorem, we have r?~! = 1(mod p). As 
pet € Z, therefore r= exists. 


- r?-1__1=0( mod p) > (r= = (r= +1) =0( mod p). 
If (r= —1) = 0(mod p), then r fails to have order p— 1(Why!). 


- (r= +1)=0( mod p) > Pres —1( mod p). 


2. On the contrary, if rr; would have been a primitive root of p then its order 
would be p—1. By virtue of (1), 


p-1 
a —1( mod p), & r,? =-—1( mod p), 


A contradiction to our hypothesis(Why!). Hence the statement follows. 


3. Let us assume 1 <r! <p—1. For ifr’ =p then, r’ =0(mod p). Ifr’ > p 
then, by division algorithm we can write r' = qp+s for some integers q 
and s withhO <s<p—1. This implies r’ = s(mod p) and both r’ and s 
have same order. This follows that gcd(r’,p) = 1. Now consider (r’)* with 
1<k<p-1. Ifk<p-—1 and (r')* =1(mod p) then, 1 = 1* = (rr’)* = 
r®(r')k = r*(mod p). This contradicts the fact that r is a primitive root 
modulo p. Therefore 1 = 1-1! = (rr’)P-! = rP-1(r’)P-! = r*(mod p). 
Now (r’)* £ 1(mod p)(1 < k < p—1) and ged(r’,p) = 1 together implies 


that r’ is a primitive root of p. 


Problem 8.5.4. For a prime p > 3, prove that the primitive roots of p occur in 


incongruent pairs r,* where rf = 1(mod p). 


Solution 8.5.4. Referring to Theorem 7.2.4, forn > 2, (n) is an even integer 
so that o(n) > 2. Let r be one primitive root of p. Then r,r?,...,r?~+ are 


congruent to 1,2,3,...,p—1 in some order and so r,r?,...,7?~1 


are incongru- 
ent/refer to Theorem 8.2.4]. Since p > 3, there are at least three members in the 
list. Let f = r?-?. Then r and ¥ are incongruent and r® = r?~' = 1(mod p). 


So * is another primitive root(refer last problem), thereby it follows that if r is 


a primitive root of p(> 3) 4 another primitive root * incongruent to r such that 
rf = 1(mod p). 


Problem 8.5.5. Use the fact that each prime p has a primitive root to give a 
different proof of Wilson’s theorem. 
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Solution 8.5.5. Let r be a primitive root of p. Now, 1,2,3,...,p—1 are the 
positive integers relatively prime to p. Also, d(p) = p—1. Then, by virtue of 
Theorem 8.2.4, r,77,...,7? + are congruent modulo p to 1,2,3,...,p—1 in same 


order. 


wore? eepP) = 1.2-3----(p—1)( mod p) 


a ee ee (p — 1)!( mod p) 


P(p—1) 


=>r 2 =(p—1)\( mod p) 
=> (r?~1)P = [(p — 1)!]?( mod p). (8.5.1) 


Since r is a primitive root of p, therefore r?-! = 1(mod p). So (r?~+)? = 1( 
mod p). Thus from equation(8.5.1), we obtain 
[(p — 1)!]? = 1( mod p) 
=> [(p — 1)!]? —1 = 0( mod p) 
=>[(p — 1)! + 1][(p — 1)! — 1] = 0( mod p). 


If (p — 1)! —1 = 0(mod p), then r2 =~ = (p—1)! = 1(mod p). But r?-! = 1( 

mod p) => r? = r(mod p). Therefore peg = Gales af 3 = 1(mod p) 
-1 

Thereby contradicts the fact that the order of r = p—1, as ' 5 < (p—1) 


Hence (p — 1)!+ 1 = 0(mod p) => (p— 1)! = (—1)(mod p). 


Problem 8.5.6. If p is a prime, show that the product of the ¢(p—1) primitive 


roots of p is congruent modulo p to (—1)%?-)), 


Solution 8.5.6. Since r is a primitive root of p, therefore r,r?,...,r?~! are 


congruent modulo p to 1,2,3,...,p—1 in some order/refer to Theorem 8.2.4]. If 
s be any other primitive root of p, it must be congruent to one of 1,2,3,...,p—1. 
Therefore s is congruent to one of r,r?,...,r?~'. Hence all primitive roots of 
p are of the form r*, where 1 <k <p—1. Since gcd(k,p —1) = 1, therefore 
we havek £ p—1. So k must be of the form 1 <k < p—1. Let us denote 


these @(p — 1) integers as k,,k,,..-,ky, 4), 1<k, <p—1. Thus, the product 
of these primitive roots is 
pig he cas ph om—1) ae pt that FR aaiy, 


Now Theorem 7.6.2 yields 


1 
ky +k, +..-+kyg 1 = 5 (P - 1)d(p — 1). 


a phi the tt hg 1y — po (P—1)b(p-1)_ 
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For p > 2, ¢(p—1) is even/refer to Theorem 7.2.4]. So 2|o(p —1). 


_ pk @-1O-1) — 


(r@-D)39@-2) 
= (1)??®-)) = 1( mod p), -., 50(0 - 1)>1, forp>2. 
Since o(p — 1) is even, (—1)*"-) =1. This shows that, 
phi thet thy ay = A\te-D Cred pi): 
For p = 2, the only primitive root is 1, ¢(2) =1 and so, 
phi thet+Rsm-1) = 1 = (—1)( mod 2), «, 1 = (—1)( mod 2). 
Hence the formula holds for p = 2. 


Problem 8.5.7. Show that if p is a prime and p = 2q+ 1, where q is an odd 


2 


prime and a is a positive integer with 1 <a<p-—1, then p—a* is a primitive 


root modulo p. 


Solution 8.5.7. Since p is a prime, therefore ¢(p) = p—1 = 2q. Now the 
possible orders of p—a? are 1,2,q and 2q. 
If p— a? has the order 2, then we get 


(p — a*)? = p* — 2pa? +. a* = a*( mod p). 


2— 


Here a (mod p), as a can not be of order 4. Thus we have a = +1(mod p). 
But this is not possible, because 1 <a<p—1. This shows p—a? does not posses 
order 2. 


If p — a? has order q, then using binomial theorem we get 


(p— a”)? = —(a74) = —1( mod p). 


Again, this proves p— a? does not posses order q. 
Hence (p—a?) has the order 2q and (p—a?) becomes a primitive root modulo 


p. 


Problem 8.5.8. Let r be a primitive root of the prime p with p=1( mod 4). 


Show that —r is also a primitive root. 


Solution 8.5.8. Let r be a primitive root modulo p where p = 1(mod 4). Let t 
be the order of —r modulo p. Thus, from Corollary 8.2.1 we have t|(p—1). This 
shows p—1= kt for some integer k. Here we need to show k = 1. For that, let 


us suppose k > 1. Two cases arise: 
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Case-I: If k is odd, then t = " is even. This gives (—r)' =r' = 1(mod p), 
which contradicts the fact that r is a primitive root modulo p. 


p-1 


Case-II: If k is even, then (—r)' = (—r)"® = 1(mod p). As k is even, 


then pot a gives ( r)?> = 1(mod p). Here pt is even as, p = 1(mod 4). 


Hence 


(—r)*F = (-1)*F (r)*F =r'F =1( mod p). 


Again we arrive at a contradiction(Why!). Thus the only possibility remains 


k=1. This shows —r is a primitive root modulo p. 


8.6 Existence of Primitive Roots 


A recent section of this chapter deals with the existence of primitive roots for 
primes. In the present section, our main aim is to find the existence of primitive 
roots for composite numbers. We discourse this fact by square of a prime number, 


which are speculated in the following theorems. 


Lemma 8.6.1. [fp is an odd prime having a primitive root r modulo p, then 
r?-! # 1(mod p”). 


Proof. Since r is a primitive root modulo p, then the order of r is ¢(p) = p—1. 
Also we have, r?~' = 1(mod p). Let n be the order of r modulo p?, then r” = 1( 
mod p*). This shows that P(r” -ls= pir” —1. Therefore r” = 1(mod p). 
Again Theorem 8.2.3 gives, o(p) = (p — 1)|n and Corollary 8.2.1 generates 
n|o(p") = p(p — 1). Now combining them, we can say that either n = p— 1 or 
n = p(p—1). Finally, our task is to show n = p—1 is not possible. Let us 
choose s = r + p where s becomes a primitive root modulo p ['.. s = r(mod p)}. 
Now applying Binomial Theorem, 


shh = (r+p)P, 
p-1 p—2 pd p-3 p-1 
rP—* + (p—1)r? “p+ a |P pote +p, 


=r?) + (p—1)r?-*p(_ mod p’”), 


I 


= pP-t_ pr?-?( mod p’). 


From this congruence equation, we can assert that s?~' # 1(mod p*). Other- 
wise, if s?~-' = 1(mod p”) holds then pr?~? = 0(mod p?) > p?|r?~*p. Thus 
pir?-? ( ged(p,r) = 1), which is not possible(Why!). This shows that for any 
primitive root r modulo p, r?~! 4 1(mod p?). 
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In the preceding lemma, we have not considered the case n = p(p—1). The 


following theorem shines on this case. 


Theorem 8.6.1. If p is an odd prime with primitive root r modulo p then either 


r orr+p is a primitive root modulo p?. 


Proof. Let n be the order of r modulo p?. Then Lemma 8.6.1 yields, either 
n= p—1lorn=p(p—1). Consider n = p(p—1) = ¢(p?). Then r becomes 
primitive root modulo p?. Now, if s = r+ p then s becomes primitive root 
modulo p. Again, from the last Lemma we have r?~' # 1(mod p*). Hence the 
order of s modulo p” is p(p — 1) = ¢(p?). Consequently s = r + p is a primitive 


root modulo p?. 


To illustrate the above theorem, let us pick-out p= 11. Then we get 2'° = 1( 
mod 11). This asserts, 2 is a primitive root modulo 11. Now, 7g cae eee as 1( 
mod 121)(Verify!). Concluding that 2 is the primitive root of 121. Now if we 
choose, p = 487 then 10 will be the primitive root modulo 487. Here we can see 
that 497 = 487 + 10 becomes the primitive root modulo 4877. In fact, p = 487 
is the smallest prime for which there exists a primitive root that is not also a 
primitive root modulo 4877. Till now, our discussions are based on primitive 
root modulo p? for an arbitrary odd prime p. Now a fairly natural question 
presents itself: what will happen, if we take any integral exponents of p greater 
than 2. As a prelude, we need a technical lemma. 


Lemma 8.6.2. Let p be an odd prime and r be the primitive root of p such 

that r?~' # 1(mod p”). Then for each positive integer n > 2, we also have 

pP”*(p—1) 4 1(mod p”). 

Proof. Let us apply the principle of mathematical induction on n > 2. From 

Theorem 8.6.1, we know that if p has a primitive root r then r is also primitive 

root modulo p” satisfying r?~' 4 1(mod p”). So the lemma holds true for n = 2. 
Let us assume that the lemma is true for all n > 2. This shows that 


n-2 


re" “(-)) & 1(mod p"). Now we are to show the lemma is true for n+ 1. 


pay) 


As p being an odd prime yields ged(r, p) = gcd(r, p = gcd(r,p”) = 1. Using 


Euler’s theorem, we obtain 
pP (Pl) — (RP) = 1( mod p”~*). 


This shows that for any integer k, we have 


n—2i 


P-1) = (1+ kp™-}), (8.6.1) 


rP 
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Here p { k, otherwise k = tp [for some integer t], contradicts our hypothesis 
n-2 


rv?" “-) Z 1(mod p”). Now taking p-th power on both sides of (8.6.1), we 
find 


pe” (1) — (1 + kp™-1)P 


= 1+ bk) + (2) (apt ye ee (att 


= 1+kp"( mod p"t") 


Since p{ k, then we get 
pe” *(P-1) # 1( mod p”*?). 


This establishes the validity of the incongruence for n+ 1. So by principle of 
mathematical induction the incongruence of the statement holds true for every 
n> 2. 


Thus, the last lemma allows us to state and prove the following theorem. 


Theorem 8.6.2. Let p be an odd prime andr be a primitive root modulo p?. 


Then, for all positive integers n, r is a primitive root modulo p”. 


Proof. Here, for any odd prime p, r is a primitive root modulo p?. Then, for 
any n > 2, Lemma 8.6.2 indicates re" *(@-1) # 1(mod p”). Let d be the order 
of r modulo p”. Using, Corollary 8.2.1 we have d|¢(p”) = p"~!(p — 1). Again, 
we see that r“ = 1(mod p”) > r“ = 1(mod p)(How!). Also from Theorem 8.2.1 
we have, p—1= (p)|d. Considering d|p"~'(p—1) and (p—1)|d simultaneously, 
we obtain d = p‘(p — 1), where t is an integer such that 0 < t < n—1. If we 
take t < n—1, then 
pP”*(p-1) — (pP"(P-1))P""** = 1( mod p”), 

as d being the order of r modulo p”. This contradicts the fact pe”? (P-1) # 1( 
mod p”) . Hence d = p"~'(p — 1) = ¢(p”), consequently r becomes a primitive 


root modulo p”. 


The following example will lucidly explain the foregoing theorem. 


Example 8.6.1. Let us choose p = 5 then ¢(5) = 4. Now we show that 3* = 1( 
mod 5). Here 37° = (34)° = 1(mod 25). Thus 3 is a primitive root modulo 5 
and also for modulo 25. Then using Theorem 8.6.2 we can say that 3 is also 
a primitive root modulo 5”, for all positive integers n. In fact, here we have 
shown it for n = 3. For that ¢(p*) = p?(p — 1) = 25 x 4= 100. Now 3° = (—7)( 
mod 125) => 3/9 = 77° = 1(mod 125), as 7° = (—1)(mod 125). 
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Till now, our discussion was based on primitive root modulo exponents of 
odd primes. Proceeding further, on primitive roots modulo powers of 2, we 
figure out 1 and 3 to be primitive roots modulo 2 and 2? respectively. Now, the 
following theorem furnishes a means for the situation modulo 2” for n > 2. So 


let us begin with a technical lemma. 
of 


Lemma 8.6.3. [fa be an odd integer then at = Qe = 1(mod 2”) for any 
integer n > 3. 


Proof. Considering principle of mathematical induction on n, let n = 3. Then 
a” = 1(mod 8). Since a is an odd integer, let us take a = 2m +1 where m > 0. 


*, (2m +1)? =1( mod 8) > 4(m+1)m = 0( mod 8). 


Obviously 8|4m(m +1) as m being a non-negative integer and m(m +1) isa 
product of consecutive integers. So the lemma is true for n = 3. 


Let us assume the lemma is true for some integer k > 3. Then for any odd 


integer a the equivalence relation a = 1(mod 2") holds, which implies 3 an 
integer d such that ae =14d-2". Squaring both sides, we obtain 
a? = (14 d2*)?, 
= 1+ d2**" + qo? 
= 1( mod 2°"). 


This asserts that the lemma is true for n = k +1. So the equivalence relation 
er lS 1(mod 2”) is true for all n > 3. 


Consequence of the last lemma leads to the next theorem. 
Theorem 8.6.3. The integer 2” has no primitive root for n > 3. 


Proof. From the definition of primitive roots, it follows that if 2” possesses a 
primitive root then it satisfies a®@") = 1(mod 2”) for any odd integer a and 
n > 3. But Lemma 8.6.3 establish, 


gn-2 o(2") 


a =a = =1( mod 2”). 


So there are no primitive roots for n > 3. 


For further clarification, let us pick out n = 4 and a = 5. Then ¢(2*) = 8. 
4 
Here 5“2~ = 54 = 1(mod 2*). So 5 is not a primitive root modulo 24. Now, 


instead of taking exponents of 2 or exponents of odd prime if we take a composite 


number which can be factored into a product of two relatively primes, then # 
any primitive roots modulo that composite number. Next theorem is based on 
that intent. 
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Theorem 8.6.4. If for any two integers m,n > 2, gcd(m,n) = 1 then the 


integer mn has no primitive root. 


Proof. Let us start with an integer a such that gcd(a, mn) = 1. Then ged(a,m) = 
1 and gcd(a,n) = 1. Choose b = Iem(¢(m), ¢(n)) and d = gcd(¢(m), ¢(n)). 
Theorem 7.2.4 guarantees that both ¢(m) and ¢(n) are even numbers, which 
implies d > 2. Also, Theorem 2.5.1 yields 


b= otrm)otr) & — [.. @ is multiplicative] 
From Euler’s theorem we have, a?) = 1(mod m) and a®" = 1(mod n). 
Therefore a? = (a?) 7 = 1(mod m) and a? = (a?) 2 = 1(mod n). 


Since gcd(m,n) = 1, combining we get a? = 1(mod mn). But here b 4 ¢(mn) 


which shows a is not a primitive root modulo mn. 


For further illustration of this theorem, choose m = 3,n = 4 and a = 5. 
Then (3 x 4) = ¢(3) x (4) = 2x 2 = 4. Now 5? = 25 = 1(mod 12) shows 
5 is not a primitive root modulo 12. We have demonstrated that all exponents 
of odd primes possess primitive roots. Also, the only powers of 2 which have 
primitive roots are 2 and 4. Consider the form m = 2p” where p is an odd prime 
and n is a positive integer. The following theorem deals with those forms of 
integers having primitive roots. 


Theorem 8.6.5. Let p be an odd prime and n > 1, then the form 2p” possesses 


primitive roots. 


Proof. Let a be a primitive root modulo p”. Then a®?") = 1(mod p”). As ¢ 

is multiplicative so, (2p") = 6(2)¢(p") = ¢(p"). Thus we have a®@?") = 1( 

mod p”). Two cases may arise: 

Case I a is odd: Then a®??") = 1(mod 2). Now gced(2,p) = 1 > ged(2, p”) = 
1 => a??P") = 1(mod 2p"). This proves, a is a primitive root modulo 2p”. 

Case II ais even: Then a+p” is odd. So (a+p")???") = 1(mod 2). Asatp" = 
a(mod p"), so (a + p")???") = 1(mod p"). Therefore (a + p")???") = 1( 
mod 2p”), by a similar argument as above. This shows a+p” is a primitive 
root modulo 2p”. 


Referring to Example 8.6.1, 3 is a primitive root modulo 5"(n > 1). Then 
from the above theorem, 3 also becomes a primitive root modulo 2-5”. In fact, if 
we choose n = 3 then m = 2x 5? = 250 and ¢(2 x 53) = 5? x 4 = 100 holds. Here 
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370. — (35)4 = (—7)* = 151(mod 250). Finally, 34°? = (151)* = 1(mod 250). 
This proves, 3 is a primitive root of 2 x 5°. Again, if a = 2 then 24.5” is odd 


for n > 1. From preceding theorem, 2 + 5” becomes a primitive root modulo 
2x 5”. In particular, if we prefer n = 2 then 2 + 5? = 27 becomes a primitive 
root modulo 2 x 5? = 50, as 277° = (27°)4 = 74 = 1(mod 50). 


Remark 8.6.1. After discussing all the theorems and results in this section we 
are in this point to say that an integer k > 1 possesses a primitive root if and 


only if k = 2,4,p",2p”, where p is an prime. 


8.7 Worked out Exercises 


Problem 8.7.1. Determine all the primitive roots of 37,3°, & a 


Solution 8.7.1. Remark (8.6.1) guarantees the existence of primitive roots for 

3°. Here, 2 is a primitive root of 3. Therefore either 2 or 2+3 will be primitive 

roots of 3°(k > 2). If r be a primitive root of p then, order of r(mod p?) is 

p—1 or p(p—1). Hence order of 2(mod 37) is 3—1 or $(37). But 2? = 4 = 1( 
mod 37), so 993") = 1(mod 37). Thus, 2 is a primitive root of 37,3°, & 3°. 

Next, let us calculate the other primitive roots of 37,3°, & 3+. 

(a) 32: There are $(¢(3°)) = 6(6) = 2 primitive roots. Since ¢(37) = 6 there- 

fore, 2” will have order 6(Why!) <= > gcd(h,6) =1 orh=1,5. Thus, 


2° = 32 = 5( mod 3”). 
Hence the primitive roots of 3? are 2,5. 


(b) 33: There are $(¢(3°)) = 6(18) = 6 primitive roots and all are of the form 
2* such that gcd(k, 18) =1 or k =1,5,7,11,13,17. Thus, 
2° = 32 = 5( mod 27), 
2” =5.2? = 20( mod 27), 
24) = 5?.2= 50 = 23( mod 27), 
213 = 23.2? = 92 =11( mod 27), 
gi? = 911.95 .9? = 93.5.2 = 230 = —40 = 14( mod 27). 
Hence the primitive roots of 3° are 2,5, 11,14, 20, 23 
(c) 34: Left to the reader. 


Problem 8.7.2. Find the primitive root for all positive integers k modulo 13°. 
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Solution 8.7.2. As 21° = 4096 = 1(mod 13), so 2 is a primitive root of 13. 
Here Theorem 8.6.1 can be brought into work to assert that either 2 or 2+13 = 15 
is a primitive root of 137. Now we have, 2! = 40(mod 137) and (2!7)!8 = 2° = 
40'8 = 1(mod 137). Therefore 2 is a primitive root of 132. So Theorem 8.6.2 


asserts that 2 is a primitive root of 13*. 
Problem 8.7.3. Obtain a primitive root of 34. 


Solution 8.7.3. Here we note that 34 = —4(mod 17) > 31° = 1(mod 17). 
Hence 3 is a primitive root of 17. Appealing Theorem 8.6.5 we can conclude that 
3 is a primitive root of 2 x 17 = 34. 


Problem 8.7.4. For any odd prime p, prove that any primitive rootr of p” is 


also a primitive root of p. 
Solution 8.7.4. Here, 
gcd(r,p”) = 1 => gcd(r,p) = 1. 
Let k be the order of r(mod p). 
., r® =1( mod p). 
“. k= |b(p) > k|(p— 1). (8.7.1) 


Also, r* =1+ sp, s €Z. So forn>1 we obtain 


(n—1) (n—1) 


=(1l+sp)P, 
ae: ("| s+ (al +...4+(sp)?”. 


n—1 
But, poe ) forl<k<p"'& 


pkP 


p\(sp)*, forl<k<p"’. 


. p”| (7) )se+ (al +...+ (sp)? 


a 1( mod p”). 


Since r is a primitive root of p”, therefore 


o(p")|kp"—* [Why!], 
o(p") = pp — 1). 
-. (p—1)|k. (8.7.2) 
Hence combining (8.7.1) and (8.7.2) yields k = p—1, so order of rmod p is 
p-l. 
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Problem 8.7.5. Prove that 3 is a primitive root of all integers of the form 7* 
and 2-7*. 


Solution 8.7.5. Here 


3! £1( mod 7), 3° # 2( mod 7), 3° 4 6( mod 7), 
3* # 4( mod 7), 3° 5( mod 7), 3° = 1( mod 7). 
-, 36 — 36 = 1( mod 7). 
So 3 is a primitive root of 7. Therefore order of 3mod 7? is 7—1 or 7(7 —1). 


But, 3* = 81 = 32( mod 7”). 
“, 3° = 9-32 = 43( mod 7”). 
+, 8° #1( mod 7”); 


Thus, order of 3(mod 7?) is 6(77) = 7(7—1). Now, Lemma 8.6.2 displays that 
for k > 2, 
377-1) 4 1( mod 7°). 


And Theorem 8.6.2 asserts 3 is a primitive root of 7*, k > 1. Finally, 3 being 
an odd primitive root for 7*, Theorem 8.6.5 establishes that 3 is a primitive root 
of en. 


Problem 8.7.6. Assume that r is a primitive root of the odd prime p and 
(r + tp)?! # 1(mod p?). Show that r+ tp is a primitive root of p* for each 
k>1. 


Solution 8.7.6. Since r = (r+ tp)(mod p), so r and r + tp have same order. 
Therefore r+ tp is also a primitive root of p. Since any primitive root of has 
order mod p” of p—1 or p(p—1), then r +tp has order modulo p? of p—1 or 
p(p — 1). By the given condition, (r + tp)?~' # 1(mod p?), order of r + tp is 
not p—1 so must be $(p*) = p(p—1). Therefore r+ tp is a primitive root of p, 
is also a primitive root of p?. Finally, r + tp is a primitive root of p* for each 
k > 1/refer to Lemma 8.6.2 and Theorem 8.6.2]. 


Problem 8.7.7. Obtain all the primitive roots of 41. 


Solution 8.7.7. With reference to Table 8.1 we see that 6 is a primitive root of 
41. Also by Theorem 8.2.4 we can say that all other primitive roots are congruent 
to one of 6,67,...,64°. Again, 41 has (¢(41)) = ¢(40) = (22-2?) x (5-1) = 16 
incongruent primitive roots. 


Now by Theorem 8.2.3 we can assert, if 6 has order 40 then 6° has order 
4 


——__.. Here 6° will be a primitive root if gcd(b, 40) = 1. This implies, 
gcd(b, 40) 


Primitive Roots 191 
b= 1,3,7,9, 11, 13,17, 19, 21, 23, 27, 29, 31, 33, 37, 39. 
Finally taking the above b’s as exponent of 6, we can find other primitive roots 


modulo 41(Do it!). 


Problem 8.7.8. A Carmichael function, after the famous American Mathe- 
matician Robert Carmichael, associates to every positive integer k there ex- 
ists a positive integer v such that {a” = 1(mod k)}, for all integers a with 
gcd(a,k) = 1. Moreover, the least universal exponent of k is known to be the 
minimal universal exponent of k, denoted by (k). Minimal universal exponent 
of k is often termed as reduced totient function or the least universal exponent. 
In general, if k = 2™pi'p?...pir be the prime factorization of n(> 1) then 
Mk) = lem(A(2”), (pi), (2?) -- + O(py")) where A(2) = 1, A(2?) = 2 and 
\(2™) = 2™-* for m > 3. Using the definition, prove the following statements: 
1. Fork =2, 4, p*, 2p', where p is an odd prime, (k) = ¢(k). 
2. If gcd(a,2") = 1, then a2") = 1(mod 2°). 
3. If ged(a,k) =1 then a = 1(mod k). 
Solution 8.7.8. 1. Pertaining the above definition, we find \(2) = 1. Now 
(2) = 2-29 =1 = X(2) = o(2). Again, by virtue of the definition, 
A(27) = 2 = 2? — 2! = 4(27). Now for k = 2p*, we see that 


Ak) = lem(A(2), o(p")) = lem(1, o(p")) = o(p") & 
9(246(p")) = $(2) d(4(")) = $(6(P')). 
These two together gives \(2¢(p')) = o(24(p')). Similarly, for k = p' we 


get O(p")) = o(O(P")). 

2. Since gcd(a,2*) = 1 then, by Euler’s theorem we can say that ae") = 1( 
mod 2"). Taking mathematical induction into consideration, the problem 
prevails for k = 1,2/Verify!]/. Consider the problem to be true fork =m > 
3. Then we can assert that a?") = 1(mod 2™). This shows that 

a2") = 142, 
= gem = (124)? 
=> DOP) = 14.2.2 p 4 22m? 
Or) ap kore ly. 4 gm-lom+1,2 


= gh) es (r ne ee mn Va 


This shows that a2""*") = 1(mod 2™*!). Thus we can say that the result 


is true for all k. 
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3. Let k = p', p being an odd prime. Then by (1) we have \(k) = o(k). 

Since gcd(a,k) = 1 then, by Euler’s theorem aX) = a) = 1(mod k). If 

k = 2™pipy...ptr then, by (2) we see that a?") = 1(mod 2). Since 

A(2™)|lem[A(2”), d(p'), 6(p3?),---, O(pkr)] it follows a = 1(mod 2™). 

Again by Euler’s theorem we have, qt) = 1(mod p;') which further as- 

serts that ale™lA2™),0P1")O(P2?)s-- OPP) = 1(mod p;'). Combining X(p;') = 

o(p;') [by (1)] and (p;')|lem[A(2”), O(D1'), OF), ---, O(pi")], it follows 

a*) = 1(mod pi’). This is true for alli = 1,2,...,r. Finally, applying 
corollary(4.2.2) we can conclude that a“) = 1(mod k). 


Problem 8.7.9. Prove that if gcd(a,k) = 1, then the linear congruence ax = b( 
mod k) has the solution « = ba*\")—!(mod k). 


Solution 8.7.9. By virtue of the Problem 8.7.8(3), we get a) = 1(mod k). 
Then, multiplying both sides of the congruence by b we get 


ba) = b( mod k) 
b-a-a)-! = b( mod k) 
a(ba®*)—1) = b( mod k). 


This shows that x = ba*)—!(mod k) is a solution of ax = b(mod k). 


8.8 Index Arithmetic 


The present section deals with an important aspect of modular arithmetic, in- 
troduced by Gauss in his Disquistiones Arithmeticae. Theorem(8.2.4) highlights 
the idea that if a is a primitive root modulo m then the integers a!,a?,--- ,a?™ 


forms a reduced system of modulo m. For any arbitrary integer r relatively prime 


to m, J unique x with 1 < x < ¢(m), satisfies a” = r(mod m). This motivates 


us to give the following definition. 


Definition 8.8.1. Let m be a positive integer with primitive root a. If r be 


another integer relatively prime to m, then 4 unique integer x, with x(1<a< 


go(m)), such that a” = r(mod m) holds is said to be index of r base a modulo m. 


Also, this index is denoted as ind". Thus we can write aa = (mod m). 
In fact, if 2 is an index of r base a then x = ind 7, where we do not need to 
indicate modulo m which is already prime to a. Choose any integer f, which 


is also congruent modulo r. Then r = ¢(mod m) where ¢ is also relatively 


prime to m. Hence ai™4« = r(mod m) and ainda = t(mod m) together imply 
ind : = qind a ( 


a mod m). Finally an appeal to Theorem 8.2.2 concludes that 
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ind" = ind "(mod ¢(m)). The upcoming example will help to understand the 
notion of index. 

Example 8.8.1. Pick out m = 5. Then (5) = 4 > 24 = 1(mod 5). This 
shows that 2 is primitive root modulo 5. Now, 
2* = 1( mod 5), 2° = 3( mod 5), 2? = 4( mod 5), 2’ = 2( mod 5) 
and it follows that 
ind * =4, ind * =4 ids = 3, ind * = 2. 


The following theorem depicts some properties of indices similar to loga- 
rithms of real numbers. Here the equality sign in logarithms is replaced with 
congruence relation modulo m. Sometimes indices are called discrete logarithms 


of integers. 


Theorem 8.8.1. [fm has a primitive root a and ind" denotes the index of a 


relative to a then, 
1. ind’ =0(mod ¢(m)). 
2. ind'1"2 = ind": + ind'2(mod ¢(m)). 


k 
3. k- ind" = ind" (mod ¢(m)), for k > 0. 
Proof. 1. As a is a primitive root modulo m, from Euler’s theorem we have 


g?m=1( mod my 


where ¢(m) is the smallest power of a which is congruent modulo m. 
-. ind + = 0( mod m). 


2. From the definition of indices we have, 


Multiplying the last two congruence gives, 


ind "1+ind "2 _ 
ana « =r,r,( mod m). 


Again, 
and (t"? =p r,( mod m). 
Now, the property of congruence yields, 


qind at 2 = gind a +ind ae ( mod m). 


Finally, by virtue of Theorem 8.2.2, we obtain the desired property. 
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3. Using definition of indices, we have 


2 pk 
and =r*( mod m) 


and and. = (qind.)* = r*( mod m). 
Then from the property of congruences, we obtain 
kind" ind" 
a wah cE a in = ( 


=a mod m). 


Finally, applying Theorem 8.2.2 we get 


k-ind” = ind" ( mod ¢(m)). 


For an illustration of the above properties, let us consider the following ex- 
ample. 


Example 8.8.2. Let us choose, m=7 then (7) =6 anda=5. Now, 


51 =5( mod 7), 5?=4(mod7), 5° =6( mod 7), 
54 =2( mod 7), 5°=3( mod7), 5°=1( mod 7). 


Here we note that 
ind? =3,. ind? = 6, Md =2, mde a1, indo = 4. 


Let r, =5 andr, =4 with gcd(5,4) = 1 andm=7. Now, 


ind = ind® + ind+ =1+2=3( mod 6). 
Again, 


20 = 6( mod 7) = ind 2° = ind §( mod 6). 
ind??? = ind 4 + ind >( mod ¢(7)). 


Take k = 2, then 


ind® = 2ind? =2 x 5 = 4( mod 6). Here 9 = 2( mod 7). 
-. ind? = ind?( mod 6). 
-. ind® = 2ind3( mod ¢(7)). 
Actually, this concept of indices has important applications in solving binomial 
congruences of the type x* = r(mod m),k > 2 where m is a positive integer 


having primitive root and gcd(r,m) = 1. The following example will reflect on 


solving an equation of this type. 
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Example 8.8.3. Solve the congruence 3a* = 5(mod 11) using indices. 
As m = 11, so $(11) = 10. Also, 2° = 1(mod 11). Thus 2 is the primitive 
root modulo 11. Now the table of indices as follows: 


a | 1/}2)3|)4)5)6)]7) 8) 9) 10 
ind? | 10/1) 8)2)4|/9| 7) 3) 6) 5 


ind ad = ind? = 4( mod 10). 
. 3a4 _ 3 iy x 
Also, ind 5 ind * + 4ind *( mod 10), 
8 + 4ind 3 ( mod 10). 
“. 8+4ind ¥ = 4( mod 10). 
.. 4ind * = —4( mod 10), 
= 6( mod 10). 


Since gcd(2, 10) = 2 from Theorem(4.2.2), we obtain 


2ind * = 3( mod 5). 
*, ind =4,9( mod 5). 
Thus we have, x = 2*,2°( mod 11). 


Sox =5,6( mod 11) are the solutions here. 


Now in this particular example, the number of primitive roots are given by 
$(¢(11)) = 4. In this solution, we have taken 2 as a primitive root. The other 
primitive roots are 8,7,10. Now consider any one of them say 7, then the above 
table may differ but the final solution remains unaltered. Let’s justify this with 


an illustration: 


a | 1}2)3|)4)5)6)]7)8)| 9) 10 
ind? | 10|3)4/6)2/7)1/9)| 8| 5 


ind ae = ind? = 2( mod 10). 
Also, ind ae = ind? + 4ind*( mod 10), 
= 4+ 4ind7( mod 10). 
“. 44+ 4ind * = 2( mod 10). 
“. 4ind * = —2( mod 10), 
= 8( mod 10). 
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Since, gcd(4, 10) = 2, 


2ind ® = 4( mod 5). 
*, ind * =7,2( mod 5). 
Thus we have, x = 7",77°( mod 11). 


So x =5,6( mod 11) are the solutions here. 


Next, our focus will be on the congruence of the form «* = r(mod m),k > 2 
where m is a positive integer having primitive root and gcd(r,m) = 1. To discuss 
further, let us have the following definition: 


Definition 8.8.2. [fm and k are positive integer with gcd(r,m) = 1 for any 


integer r, then we say that r is a kth power residue m provided the congruence 


a* = r(mod m),k > 2 has a solution. 


Now our next theorem deals with the case where m possesses a primitive 


root of this type of congruence equations which are solvable. 


Theorem 8.8.2. Let m be a positive integer having a primitive root and gcd(r,m) = 


1. Then the congruence x* = r(mod m),k > 2 has a solution if and only if 
ar = 1(mod m), where gcd(k, é(m)) = d; if it has a solution then there are 


exactly d number of incongruent solutions modulo m. 


Proof. Let a be a primitive root modulo m. We know that «* = r(mod m),k > 2 
holds if and only if k ind * = t@(m) + ind" for some integer t. Now, k ind * — 
to(m) = ind" becomes a linear diophantine equation. From Theorem 2.7.1, we 
can say that this equation possess a solution if dlind". Also, there are d number 
of incongruent solutions. As dlind" > ind" = dn for some integer n. Thus, 


o(m). 4, _ om) 

—7 ind oS ae (dn), 

o(m) = T° . ae 

“ge = 0( mod ¢(m)). 
rer = 1( mod m). 


Remark 8.8.1. In particular,taking m as prime say p with gcd(r,p) = 1, the 


congruence x* = r(mod m),k > 2 has a solution if and only if ar = 1( 
mod m) where d = gcd(k, p — 1). 


Finally to fine tune the above theorem, let us illustrate it by an example: 
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Example 8.8.4. Let us consider a congruence equation by 2? = 4(mod 5), 
taking m=5. Then 


d = gcd(2, 6(5)) = ged(2,4) = 2. 


Here ri 
_ =5=2k 4°? — 4? =1( mod 5), 


holds. So using the foregoing theorem, the given congruence equation is solvable. 


8.9 Worked out Exercises 


Problem 8.9.1. The following is a table of indices for the prime 17 relative to 


the primitive root 3: 


a |1]}2)32) 4/5) 6} 7) 8 | 9} 10) 11) 12} 1 15 | 16 
ind? | 16| 14) 1] 12) 5) 15 |) 11} 10; 2) 3 | 7 | 13) 4 9) 6) 8 


vo 
le 
N 


With the aid of this table, solve the following congruences: 
1, 2? = 13(mod 17). 
2. 8a° = 10(mod 17). 
Solution 8.9.1. 1. Here, x!* = 13(mod 17), gced(13,17) = 1. 
“, 12ind® = ind }°( mod 16), ind}? = 4. 
“, 12ind® = ind }° = 4( mod 16), ged(12, 16) = 4. 


Dividing by 4, we get 3ind? = 1(mod 4). Hence ind? = 3,7,11,15. Thus, 
x =6,7,10,11(refer to the table). Therefore x =6,7,10,11(mod 17). 


2. Here 8° = 10(mod 17), ged(10,17) = 1. 
v. ind® + 5ind® = ind }°( mod 16). 
= 10+ 5ind ¥ = 3( mod 16). 
= 5ind = —7( mod 16). 


Since gcd(5,16) = 1, therefore one solution do exists. This implies, 


15ind ¥ = —21( mod 16), 
=> — ind? =—21( mod 16), 
=> ind = 21( mod 16) = 5( mod 16). 


Thus from table, x = 5. Hence x = 5(mod 17). 
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Problem 8.9.2. Find the remainder when 374 -5'° is divided by 17. 


Solution 8.9.2. Here 37*-5'% = a(mod 17) & ged(1,17) = 1, so just one 


solution exists. 


, 24ind 3 + 13ind? = ind *( mod 16) 

=> 24(1) + 18(5) = ind {( mod 16) [by Problem 8.9. 1}. 
=> 89 = 9 = ind *{( mod 16), 

“.@ = 14( mod 17). 


Hence remainder is 14. 


Problem 8.9.3. Show that the congruence «* = 3(mod 19) has no solutions, 
whereas x? = 11(mod 19) has three incongruent solutions. 


Solution 8.9.3. 1. Here x? = 3(mod 19) & gcd(3,19) =1. Since ged(3, 6(19)) = 
gcd(3, 18) = 3 and 3% = 3° = 33 — 33 =8-8=7 F 1(mod 19), therefore 
x® = 3(mod 19) has no solutions/refer to Theorem 8.8.2]. 


2. Here x? = 11(mod 19) & gced(11,19) = 1. Since gced(3, 6(19)) = ged(3, 18) = 
3 and 11°8 = 116 = (—8)® = (64)3 = (7)3 = 49-7 = 11-7 = 1(mod 19), 


therefore there are three incongruent solutions/refer to Theorem 8.8.2]. 


Problem 8.9.4. If r is a primitive root of the odd prime p, prove that 
, 1 : at 1 
ind" = ind? = 5(p— 1). 
Solution 8.9.4. 1. Since —1 = (p—1)(mod p), therefore ind~' = ind?™'. 


2. Let x = ind Bn Then r® = (p—1)(mod p). As p is odd, p—1 is even. 


So ot exists. 


If rr = —(p — 1)(mod p) = 1(mod p), then r would not have order 
p—1(Why!). Hence rs = —(p—1)(mod p)  1(mod p). So Pres (p—1)( 
mod p) holds. Thus by definition, ind?~! = $(p—1). 


Problem 8.9.5. For which values of b is the exponential congruence 9” = b( 
mod 13) solvable? 
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Solution 8.9.5. Here 2 is a primitive root of 13(check!). To solve, we need to 


construct the following table: 


a | 1/2)8)4)]5/]6) 7) 8] 9) 10) 11) 12 
ind? | 12/1)|/4/2|9/45| 11) 3/8) 10| 7) 6 


Therefore xind 2 = ind °(mod 12), because ind 2 = 8. Since gcd(8,12) = 4, 
therefore the foregoing congruence yields 4|ind . This implies ind? = 4,8, 12. 
Thus, from the above table we find b = 3,9,1. 


Problem 8.9.6. Determine the integers a(1 < a <p—1) such that the congru- 
ence x* = a(mod p) has a solution for p= 7,11, & 13. 


Solution 8.9.6. Since 3° = 1(mod 7) and 2'° = 1(mod 11) therefore, 3,2 is 
the primitive root of 7,11 respectively. To construct the table of indices for 7, 
the following congruences will be particularly helpful: 

31 = 3( mod 7), 37 = 2( mod 7), 3° = 6( mod 7), 

3* = 4( mod 7), 3° = 5( mod 7), 3° = 1( mod 7). 


Thus the corresponding table is as follows: 


a |112]3]4]6 
ind*| 6/2/12] 4] 5] 8 


Again, the following congruences will provide assistance in constructing the table 
of indices for 11: 

2! = 2( mod 11), 2? = 4( mod 11), 2? = 8( mod 11), 

2* = 5( mod 11), 2° = 10( mod 11), 2° = 9( mod 11), 

2° =7( mod 11), 28 = 3( mod 11), 2° = 6( mod 11), 21° = 1( mod 11). 


So the required table is: 


di | eh BB eh Oa | Slee | 20 
Me | LON LNBs S| A Oe | P| eB 


a’ = a( mod 7), 
Aind , = ind ,( mod 6), gcd(4, 6) = 2. 
S52 to Sid = 2 ANG: 


Hence a = 2,4,1 
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2. p=11: left to the reader. 


3. p=13: left to the reader. 


Problem 8.9.7. If r andr’ are both primitive roots of the odd prime p, show 
that for gcd(a,p) = 1 


ind®, = ind %ind",( mod p — 1). 


Solution 8.9.7. Let x = ind “(mod p), y = ind “(mod p) & z = ind ",( 
mod p). 


. by definition (r’)* = a( mod p), 
r)¥ =a( mod p) & 
(r’)* = r( mod p) = (r’)*¥ = (r)¥( mod p) 
“(1)” = (r)*( mod p) = (r’)*"( mod p) 


By Theorem 8.2.2, x = zy(mod p—1). Therefore ind®, = ind ®ind" (mod p—1). 


8.10 Exercises: 
1. Find the order of the integers 2, 3 and 5 modulo 23. 
2. If a has order 2k modulo odd prime p, then show that a* = —1(mod p). 
3. Prove that ¢(2” — 1) is a multiple of n for any n > 1. 


4. Verify: The odd prime divisors of the integer n?-+n+1 which are different 
from 3 are of the form 6k + 1. 


5. Find two primitive roots of 10. 


6. Prove that for any odd prime p, the prime divisors of 2? — 1 are of the 
form 2kp+ 1. 


7. Ifp be an odd prime then show that the congruence z?~?+...+2?+a+1 = 0( 
mod p) has exactly p — 2 incongruent solutions and they are the integers 
2,3,...,p—L1. 


8. If 3 is a primitive root of 43 then prove that all the positive integers less 
than 43 has the order 21 modulo 43. 


9. Find all positive integers less than 61 having order 4 modulo 61. 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


Let r be a primitive root of the odd prime p. Show that if p = 3(mod 4) 


holds then —r has order pt modulo p. 

Find all primitive roots of 82 and 38. 

Prove that the integer 20 has no primitive roots. 

Obtain a primitive root for any integer k of the form 11* and 17°. 


For any odd prime p show that there are as many primitive roots of 2p” 
as of p”. 


Solve the following congruences by using a table of indices for a primitive 
root of 11: 


(a) 7° = 3(mod 11). 
(b) x® = 10(mod 11). 


Constructing a table of indices for the prime 17 with respect to the prim- 
itive root 5, solve 7” = 7(mod 17). 


Determine the integers a(1 < a < 12) such that the congruence az* = b( 
mod 13) has a solution for b = 2,5, and 6. 


Determine whether the two congruences 2° = 13(mod 23) and 2” = 15( 
mod 29) are solvable. 


Find the solutions of the exponential congruences 5” = 4(mod 19) and 
4” = 13(mod 17). 
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Theory of Quadratic 


Residues 


“Mathematicians are like Frenchmen: whatever you say to them they 
translate into their own language and forthwith it is something entirely 
different.” 

— Johann Wolfgang von Goethe 


9.1 Introduction 


In the chapter Fermat’s little theorem, we defined quadratic congruence equa- 
tion of the form ax? + ba + c = 0(mod p), p being an odd prime and a # 0( 
mod p). There we have discoursed the solution of the quadratic congruence of 
the type «* +1 = (mod p). Also, how to solve a quadratic congruence of that 
form, was being treated there. Following the path of solving a quadratic congru- 
ence, we need an important fact of modern number theory, known as quadratic 
reciprocity law, a major contribution of Gauss in 1796. After that many eminent 
mathematicians of 19th century had given their important contributions on this 
aspect. In the present chapter we have illustrated various important facts and 


results based on quadratic reciprocity law. 


9.2 Quadratic Residues and Nonresidues 


As quadratic reciprocity law deals with solving a quadratic congruences of the 


type az? + ba +c = 0(mod p), p being an odd prime with ged(a,p) = 1. Also, 
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gcd(a,p) = 1 > gcd(4a, p) = 1. Multiplying 4a to both sides of the congruence, 
we obtain 


(2ax + b)? = b? — 4ac( mod p). 


Taking t = 2ax + b and d = b* — 4ac, we get 
t? =d( mod p). 


If « = x,(mod p) is a solution of first congruence then t = 2ax, + b(mod p) is 
the solution of second one. 

Conversely, if t = t,(mod p) is a solution of second congruence then 2ax = 
(t, — b)(mod p) refers to the solution of first one. This leads us to the fact 
that instead of finding the solution of ax? + bx + c = 0(mod p), we can find 
the solution of t? = d(mod p). Turning on, towards solving the congruence 
t? = d(mod p) if p|d then t = 0(mod p) is the only solution. Without any loss 
of generality, if we assume p { d then finding the solution of the type 2? = r( 
mod p) with gcd(r, p) = 1 we need to identify those integers r which are perfect 
squares modulo p. The integer r associated with the forgoing congruence is 


commonly known as quadratic residue of p. 


Definition 9.2.1. Let p be an odd prime andr be an integer with gcd(r, p) = 1. 
Then r is called quadratic residue modulo p, provided the congruence x* = r( 
mod p) has a solution. If the congruence x* = r(mod p) has no solution, then 


r is called quadratic nonresidue modulo p. 


Remark 9.2.1. For any two integers r and s, if r = s(mod p) holds then s is 


also quadratic residue modulo p if r is so. 


Example 9.2.1. Set p = 7. Taking square of the integers from the set {1, 2,3, 4, 5,6}, 
the quadratic residues of 7 are 1, 2 and 4 as 1? = 6? = 1(mod 7), 3? = 47 = 1( 
mod 7), 5” = 4(mod 7) and 2? = 4(mod 7). Here 3,5,and6 are quadratic 
nonresidues of 7. 


The last example highlights the fact that 7 is an odd prime and for that we 
get three quadratic residue 1,2 and 4; three quadratic nonresidues 3,5 and 6. 
In general, for any odd prime p, the number of quadratic residues and quadratic 
nonresidues are both -—~ taken from the set {1,2,---,p—1}. The above 


discussion furnishes a pleasant opportunity for the following theorem. 


Theorem 9.2.1. If p is an odd prime, then the number of quadratic residues 


modulo p are ee 


Theory of Quadratic Residues 205 


Proof. Here, the quadratic residue is of the form x? = r(mod p) where p is the 


odd prime and r be an integer with gcd(r, p) = 1. To compute quadratic residue 
of p among the integers 1,2,--- ,p—1, we first need to establish that the number 
of incongruent solutions modulo p be either zero or two. Set x = b as a solution 
and (—b)? = b? = r(mod p). Then x = —0 is also a solution of x? = r(mod p). 
Here b 4 —b(mod p) otherwise b = —b(mod p) implies 2b = 0(mod p), which 
is not possible as b? = r(mod p) and p{ r. There exist no other solutions of 
the given equation as x? = b’(mod p) implies p|(« — b)(a + 6). Then either 
p\(a — b) > x = b(mod p) or p|(x + b) > « = —b(mod p). Because the number 


of incongruent solutions are two, there must be exactly ae quadratic residues 


and non quadratic residues modulo p taken from 1,2,--- ,p—1. 


The last theorem enables us to determine the number of quadratic residues 
taken from 1,2,---,p—1. Now we pose the following question: Under what 
circumstances an integer r becomes a quadratic residue of odd prime p? In 
order to answer this question, we need the Euler’s Criterion. 


Theorem 9.2.2. (Euler’s Criterion): Let p be an odd prime with gcd(r, p) = 1. 


Then r is a quadratic residue modulo p if and only if a 1(mod p). 


Proof. Let r be a quadratic residue modulo p. Then 4b € {1,2,--- ,p—1} such 
that 6? = r(mod p). This implies, 6?-! = r°= (mod p). Then with the use of 
Fermat’s theorem, we have rr apls= 1(mod p) as gced(b, p) = 1. 
Conversely if Pris 1(mod p), then a 1(mod p). Let 6 be a primitive 
root modulo p. Then r = b'(mod p) for some integer i where 1 <i < p—1. This 


shows, br = 1(mod p). By Theorem 8.2.1 the order of b must divide 
i(p—1 
— As 0 is a primitive root, so its order is ¢(p) = p—1. Thus to divide 


ee 
itp ) i must be even, say 2j. It follows that, (b’)? = b*7 = b’ = r(mod p). 


Hence b/ is a solution of x” = r(mod p). This proves that r is quadratic residue 
of p. 

As p is odd prime and gced(r,p) = 1, an appeal to Fermat’s little theorem 
yields, (r= — 1)(r°= +1) = r?-t—1 = 0(mod p). Thus, either Pr = 1( 
mod p) or r= = —1(mod p) holds. Here both the conditions fail to agree 
together, otherwise 1 = —1(mod p) implies p|2 leads to a contradiction. As 


r= 1(mod p) prevails for quadratic residue modulo p, then obviously a 


—1(mod p) holds for quadratic non residue modulo p. 


The last part of the theorem generates an obvious corollary. 
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Corollary 9.2.1. Let p be an odd prime with gcd(r,p) = 1. Thenr is a quadratic 


-1 
residue modulo p or quadratic non residue modulo p according as rz = 1( 


mod p) or a —1(mod p) prevails. 
The next example illustrates Euler’s Criterion. 


Example 9.2.2. If p = 11, we have 37 = 3 = 1(mod 11). Also Aye = 
4° = 1(mod 11). So 3 and 4 are quadratic residue modulo 11. 


Unlike our earlier discussions, from now on our efforts will be simplified by 
the symbol (>). As the notation (5) was introduced by Legendre, it is called 
Legendre symbol. 

Definition 9.2.2. Let p be an odd prime andr be an integer with gcd(r, p) = 1, 
then the Legendre symbol (>) is defined as, 

r\ J 4, ifr, is a quadratic residue modulo p; 

oy ae es ifr, is a quadratic non residue modulo p 


For example, if we take p = 7, the Legendre symbol can be expressed as 


1 2 4 3 5 6 ; 
(=) (=) (=) 1 and (2) (2) (2) 1 as 1,2,4 are quadratic 


residue modulo 7 and 3,5,6 are quadratic non residue modulo 7. 


By virtue of Legendre symbol, Euler’s criterion can be portrayed as 


(=) =r°=( mod p). 


Pp 


The following theorem discourse few properties related to Legendre symbol. 


Theorem 9.2.3. Let p be an odd prime and r,s be integers not divisible by p. 
Then 


1. Ifr = s(mod p) then (7) = (§). 


2 (YO) =(5). 


Ppp Pp 
r 

32 (=) 
i 


Proof. 1. As r = s(mod p) then x? = r(mod p) has a solution if and only if 


x* = s(mod p) has a solution. Hence with respect to modulo p we have 
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2. If p|rs then the proof is obvious. Consider the case when p { rs and here 
gcd(p,rs) = 1. By virtue of Euler’s Criterion, 


es = (rs) = ( mod p) 
Pp 
() =)" (8) ( mod ») 


)-(5)(S)imta 


Here Legendre symbol assume the values 1 and —1. If possible, let () F 
(5)(5). Then 1 = —1(mod p) = p|2, which is impossible. Thus (=)(5) = 
(2), 

3. As (5) is either 1 or —1, it follows (=) = (5)(5) = 1(mod p). Hence we 
are done. 


We now consider the problem of finding Legendre symbol of those prime p 
whose quadratic residue is —1. This can be achieved by Euler’s Criterion. 


Theorem 9.2.4. If p is an odd prime, then 


(=)- 1, ifp=1( mod 4) 

py) > |) =. apes Si nied 4) 

Proof. For any integer k, if p = 1(mod 4) then p is of the form p = 44 +1. By 
Euler’s criterion we have, 


Also, for some integer k’, if p = 3(mod 4) then p is of the form p = 4k’ + 3. By 


similar reasoning as above we get, 


(=) = (9 =" 2-1 moa 7). 
& 7 a ae see 4). 


The last theorem depicts that the congruence equation of the form 2? = —1( 


This proves, 


mod p) has at least one solution if and only if p is of the form p = 4k + 1 for 


any integer k. Now we must dispose of an example supporting the fact. 
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Example 9.2.3. Let us consider the congruence x? = 50(mod 17). We have to 
examine the solvability of this equation. This can be accomplished by evaluating 
(22). Now 50 = —1(mod 17) yields (32) = ($+). But from Euler’s Criterion it 
follows, (+) = (-1)"= = 1(mod 17), which asserts (2) = (44) = 1. This 
testify the solvability of x? =50(mod 17). 


The following theorem dispense an important application regarding the num- 
ber of odd primes. 


Theorem 9.2.5. For any positive integer k, There are infinitely many primes 
of the form 4k +1. 


Proof. In anticipation of a contradiction, assume that there are finitely many 
primes p1,P2,°*:Pm and consider N = (2pip2-+-Pm)? +1. Here N is odd so 
there exists some odd prime p which divides N. Thus (2p1p2---pm)? = —1( 
mod p). Now an appeal to Theorem 9.2.4 renders that the Legendre symbol 
G) = 1 prevails if and only if p = 4k + 1 for some positive integer k. This 
confirms that p is one of pi, p2,-+- Pm. Hence pi [N — (2p1p2+++Pm)?] or pill for 
any i= 1,2,---m. This contradicts the fact that there are finitely many primes 
of the form 4k + 1. Hence the proof. 


Theorem 9.2.6. If p is an odd prime then ya) = 0, where both the number 
of quadratic residue and non residue modulo p are exactly po, 
Proof. Let a be a primitive root of p. Then by Theorem 8.2.4 the integers 
a',a?,---a?~' forms a reduced residue system modulo p, where ¢(p) = p— 1. 
Let r be any integer between 1 and p— 1. Then for a unique positive integer 


k(1<k<p-—1), r=a*(mod p) holds. Now with the aid of Euler’s Criterion, 


we find ‘i 
- Qe \ _ ky Bk k 
= =| — = {a 2 =(a 2 — —1 mod p 
(=) =(S) = hy =) = "(mod p) 
As a is a primitive root of p and gcd(a,p) = 1, then ar = —1(mod p). But 
both (4) and (—1)* are equal to either 1 or —1. Hence 2 ey) = SP (-)* = 


0. It follows both the number of quadratic and quadratic nonresidues are exactly 
pol 
ac 


The proof of the last theorem generates an important fact, which we have in 
the form of following corollary. 


Corollary 9.2.2. Let p be an odd prime. Then the quadratic residues of p are 
congruent modulo p to the even powers of a primitive root a of p; the quadratic 


nonresidues are congruent to the odd powers of a. 
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k 


Proof. Follows from the fact (>) = (4) = (—1)*(mod p) of the foregoing theo- 


rem. 


For an exemplification of the fact, set p = 7. Here 3 is a primitive root 
modulo 7. By the even powers of 3, the quadratic residues modulo 7 are given 
by 3? = 2(mod 7), 3+ = 4(mod 7) and 3° = 1(mod 7); by the odd powers of 
3, the quadratic nonresidues modulo 7 are 3! = 3(mod 7), 3° = 6(mod 7) and 
3° = 5(mod 7). 

We are in a position to state and prove an elegant result due to Gauss. The 
result provides another criterion to find out whether an integer a relatively prime 
to p is a quadratic residue modulo p. 


Theorem 9.2.7. (Gauss Lemma): Let p be an odd prime and r be an integer 
with gcd(r,p) = 1. If i denotes the number of integers among r,2r,--- (2*)r 


where remainders eaceed by 5 when divided by p, then (C =(-1)'. 


Proof. Here none of the integers among r, 2r,--- (2)r are congruent to zero 
modulo p as gcd(r,p) = 1. Let r1,7r2,---7r; be the remainders, when divided by 
pand 0 < rg < $(k = 1,2,---7). Also, s1,82,---s; are the remainders when 
divided by p and p > s; > §(t = 1,2,---i). Theni+j = (2+) and the integers, 
T1,12,°°*Tj,P — $1,P — 82,°+-p — 5; are all positive and less than 5. 

Claim: p—s, #1,. If not, let us choose p— s; = rz, for some ¢t and k. 


Then Jd u,v € Z with 1 < uyu < po satisfying s, = ur(mod p) and rz = vur( 


mod p). Then, (u+ v)r = 8s: +r, = p = O(mod p). As ged(r,p) = 1 so 
(u + v)r = O(mod p). But this is impossible as 1 < u+vu < p—1. Now the 
p-l 


integers 71, 72,°++1Tj;,P—$1,P—$2,°**p—; are among 1, 2,--- 5- in some order. 


So their product gives, 
(2): 
5 ! 
(=): 
5 ! 
(2)! 
2 


Also, the integers r1,1r2,--+1j,p — $1,p — $2,°:*p— 8; are congruent modulo p 


at , 
among rT, 2r,---(#5—)r in some order. Hence 


rir2:-+7;(p — 81(p — 82) --- (p— 83) 


I 


172+ ++1;(—$1)(—S2) ---(—si)( mod p) 


(—1)'rirg-:: 7 38182°-+8;{ mod p). 
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As gcd(p, (25!)!) = 1 so 1 = (—1)'r*= (mod p). Now by Euler’s Criterion, 
1 


(£) =r°F = (-1)'(mod p). This implies that, (£) = (-1)/. 


p 


Example 9.2.4. Letr =4 andp=7. To find (3) compute the positive residues 
of 1-4, 2-4, 3-4. They are 4,1,5 modulo 7 respectively. Since exactly two 
of the integers are greater than Z, then from Gauss Lemma we can say that 


(4) = (-1)? =1. This shows that 4 is a quadratic residue modulo 7. 


Now in later part of the present section, by Gauss Lemma, we have charac- 
terized all primes p that have 2 as a quadratic residue modulo p. 


p21) 


2 
Theorem 9.2.8. If p is an odd prime, then (=) = Cabs Ss. Hence 2 is a 
Pp 


quadratic residue of all primes p = +1(mod 8) and a quadratic non residue of 


all primes p = +3(mod 8). 


2 : 
Proof. From Gauss Lemma we have (=) = (—1)’ where 7 is the number of 
Pp 


integers among 2-1,2-2,3-2,--- (2+) - 2 which have remainders greater than 
Ff when divided by p. Here the integers 27 < § forl <i< po if and only if 
j < %. Hence there are [4] integers which are less than 3. Thus i = + — [8] 
integers are greater than 5. So by Gauss Lemma we have, 


To prove this we are to show, 


p-l P} = (p? — 1) 


5 ri 5 ( mod 2). 


Consider congruence class modulo 8 as both sides of the above congruence de- 
pends only on the congruence class of p modulo 8. As p is an odd prime so p is 
of the forms 87 +1, 87 + 8, 87 +5, 87 +7. Now, 


if, p=8j +1 theni = 4) lai 3] =a Qj = 2) 

if, p=87+3theni=4j4+1 las+ 3] = 43 ip oa 
i, p= 8)-+5 then i= 4) +2-|2j-+ 2] = 4742-27-12) 41 
i, p= 8)-+Tthen i= 4) +3-|2j-+ 1] <4p43— 27-12) 42. 
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Thus, when p = 8j +1 or p = 8j +7 then 7 is even and (3) = 1; when p= 8j+3 


or p = 8j +5 then i is odd and (2) = —1. So when p = +1(mod 8) then 2 isa 


quadratic residue of all primes; when p = +3(mod 8) then also 2 is a quadratic 


nonresidue of all primes. Now if p = +1(mod 8) then p = 8j +1 where j is an 


integer. So 
p2-l _ (87 41)?-1 
8 8 
= 647? + 163 
7 8 
= 67 2 
Be 
Thu, in this case a is even and (—1)"3 t=1= th Also, if p = +3(mod 8) 
then p = 87 +3 where 7 is an integer such that, 
pl = (87 +3)?-1 
8 8 
_ 6477+ 487 +8 
7 8 
= 877 +67 +1. 
2 
Thus, in this case pt is odd and (—1)*s y= l= Go Finally, for any odd 
ce 
prime p we find (—1)** a (3). 


Example 9.2.5. To exemplify the last theorem, pick out p = 23 for which 

(=) = Cai)e— = (-1)® =1 holds. Again, consider p = 11 such that (4) = 
| 

(-1)"e* = (-1)8 =-1. 


Now, our next theorem directs another way of finding a primitive root. Be- 


cause the proof of this theorem reflects some crucial applications of Legendre 
symbol, we include it in the present chapter instead of previous one. 


-1 


Theorem 9.2.9. Let p and 2p+1 be two odd primes. Then the integer (—1)*> -2 
is a primitive root of 2p+1. 


Proof. We begin the proof by taking q = 2p +1. As p is an odd prime, then p 
is of the form 1+ 4h or 3+ 4k for any positive integer k. Hence 


Case(i) p = 14+ 4k: Then p = 1(mod 4) > (-1)°F -2 = 2. Since q is an 
odd prime and ¢(q) = q— 1 = 2p imply the order of 2 modulo p is one of 
1,2, p,2p. With the help of Euler’s Criterion and Legendre symbol together 
we have, (2) wee = 2?(mod gq). Now p=14+ 4k > q=8k4+3> 42 3( 
mod 8). In view of Theorem(9.2.8) we get, @) = —1 which shows 2? = —-1( 


212 Number Theory and its Applications 


mod q). This concludes that p is not the order of 2 modulo g. Because 
2? = 1(mod q) => q|8, is clearly impossible, the order of 2 is neither 1 
nor 2. So the order of 2 modulo q is 2p. This leads us to the fact that 2 
becomes a primitive root modulo q = 2p + 1. 


Case(ii) p = 34+ 4k: Then p = 3(mod 4) > (aye -2 = —-2. Again, p = 
4k+3 > q = 8k+7 => q = —1(mod 8). From Theorem 9.2.8 we have, 
(2) = 1 (-2)? = -1(mod p), since (-2)? = (=2) = (=4)(2)(mmod g) 
and ey = —1(refer to Theorem 9.2.4). Now, applying similar arguments 


as case(i), we can say that —2 is a primitive root of g = 2p+1. 


For further illustration of this theorem, if we consider p = 5 then we can 
examine that 2 is a primitive root of 2p+1=11. Also for p= 11, —2 becomes 
the primitive root modulo 2p + 1 = 23. 

Before retiring from the field, we should mention another application of Leg- 
endre symbol on primes. The theorem here as follows. 


Theorem 9.2.10. There are infinitely many primes of the form 8k — 1. 


Proof. To the contrary, suppose there are finitely many primes pj, p2,---Pn- 
Let T = (4p,p2---p,)? — 2 and p be an odd prime divisor of T. This shows 
4p, p2*+-Pn is the solution of the equation (4p1p2--- pn)? = 2(mod p). Thus 
) = 1 holds. Now, by Theorem 9.2.8 we have p = +1(mod 8). If p = 1( 
mod 8) then p is of the form 8k + 1 which implies T of the form 16k’ + 2. This 
is impossible as T is of the form 16k’ — 2. Thus the prime divisor must be 


of the form p’ = 8k — 1. Combining p’|T and p'|(4p,p2---pn)* yields p’|2, a 


contradiction. So the number of primes of the form 8k — 1 is infinite. 


9.3. Worked out Exercises 


Problem 9.3.1. For an odd prime p, prove that the quadratic residues modulo 


p are congruent modulo p to the integers 

12.92 32... (2)? 
Solution 9.3.1. Let us take a = 17, 27,3,--- , (25+). 
Then a= = 1P-l gp-l... (2*)P-}, Now if we take b = 1,2,3,--- , po then 
gcd(b,p) =1as1<b<p-—1andp isa prime. By Fermat’s Theorem, we have 
bP-! = 1(mod p). This implies a 1(mod p). Applying Euler’s Criterion, 


we can say that 17,2?,37,--- ,(25+)? are quadratic residue of p. 
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Next we are to show 1?,2?,37,--: (2) incongruent modulo p. Let us 
choose a? = b?(mod p), 1 < a,b < ?5* anda#b. Then we have (a+b)(a—b) = 
O(mod p). Nowa+b< pot + nt = p—1, implies gcd(a+b,p) =1. So we can 
divide both sides of the congruence by a+b. This shows that a — b= 0(mod p). 
Thus we have a = b(mod p), implies a = b. This is a contradiction. This shows 
that 17, 2?,37,--- (AS) are incongruent modulo p. 

Finally we have to show that any quadratic residue a modulo p must be 
congruent to 1?,2?,37,--- ,(25+)?. Let xo be the solution of x? = a(mod p) 
where 1 < x29 < p-—1. Here p— 20 is also a solution. Then one of xo and 
p—2o must be less than or equal to p—1. Therefore one of x2 or (p— 20)? is 
equal to 17,27, 3,--. ,(?5+)?. Since x2 = a(mod p) then we have, (p— xo)? = 


p? — 2pry + x2 =a(mod p). Thus a must be congruent to 17, 27,37,--- (2S). 


Problem 9.3.2. Solve the following quadratic congruence: 3x? + 9x + 7 = O( 
mod 13). 


Solution 9.3.2. To solve this, choose y = 2ax+b = 6x49 where a = 3 
and b =9. We transfer this equation in terms of y? = d(mod 13), where d = 
b? — 4ac = —3. This implies that y2 = —3 = 10(mod 13). Thus y = 6,7( 
mod 13). Using y = 6x49 we see that, 


62 +9 = 6( mod 13) or, 6% + 9 = 7( mod 13) 
6x = —3( mod 13) 6x = —2( mod 13) 
6x = 36( mod 13) 122 = —4( mod 13) 

x = 6( mod 13) x =4( mod 13). 


Problem 9.3.3. Prove that 3 ts a quadratic residue of 23. 


23-1 


Solution 9.3.3. Here we have, 3-2 =3'! = 9(27)%. Then we can see that, 


9(27)® = 9(4)?( mod 23) 
=9-64( mod 23) 
= 9-(—5)( mod 23) 
= 1( mod 23). 


By Euler’s Criterion, we cay say that 3 is a quadratic residue of 23. 


Problem 9.3.4. Given that a is a quadratic residue of the odd prime p, prove 
that p — a is a quadratic residue or nonresidue of p according as p = 1(mod 4) 


or p = 3(mod 4). 
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Solution 9.3.4. Here a is the quadratic residue modulo p. Then by Euler’s 
Criterion we have, Gre 1(mod p). To verify (p — a) is a quadratic residue 
or nonresidue, we need to consider x? = p—a = —a(mod p). Thus either 
(-a)"F = = 1(mod p) or (— ar = =-—1(mod p). But (—a)*= = (-1)*r a> = 
eh (mod p) implies that either (—1 1) = =1o0r-—-1. This according as pot 
is even or odd . 
Ife is even, then pot = 2k for some integer k. This implies p = 1(mod 4). 

If — is odd, then at = 2k’ for some integer k’. This implies p = 3( 


mod 4). 


Problem 9.3.5. If ab = r(mod p), where r is the quadratic residue of the odd 
prime p, show that a and b are both quadratic residues of p or both nonresidues 


of p. 
Solution 9.3.5. Here for ab = r(mod p) we have gcd(ab, p) = 1. This implies 
that gcd(a,p) = 1 and gcd(b,p) = 1. Let us choose a as quadratic residue and 


b as quadratic nonresidue. Thus from the Corollary 9.2.1 we have a= 1( 


mod p) and bea —l1(mod p). This two together gives fa S¢25 2 = -1( 
mod p). This shows r is a quadratic nonresidue. But this is not true. Since 
r is a quand residue then the possibilities are, at =p = 1(mod p) or 
is ahs = —l1(mod p). Thus a and b are both quadratic residues of p or 
both nonresidues of p. 


Problem 9.3.6. If p= 2" +1 is a prime,show that every quadratic nonresidue 


of p ts a primitive root of p. 


Solution 9.3.6. Let a be a quadratic nonresidue modulo p = 2* +1. By Euler’s 
Criterion we have, ar = —1(mod p). As 2*+1 is prime, then it implies k > 1 


and aS = 2-1. Therefore we have, 

a?’ =—1( mod p) (9.3.1) 
Note that (a2""")2 = a** = 1(mod p) and ¢(p) = p—1 = 2*. If n be the order 
of modulo p, then n must divide 2". Let n = 2" with a?” = 1(mod p) for some 
r<k. Ifr =k-—1, then (9.8.1) does not hold. This is a contradiction. If 
r<k-1, then (a?")? = a2?" =a?" 


(k —1)—r times we get, a =1(mod p) which again contradicts (9.3.1). This 


= 1(mod p) and continuing this way after 


shows that n = 2° = $(2* +1), which implies a is a primitive root modulo 2° +1. 
Problem 9.3.7. Find the value of the oe Legendre symbol (=). 


-_ =2) = = (tar) (gz) [. (+) = 1). How- 


(= 
1 — 1 
SB) = (-1)"F* = -1. Since 131 = 16-843, 


Solution 9.3.7. Note that (= 


ever, by Euler’s Criterion we have ( 


131 rt) = 
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therefore by Theorem 9.2.8 we see that (73) = —1. These two together yields 
(Ga) = (-1)(-1) = 1. 

Problem 9.3.8. Use Gauss’s lemma to compute the Legendre symbol (33) 


Solution 9.3.8. Note that p=19. Then we can see that pt =9 and § =9.5, 
which further yields S = {5, 10, 15, 20, 25, 30,35, 40, 45} = {5, 10, 15, 1,6, 11, 16, 2, 7}( 
mod 19). Thus the numbers 10,15,16,11 are greater than 9.5. So by Gauss 


Lemma we have for n = 4, (3) = (-1)4 =1. 


Problem 9.3.9. Prove that 2 is not a primitive root of any prime of the form 


p=3-2" +1, except when p = 13. 


Solution 9.3.9. To verify 2 is not a primitive root, its suffices to show that 2 
is a quadratic residue of p. Now p—1= 3-2” and by Theorem 9.2.8 we have, 
p—1=0(mod 8) for n > 3. This shows that (2) = 1 and 2 is quadratic residue 
of p.Hence 2 is not a primitive root of p. 

Considern =1. Then p=3-2+1=7 implies p= 7(mod 8). Moreover, by 
Theorem 9.2.8 we have =1. This shows that 2 ts not a primitive root. If we 
consider n = 2, then p = 13 implies p = 5(mod 8). Again by virtue of Theorem 
9.2.8, we have (2) =—1. So in this case, 2 is a quadratic non residue and hence 
a primitive root of 13 also. 


Problem 9.3.10. For an odd prime p, show that there are pet — o(p — 1) 


quadratic nonresidues of p that are not primitive roots of p. 


Solution 9.3.10. In view of Theorem 9.2.6, we can say that there exist aot 
number of quadratic residues and non residues of p. 

Let a be a quadratic residue of p. Then it can not be a primitive root because 
ar = 1(mod p)/by Corollary 9.2.1]. But 6(p) = p—1 implies a is not a 
primitive root. Thus if r is a primitive root of p, then it must be congruent to 
quadratic non residue of p. Let S be the set of quadratic non residue of p. Then 
S contains _ elements. From Corollary 8.2.3, there are 6(p — 1) numbers of 

p-1 


elements of S which are primitive roots of p. Thus [25- — ¢(p—1)] elements of 


S are not primitive roots of p. 


Problem 9.3.11. If p is an odd prime, prove that 


Solution 9.3.11. Let us choose an integer a such that gcd(a,p) = 1. Then from 
linear congruence we can say that there exists an integer a’ satisfying aa’ = 1( 
mod p) forl1<a<p-—2. 
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Here both a and a’ runs from 1 to p— 2. However if a’ = p—1, then 
a(p — 1) = 1(mod p). This implies -a = 1(mod p) > a+ 1= 0(mod p), which 
shows that p—1=<a, a contradiction. 
Let a,a’ = 1(mod p) and a,a’ = 1(mod p). Then a,a’ = a,a'(mod p) im- 
plies a, = ag. This shows that if a runs from 1 to p—2, then each a’ from 1 to 
p—2 is represented only once. Asa runs from 1 to p—2, so1+a’ runs from 2 


top—1. 
-. aa’ = 1( mod p) 
=>ataa'=a+1( mod p) 
=> a(14+a’) =a+4+1( mod p) 
= a?(a +1) =a(a+1)( mod p). 


H)) =(1t#). Now we can see that, 


wer ))) a Pye 
2G 
-©® 
-Y-(. 


By Theorem 9.2.6we have, wr (4) = 0 and (+) =1. This proves wat) = 
1. 

Problem 9.3.12. If p = 7(mod 8), then prove that plas —1. Hence show 
that 2” —1 is composite for n = 239 


Solution 9.3.12. From Euler’s Criterion we have, () = 2°="(mod p). More- 
over, since p = 7(mod 8) therefore by Theorem 9.2.8 we have e) =1. Thus 
together we say that oF -1= O(mod p). Hence p| (2° = 1). 

For the remaining part, to verify 2739 —1 is composite, we need to express 
239 as bo for some p of the form 7+ 8k(k € Z). Hence 239 = po >p= 


503 = 7+ 62-8. 


Problem 9.3.13. If the prime p > 3, prove that p divides the sum of its 


quadratic residues. 
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Solution 9.3.13. Let r be a primitive root modulo p and ay, da2,°-- 1Apat be the 
quadratic residue of p. By Corollary 9.2.2, r2,r4,---r?-1 are congruent to the 


quadratic residue of p. Therefore 


Qi tag t+: +ap-1 =r? t+r4t---r?1( mod p) 


=r7(Ltr?+rt4..-r?-3)\( mod p) [. p > 3]. 


Since r is a primitive root, so r?~' = 1(mod p). Therefore, 


ay + agrt+ + ap-1 = rept pe P38 Scie mod p) 


>a, tag+-+-tap-1 =(14+r7+r+4-.-r?-3)( mod p). 


Now from the above two congruence equation for p > 3 we have, 
re(Ltrt tert p..-pP3) = (14 r74 744+... r?-3)\( mod p). 


Here p must divide (1 +r? + r4+.--+r?-3), otherwise r? = 1(mod p) which 
contradicts the fact that r is primitive root as p > 3. Thus we have, p|(a, + a2 + 
ee + pad ) . 


Problem 9.3.14. Show that the odd prime divisor p of the integers 9” +1 are 
of the form p = 1(mod 4). 


Solution 9.3.14. Here p is an odd prime divisor of 9° +1. Then 9" +1 = 0( 


mod p) or (3")? = —1(mod p). Since p is odd, therefore either p = 1(mod 4) 
or p = 3(mod 4). Now by Theorem 9.2.4, if p = 3(mod 4) we can say that 
there does not exists any solution of x? = —1(mod p). So there is no solution 


of (3")? = —-1(mod p). Thus p is the divisor of 9° +1 if it must be of the form 
p = 1(mod 4). 


9.4 Quadratic Reciprocity Law 


Here in this section we have discussed another important of modular arithmetic 


which gives us the path to solve quadratic congruences modulo prime numbers. 


If we choose two odd primes p and q then both the Legendre symbols (2) 
q 


and { £) are defined. A fairly question presents itself: Is it possible to find 
any one of them with the help of other. The answer is contained in the notion 
‘Quadratic Reciprocity Law’: (2) . (2) = ( FS Es i E Also, this leads 
to the fact that if 2? = p(mod ) is Skis then a? = q(mod p) is also so and 
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vice versa. Now before going to the proof of above quadratic reciprocity law we 
have to prove a significant lemma first. This lemma further leads us to prove 


this important law of modular arithmetic. 
Lemma 9.4.1. If p is an odd prime and r is an odd integer with gcd(r,p) = 1 


eis (£) = (222s, z [ér/p]_ 
Pp 


-—1 
Proof. To begin with, consider the integers r, 2r,--- (E \r among which some 


are greater than § and the rest are less than $ when divided by p. Let r1,r2,-++ Tn 
be the remainders less than B and s1,82,°--Sm be the remainders greater than 


>. Dividing every element of r,2r,--- @ = +e by p we get, tr = qp + w; where 
1<w,<p-—1. Then a =a+3>a4= [tr/p] for 1 <t< po. Hence 
tr = [tr/p]p + wr. 

If the remainder w; < r it is one of 71,72,°*: Tn and if w; > 8 5 then it is one 


of $1, 52,°++Sm. Adding both sides of the last equation we ant 


Soir = Sti: pt Dont ds (9.4.1) 


t=1 


Taking the proof of Gauss Lemma into consideration, the integers r1,172,+-++Tn,p— 


$1,P — $2,°**Pp— Sm are among 1, 2,--- pot in some order. Therefore 
pol 
2 n m 
t=) te) .o—s;) =m Yon Ds (9.4.2) 
t=1 i=1 j=l 
Subtracting (9.4.2) from (9.4.1)we get 
p-1 p-1 
2 2 m 
(r — 1) )2t = (3 ltr/p] — m) 42> 5; (9.4.3) 
t=1 t=1 j=l 


us, 


pr-1 Pp 


O«) £21 os [tr/p] — m)( mod 2) + m= 5 —[tr/p]( mod 2). (9.4.4) 


t=1 


pai 
Finally, Gauss Lemma leads us to conclude that (5) = (—1)™ = (-1)24a ler/P | 
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The above lemma is not only a tool to prove quadratic reciprocity law but 


also used to evaluate Legendre symbol. For instance, if we wish to prove (3), 


11-1 
by above lemma we only need to evaluate 5°, [¢- 5/11]. 


Here, 
5 
Psi [t-5/11] = [5/11]+ [10/11] + [15/11] + [20/11] +4 [25/11] = 0+0+4+14+1+2=4. 


Hence (4) = (—1)4 = 1. Now, the actual details of the Gauss Quadratic 


Reciprocity Law appear below. 
Theorem 9.4.1. Ifp and q are distinct odd primes, then Gays) = (-1)CQP)GP), 


Proof. To start with, consider a pair of integers (a, y) with 1 <a < a and 


l<y< . Now we divide the total number of pair (24)(5+) into two 


groups, which depends on the relative sizes of gx and py. Geometrically it can 


be interpreted by a diagonal of a rectangle from (0,0) to (4, £) as shown in the 


272 
figure below: 


(0,q/2) (p/2,q/2) 


(0,0) (p/2,0) 


Figure 9.1: 


Here the equation of the diagonal is y = (4)z, with slope 7. First, we wish to 


ensure that the pair do not coincide with the diagonal. If so, then py = qx => 
q\py. Then either g|p or gly holds. Since ged(p, qg) = 1 so qgt{p. Alsol <y< at 
implies q{ y. Thus, py = qx is not possible. 
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Let gx > py. Then we have, 1 <a < ot andl<y< a So for each x lying 
between 1 and a there are [qx/p] number of integers satisfying 1 < y < a 
pol 
So the total number of such pair are )>;?, [qi/p]. 
Again, if gz < py then 1 <y< at andl<a< me Proceeding as above, 
ant 
the total number of such pair are }?;, [pj/q|. As the total number of coordinates 
p-l1 p-l 
in « and y are 2+. ©, therefore =*- 5* = Y,3 [at/p] + DS, [ai/2I. 
Appealing to Lemma 9.4.1 we get, 


-1 


(2) (‘) =i ae ba/al (4) baila 


q Pp 


q-1 p-1 
_ (-1)25a1 pi/a+S~, 2, (ai/o) 


= (Ce Ca 


This proves the law of quadratic reciprocity. 


Corollary 9.4.1. If p and q are distinct odd primes, then 


(2) (4) _ J 4d, if p = 1( mod 4) or g=1( mod 4); 
gi <pe. |i aty if p = q = 3( mod 4). 


Proof. As (2)(2) = (-1)(2-)-C@), then the number (25+) - (45+) is even if and 
only if at least one of them is of the form 47 + 1 for some integer 7. This shows 
that p = 1(mod 4) or q = 1(mod 4). Also (25+) - (4+) is odd if and only if 
both p and q are of the form 47 + 3 for some integer j, which further implies 


p = q =3(mod 4). Our task is complete. 


The above corollary gives birth to the following obvious corollary. 
Corollary 9.4.2. If p and q are distinct odd primes, then 
(4) _ J (4), ifp=1( mod 4) or ¢g= 1( mod 4); 
q =U3)s if p = q =3( mod 4). 


For example, if we consider the Legendre symbols (7) and (=) then Theo- 
rem (9.4.1) yields, 


G)(B) one 


Thus, according to the last corollary we have () = (7) =1. 


Finally, we conclude this section with the following theorem. 
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Theorem 9.4.2. [fp 43 is an odd prime, then 


(2) _ 1, if p= +1( mod 12) 
p)  ) -1, ifp=+5( mod 12). 


Proof. Appealing to Corollary(9.4.2) we get, 


(5) _ (2), ifp =1( mod 4) 
P (Fe) tk PS ied 4), 


Set p = 1(mod 3). Recalling Theorem 9.2.3 we get (2) = ($) = 1. Also, if p = —1( 
mod 3) then by similar reasoning we have, (£) = (+) and (++) = (=1) == ( 


3 
mod 3). Combining we get (£) = —1. Thus, 


(2) 1, if p=1( mod 3) 
3) ) -1, if p=—-1( mod 3). 


Combining p = 1(mod 4) and p = 1(mod 3) yield p = 1(mod 12)(Why!). Also, 
p = —1(mod 4) and p = —1(mod 3) together gives p = —1(mod 12). 


Suppose p = l(mod 4) and p = —1(mod 3). Then for z,z’ € Z we have 
p—1=4z, p+1 = 3z’. On solving, we get p+ 7 = 12(z’ — z) which implies 
p=-—7=5(mod 12). Finally, for p= —1(mod 4) and p = 1(mod 3) there exist 
integers t,t’ such that p+ 1 = 4t and p— 1 = 3t’. Proceeding as above, we get 
p=7=-—5(mod 12). This leads us to, 


(2) = Ly if p= +1( mod 12) 
p)  \ -1, if p=+5( mod 12). 


9.5 Worked out Exercises 


Problem 9.5.1. Evaluate the following Legendre symbol: (#225). 


Solution 9.5.1. Here 4567 = 3(mod 4) and 1234 = 2-617. Also 617 = 1( 
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mod 4). An appeal to Theorem 9.2.8 and Corollary 9.4.2) yields 


1234 2.\(617\ _ (4567 

Ga ae (ser) Gar 567 = 7( mod 8)] 
_ [{ 248\ cule — 
-(5i5) ~(air) (ais) 28-2 


) 
-(#)= (2) a (=) 
(7) 
=(5) =i, 


Problem 9.5.2. Show that if p is an odd prime, then 


(=) J 1, ifp=1( mod 8) or p= 3( mod 8) 
p)  ) -1, if p=5( mod 8) or p=7( mod 8). 


Solution 9.5.2. Note that (FS) = (Cee By Theorem 9.2.4, we can say that 
(>) = 1 if p = 1(mod 4) and by Theorem 9.2.8 we have (3) =1 ifp = +1( 
mod 8). By similar arguments, (>) = —1 if p = 3(mod 4) and (2) =-lif 
p = +3(mod 8). However if p = 1(mod 8), then p = 1(mod 4) which gives 

3)= = 1. Furthermore if p = 3(mod 8), then p = 3(mod 4). Thus ($7) = 

—1)-(-1) = 1. Moreover if p = —3 = 5(mod 8), then p = 5 = 1(mod 4), 

which shows (3) = (-1)-1=-1. Also if p = 7(mod 8), then p = 7 = 3( 
mod 4) shows (3) = (1) -(—1) =—-1. Combining all those results we obtain, 


(=) 1, ifp=1( mod 8) or p=3( mod 8) 
~ | -1, if p =5( mod 8) or p=7( mod 8) 


Problem 9.5.3. Determine whether the following quadratic congruence is solv- 
able or not: 3x7 + 6x +5 = 0(mod 89). 


Solution 9.5.3. Let us consider the equation 3x7 + 6x + 5 = 0(mod 89). So 
3a? + 62 +5 =0( mod 89) 
=> (6x2 + 6)? + 24 = 0( mod 89) 
=> (62 + 6)? = 65( mod 89). 


Let y = 6x +6. Then y? = 65(mod 89). As 13 = 1(mod 4), then by Corollary 


9.4.2) we can write, 


(8) =(3)=(i) =) a) =a tm 
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Moreover 5 = 1(mod 4). Then by Corollary 9.4.2 we can say that, 


5 89 4 2 1 
89 5 5 5 
Together we have, a =-1. This shows that the given equation is not solvable. 


Problem 9.5.4. Verify that if p > 3 is an odd prime, then 
(=)- 1, ifp=1( mod 6) 
p)  \ -1, ifp=5( mod 6) 


Solution 9.5.4. Let us take eee - Cale To prove the assertion we are to 


consider two cases: 
Case(i): Let p= 1(mod 6). Then p—1 = 6t for some integer t(> 0). 


1. If t is even, then t = 2t’ for some integer t'(> 0). This shows that p— 
p-1 


1 = 12t’ or p=1(mod 12). Therefore (+) = (-1)* = (-1)*" =1 
and (3) =1/by Theorem 9.4.2]. Therefore 2 = 1. 


P 
2. If t is odd, then t = 2t'+1. This shows that p— 1 = 6(2t’+1) or 
p =7=-—5(mod 12). Therefore (>) = (eae = (—1)3+6" = -1, 
Then by Theorem 9.4.2 we have (=) = 1. Hence p = 1(mod 6) > 
(=8) =1. 


Case(ii): Let p= 5(mod 6). Then p—5 = 6k for some integer k(> 0). 


1. If k is even, then t = 2k’ for some integer k'(> 0). This shows 
that p — k = 12k’ or p = 5(mod 12). Therefore (+) = (ies = 
(—1)?2+6" — 1 and ) = —1/by Theorem 9.4.2]. Therefore j=) = 
1. 

2. If k is odd, then t = 2k'+1. This shows that p—5 = 6(2k' + 1) 
or p = —l(mod 12). Therefore (>) = (—1)°= = (-1)5+6 — 
—1. Then by Theorem 9.4.2 we have (=) = -l. Therefore p = 5( 
mod 6) > (>) =-1. 


Problem 9.5.5. Prove that there exist infinitely many primes of the form 8k+3. 


Solution 9.5.5. To the contrary, let us assume that there exists finitely many 
primes of the form 8k +3 say, P1,P2,°** ;Pn. Consider M = (pip2--- pn)? +2. 
Then M is odd and it has an odd prime divisor p such that p 4 p;. For if p = 1, 
then p|M and p\(pip2-+:Pn)* together imply p|2. 

Now M = 0(mod p) imply (pip2-+:pn)? = —2(mod p). So either p = 1( 
mod 8) or p = 3(mod 8)/refer to Problem 9.5.2]. Let M = q}'q5?---qk* and 
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q = 1(mod 8) for all i. But p; = 3(mod 8) imply p? = 9 = 1(mod 8). This 
shows that (pip2--:pn)? + 2 = 3(mod 8) i.e. M = 3(mod 8), a contradiction 
to the fact that M = q}'qh? ---q** = 1(mod 8). 

Therefore all q;’s can’t be of the form q = 1(mod 8). So there must be some 
odd prime divisor q; = p of M such that p = 3(mod 8). This contradicts the 
fact that p;’s are finite. 


Problem 9.5.6. Show that (2) =1 if and only if p = 1,9,11,19(mod 20). 
Pp 


Solution 9.5.6. By definition of Legendre symbol, we have p is an odd prime. 
If p = 1,9,11,19(mod 20), then we have p = 1,9,11,19(mod 5). This shows 
that p= 1,4(mod 5). As 5 = 1(mod 4), by Corollary 9.4.2 we find (>) =(%)= 
(4) or(). In any case (3) =r, 

For the converse part, let (>) = 1 holds. Since 5 = 1(mod 4), therefore 
(3) = (8) = 1. So by Euler’s Criterion, pe = 1(mod 5) yields p = 1, 4( 
mod 5). Furthermore, for an odd prime we have p= 1, 3(mod 4). Those above 
congruences imply that 4p = 4(mod 20) or 4p = 16(mod 20) and also 5p = 5( 
mod 20) or 5p = 15(mod 20). Subtracting them we get, p = —lor 11(mod 20). 
This follows that p = 1,9, 11, 19(mod 20). 


Problem 9.5.7. [fp and q are odd primes satisfying p = q+4a for some integer 
a, prove that es) = (£), 
Solution 9.5.7. Since p = q+4a, therefore (@) = (FS): But q + 4a = 4a( 
mod q). Thus (=) a (4) = () Similarly, q = p — 4a implies (3) = (2 = 
(=)(4). As p is odd, two cases arise: 


Case(i): Ifp = 1(mod 4), then Theorem 9.2.4 yields (S) =1. So (4) = (4). 
By Corollary 9.4.2, we find (4) = (2) asp = 1(mod 4). Then applying all above 


notions we get, (¢) = (4)- 

Case(ii): If p = 3(mod 4), then by Theorem 9.2.4 we have (+) =-1. Thus 
we get (4) = —(¢). As p= q+ 4a, then p = q(mod 4) implies q = 3(mod 4). 
Moreover, by Corollary 9.4.2 we have (4) = —(®). In this case we can say that 


q 
: Pp 
a) — _(4)_(4 
(2) = -(2) = (2), 
Problem 9.5.8. Find a prime number p that is simultaneously expressible in 
the forms x? + y?, u2 + 2v? and r? + 3s?. 


2 


Solution 9.5.8. Let us take x7 + y” = p. Then ye = —1(mod p). Similarly 


a = —2(mod p) and = = -—3(mod p). To find the value of p we need to apply 
the condition ( =) ( =) ( ) 1. 
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Therefore for a) = 1, we get p= 1(mod 4). Similarly, we get ( 5 
provided p = 1(mod 8) or p = 3(mod 8). However, if p = 1(mod 6) then 


(34) =1. 

If p = 1(mod 24), then p = 1(mod 4), p = 1(mod 8) and p = 1(mod 6) 
holds together. Let us consider p = 1+ 24k for k = 1,2,3---. Then p = 
25,49,73,---. In particular, 73 is a prime and it can be written as 8? + 3? = 


73 = 12 + 2(6)? = 5? + 3(4)?. 


Problem 9.5.9. Show that the prime divisors p(# 3) of the integer n? —n+1 
are of the form 6k + 1. 


Solution 9.5.9. Note that n? —n+4 1 is odd for all n > 1(Verify!). If p is 
a prime divisor of n? —n+1, thenp > 3 asn*-n+1#42 andp#3. If 
p|n?—n-+1, then p also divides (2n—1)?+3. Therefore (2n—1)? = —3(mod p) 
follows that es) =1. This shows that p = 0,1, 2,3,4,5(mod 6). Ifp = 0,2,4 = ( 
mod 6), then we have p = 0,2,4(mod 2), which is not possible as p > 3. If p = 3( 
mod 6), then p = 3(mod 6) implies 3|p, a contradiction as p > 3. Thus for p = 5( 
mod 6) we have eS = —1 [by Problem 9.5.4]. This shows that p = 1(mod 6) 
holds and p is of the form 1+ 6k for some integer k. 


9.6 The Jacobi Symbol 


In this section, we conduct a study on another important symbol of number 
theory known as Jacobi symbol. This is the generalization of Legendre symbol 
studied in previous section. The symbol acts as an utilitarian in evaluating 


Legendre symbol. 


Definition 9.6.1. Let n be a positive integer and n = pi!p5?---phm be its 


prime factorization where each p;’s are distinct. Then the Jacobi symbol (4) is 
ny na Mm y 6 opr 

defined by (4) =(sappe) =(*) -& Sl) , T being any positive 

integer relatively prime to n. Here the symbols () for each i = 1,2,---m are 


known to be Legendre symbol. 


To illustrate, let us choose a = 2, b= 147. Then (=) ate) —(2)°(2) = 
(-1)(-1)? = -1. 


This demonstrates, in particular, Jacobi symbol is Legendre symbol if n is 


prime. However for any composite number n, the value of (4) fails to assure 
2? = r(mod p). Since 2? = 3(mod 5) and 


x” = (mod 7) have no solutions, therefore the equation 2? = 3(mod 5) has no 


solution. Although we can see that (3) =(2) (2) = (—1)(-1) = 1. Thus for 


the solvability of the congruence x 
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any composite integer n and any prime divisor p of n, 2? = r(mod n) has a 
solution if x? = r(mod p) is solvable. 

Jacobi symbol also relish certain interchangeable properties to those of the 
Legendre symbol. 


Theorem 9.6.1. Let n be a composite number and r,s be integers such that 
gcd(r,n) = 1 and gcd(s,n) = 1 respectively. Then the following properties are 
true: 


1. Ifr =s(mod n) then (5) = (2). 


2 (£\(2)-(2). . 


Proof. To prove these four assertions, consider n = p{*p5? ---pr'™ to be its prime 
factorization. 


1. Let p be the prime divisor of n. Then r = s(mod p) holds. Taking Theorem 
9.2.3 into consideration, we obtain () =(8). This implies, 


() ae 


2. Again, by Theorem 9.2.3 we find (3) =(*) () for each i. Thus we can 
deduce that, 


a eC 
Aa ee aye) a) 


3. With the help of Euler’s Criterion we find (£) = r’= (mod p) for any 


r 
Pp 
p-1 


integer r with gcd(r, p) = 1, p being any odd prime. Then ($*) =(-l1)7=. 
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Gaol oes 


= (1) i(p1—}) mate yy Pan 


Consequently, 


Now, n can be expressed as 
n= Pi Ds? oe “py 
= {1+ (p1 — 1} {1+ (pe — DY} + (1+ (om — DY}. 
Here for each i, the term p; — 1 is even. Then we have {1+ (p; —1)}" = 


1+n,(p;—1)(mod 4). Also, {1+ ni(pi —1)}{1+n;(p; —1)} = 14 ni(p; 
1)+n,;(p; —1)(mod 4) because njn;(p; —1)(p; — 1) is multiple of 4. Hence 


n=1+4+n1(p, — 1) + ne(po — 1) +--+ + 2m(Pm — 1)( mod 4) 
n—-1— ni(pi-—1) . ne(p2—-1) Nm(Pm — 1) 
= ! oe d2 
D 2 2 a a ned) 


This shows that (=!) = (-1)2. 


peal 


4. In light of Theorem 9.2.8, for any odd prime p if G) = (-1) 2 holds 
then 2 becomes the quadratic residue provided p = +1(mod 8). Thus, we 


find 
n Pl p2 Pm 
na (p71) 
— (—1) 8 


Again, n can be expressed as n? = {1+ (p? —1)}™ {1+ (p3 —1)}™--- {1+ 
(p2, — 1)}"™. Since p; = +1(mod 8) then p? = 1(mod 8) or p? — 1 = 0( 
mod 8). Thus {1 + (p? — 1)}"* =1+n,(p? — 1)(mod 64) and {1 + n;(p? — 
1} {1 + 2; (pj — 1)} = 14+ ni(p7 — 1) + 25(p7 — 1)(mod 64). Hence n? = 
1+ ni(pt — 1) + no(p3 — 1) +--+ + mm (p2, — 1)(mod 64), which further 
implies neal = malet—}) fara rere tm (Pn) (mod 8). This yields 


n2-1 


n(p3—1) nm (pe, —1) 
8 sts 8 F 


Now the following theorem highlights the fact that the reciprocity law agrees 
for both Jacobi symbol and the Legendre symbol. 


Theorem 9.6.2. Let m and n relatively prime odd positive integers. Then 
(ays Cute) 
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Proof. Let n = p}'ps?-++-per and m = qj"'q5"?--- qi"* be prime factorizations 


of n and m respectively. Then, 


j=l 
ICS) 
Thus we get, (~) (—) = II Il () Coles From the quadratic reciprocity 
i=lj=1 4 ' 
law, we achieve 2)\4) = (-1) ACP), Hence 
qj Pi 
m n Sone ni ir y¢ Mai -Y) 
a) be) = HE 


= (-1) 23-1 So (HEED (Mate) 
ea ee 


m1) 


(Hers 


This completes the proof. 


Our future effort is develop an elegant algorithm for evaluating Jacobi sym- 
bol. Let m and n be two relatively prime positive integers with m > n. Assume 
Jo = mand J; = n. Applying division algorithm on Jp and J; we have, 
Jo = J, -q, + 2" Jo where q; is quotient and 2°: Jo is the remainder. Here, 2°: Jy 
is constructed in such a way that Jz is an odd positive integer less than J,; and 
t, be a non negative integer. Now the repeated use of division algorithm gives, 


J = Jo- qa + 27 Js 
Jo = Ja+q3 +2" Ja 


In—3 = JUn-2° In—-2 1 7 Pe 


In—2 = In-1 *@n—-1 1 Des . 1, 


Theory of Quadratic Residues 229 


where each t; is non-negative integer and J; is an odd positive integer less than 
J;_1 for i = 2,3,---n —1. Here the sequence of equations get discontinued, 
where J; = 1 for some positive integer k as gcd(m,n) = 1. 

To illustrate the algorithm, let us take m = Jo = 225 and n = Jy = 29. 
Then, 


225 = 29-74+2'-11 
29=11-242°-7 
11=7-1+2?-1 


Formatting all our discussions in the following theorem, which demonstrates, 


how this algorithm evaluates Jacobi symbols. 


Theorem 9.6.3. Let m and n be positive integers with m > n. Then 


t1(J2—-1) — t9(s2—1) ty—1(J2_ 4-1) ya dg Gy ged ep Tig 
(2) Sta) a go ae ee 


n 


where J; and t; are the integers fori =1,2,---n—1 as described above. 


Proof. By virtue of Theorem 9.6.1, we see that 


Orga ee) 


Again in the light of Theorem 9.6.2, we see that 


Combining them, gives 


m Jy—1 Jo—1 , t112-D) 
Gael et 


Continuing with these steps we get, 


jar de = ; 
(yee ae 
Jj Jit 
for 2 = 2,3,---n—1. Finally combining all those inequalities we obtain, 
(@ a 4B a (ap) (4) fee (234) (a). 


Example 9.6.1. Let m = 225 and n = 29. Then we get, 


(FF) = — 1) 2 AS) 
29 , 


= (Ajeet es 20 = (2158 =]. 
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Our previous discussion tells us about the solvability of quadratic congruence 
modulo odd prime p. Consider two composite numbers 441 and 1764, then 
factorize them as 441 = 3? x 77, 1764 = 2? x 3? x 77. Thus an odd composite 
number can be represented as product of distinct odd primes and if the composite 
number is even, then in the factorization of it some powers of 2 occurs along with 
the product of distinct odd primes. If we consider an odd composite number 


_— ym 
m= py 


it is necessary to find solvability of quadratic congruences modulo 2* and p” for 


py’? ++» pm” and an even composite number n = 2* pj" py’? --- pi", then 


each prime p; and positive integers k, m;. Solving the equations x? = r(mod m) 
and x? = r(mod n) is equivalent to solve the systems 2? = r(mod 2*), 2? = 
r(mod p{"')-+-2? = r(mod p’"). This motivates us to state and prove the 
following theorems, which deals with the solvability of quadratic congruences 


x? =r(mod p)) and x? = r(mod 2*) for any odd prime p; and k > 0. 


Theorem 9.6.4. If p is an odd prime and gcd(r,p) = 1, then the congruence 
x? = r(mod p”) (n > 1) has a solution if and only if () =u. 

Proof. For the ‘if’ part, let the congruence equation x? = r(mod p”) has a 
solution. Then 2? = r(mod p) is solvable. Hence (3) =1. 

For the ‘only if’ part, let holds. We intend to use the principle of 
mathematical induction on n to prove the solvability of 2 = r(mod p”). The 
result is trivial for n = 1. Let us consider the statement prevails for n = k. 
Then x? = r(mod p*) is solvable. For n = k + 1 its suffices to show that 
x? = r(mod p**!) is solvable. As x? = r(mod p*) is solvable, let « = xg be 
its solution. Then 22 = r + bp* holds, for some integer b. To examine whether 
x? = r(mod p*) is solvable, we need to find the solution of 2x,y = —b(mod p). 
As gcd(229,p) = 1, therefore this linear congruence is solvable with its solution 
Y= Yo: 

Let us consider the integer x; = 29 + yop”. Squaring we get, 


(xo + yop")? = x6 + 2xoyop” + yop” 
2°:2k 


=r+(b+2zxoyo)p* + yop". 


Here p|(b + 2x,y,). Then applying congruence modulo p**! we get, x? = r( 
mod p*+'), Thus the statement is true for n = k +1, so the induction step is 


complete. 


Let us illustrate Theorem 9.6.4 with an example, where we can find a solution 
of x? = 14(mod 5). To accomplish this, we see that x? = 14(mod 5) has 
a solution z = 7 as (2) = 1. Now 7? = 49 = 14+7-5, where b = 7 
and the linear equation 2 x 7 x y = —7(mod 5) has a solution yo = 2. Thus 
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21 = X2o+yop = 7+2x5=17. Let us examine, whether x; = 17 is the solution 
of x? = 14(mod 5°). 

Now consider even composite number, where we can compute the case for 
modulo 2*(k > 1). The following is the theorem based on that. 


Theorem 9.6.5. Let r be an odd integer. Then 

1. x? = r(mod 2) always solvable. 

2. x? =r(mod 4) has a solution if and only if r = 1(mod 4). 

3. x? =r(mod 2”), forn > 3 has a solution if and only if r = 1(mod 8). 
Proof. 1. Obvious. 


2. Since the square of any odd integer congruent to 1 modulo 4, therefore r 
must be of the form 4k + 1 to solve x? = r(mod 4). Thus the equation 
x? = r(mod 4) has a solution if and only if r = 1(mod 4). In this case 
x =1 and x = 3 are two solutions modulo 4. 


3. Note that the square of any odd integer is congruent to 1 modulo 8. Then 
x? = r(mod 2”) is solvable implies r is of the form 8m +1 for any integer 


m. This proves r = 1(mod 8). 


Conversely, let r = 1(mod 8) holds. With the help of mathematical in- 
duction, we will prove x? = r(mod 2") is solvable. Take n = 3. Then 
the congruence becomes x? = r(mod 8). Thus x? = 1(mod 8) is certainly 
solvable. Here x = 1,3,5,7 satisfies xz? = 1(mod 8). Thus the result is 
true for n = 3. Next, let us assume the result be true for n = k(> 3). 
Then the congruence x? = r(mod 2") admits a solution xo, which implies 
4b € Z such that 2 = r+b-2*. As r is odd, so is the integer xp. 
Thus gcd(ao, 2) = 1 leads to the fact that zoy = —b(mod 2) has a solution 
Y = yo. Choose an integer x1 = 29 + yo2*—!. Then squaring we get, 


(20 + yo2*1)? = aG + xoyo2® + yp27*-? 
=r+ (b+ xoyo)2” + yg27*-? 


Here 2|(xoyo + 2) yields x? = r(mod 2*+'). So the result becomes true for 
n= k-+1. Hence the converse part is established. 


The final theorem of this section is the combined effect of the proof of last 


two theorems. 
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Theorem 9.6.6. Let n(> 1) be a composite number with the prime factorization 
n = 2p ph? --- pt and r be any positive integer with gcd(r,n) = 1. Then the 
congruence equation x? = r(mod n) is solvable if and only if 

1. (+) =1 fori =1,2,---t; 


Pi 


2. r=1(mod 4), if 4|n but 8 n; r =1(mod 8), if 8|n. 


9.7 Worked out Exercises 
Problem 9.7.1. Evaluate the following Jacobi symbol (25). 
Solution 9.7.1. Here we have, 
(iar) =Car) 
101 101 


101\° 
-(4) [by Corollary 9.4.2 since 101 = 1( mod 4)| 


Problem 9.7.2. Let a and b are relatively prime integers such that b is odd and 


positive and a = (—1)%2*q where q is an odd integer. Prove that, 


(5) = (casera (2), 


Solution 9.7.2. Note that gcd(a,b) = 1 and b is an odd positive integer. As 
a = (—1)*2'q for any odd integer q, then it follows that 


= 219 
= (1) Ce ste ( 7). 
( ) p) 3 ; 


Problem 9.7.3. For which positive integers n that are relatively prime to 15 


does the Jacobi symbol (#2) equal to 1. 
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Solution 9.7.3. An appeal to the reciprocity law of Jacobi symbol, for any in- 
teger n with gcd(n, 15) = 1 it follows that 


(=) a (75),  ifm=1( mod 4) 
n —(qs), ifn =3( mod 4). 


meal, if n = 1( mod 3) 
(3) ~ ) -1, ifn =2( mod 3) 
1, ifn=1or4( mod 5) 

i 


, ifn =2 or3( mod 5). 


Combining we get, 


(2) 1, ifn=1,2,4,8( mod 15) 
15) |) 1, of w=; 7,13, 140 mod 15): 


Applying Chinese Remainder Theorem, (2) = 1 holds if and only ifn = 
1,7, 11,17, 43,53 or 59(mod 60) (Verify!). 


Problem 9.7.4. Let n be an odd square-free positive integer. Prove that there 
is an integer a such that gcd(a,n) = 1 and (£) = —-1. 


Solution 9.7.4. As n is odd and square-free, it is of the form n = pip2--- pet 


where each p;’s are primes. Then (%) can be written as (+) = (4 )() +++ (4). 


Let us choose b as one of quadratic non residue among (2) numbers of 
quadratic non residues of py. This implies (4) = —1. As ged(a,n) = 1 and 


nN = pyp2::- pr, then applying Chinese Remainder Theorem we can assume a is a 
solution of the system x = b(mod p),x = 1(mod pg),---« = 1(mod p;). Then 
we have, Ga = (>) = Loe) = (a) = Lees) = Ce = 1. This proves 
that (2) = (4)(4)-+(#) = -1. 


Problem 9.7.5. Using the Generalized Quadratic Reciprocity Law, determine 
whether the congruence x? = 231(mod 1105) is solvable. 


Solution 9.7.5. First note that 231 = 3-7-11 and 1105 = 5-13-17 with 


gcd(231, 1105) = 1. For this we need to show either (43%) = 1 or (#5) =-1. 
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Now (795) (337) = (-1) 


(=) -(Sr) -(=) 
-() (st) (18) 
=(3)(3)(8) 
OQ) 


So x? = 231(mod 1105) is not solvable. 


(2 )(FS>) =1. Thus we have, 


Problem 9.7.6. Let us consider a positive integer r such that r is not a perfect 
square and satisfies r = O0(mod 4) or r = 1(mod 4). Now for this r we define 


Kronecker symbol as follows, 


(5) _ jl, ifr=1( mod 8) 

2) ) -1, #fr=5( mod 8). 

Now for this r prove that, (5) = (5) if2{r, where the symbol of the right hand 
side is a Jacobi symbol. 


Solution 9.7.6. [fr > 0, then clearly (=) = (2) and by Theorem 9.6.1 we have 
(2) = (-1)F*. Also ifr <0, then (2) = (4) = (-1) = = (1) 
But here 2{r means r is odd and r = 1(mod 4) together gives r = 1(mod 8) and 
r = 5(mod 8). Now forr = 1(mod 8) andr = 5(mod 8) we see that (pos = 
1 and (p= = —1 holds respectively. Together these two assertions imply 
(5) = (2). 

Problem 9.7.7. Find the solution of x? + 5x +6 =0(mod 5°). 


r2-1 


Solution 9.7.7. Here x? + 52 +6 = 0(mod 53) > (x +3)(x+2) = 0(mod 5°). 
Therefore x = —3, —2 = 122, 123(mod 5°). 


Problem 9.7.8. Solve the following quadratic congruence: x? = 2(mod 7°). 


Solution 9.7.8. To solve this equation, we start with the congruence equation 
2 = 2(mod 7). The solution of this equation is ro = 3. Now x3 = 3? = 
2+b-7=>b=1. Now the linear equation 2.3-y = —1(mod 7) has the solution 
Yo = 1. So xz; = 29 + Yo X 7 = 10 is the solution of x? = 2(mod 7°). 
Further, x? = 2(mod 7?) has the solution x9 = 10. Now x2 = 107 =2+b- 
49 > b=2. The linear equation 2-10-y = —2(mod 7) has the solution yo = 2. 
So 21 = x0 + yo X 49 = 108 is the solution of x? = 2(mod 73). Thus the final 
solutions are x = 108, —108 = 108, 235(mod 7°). 
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Problem 9.7.9. First determine the values of a for which the congruence ts 
solvable and then find the solution of that: x? = a(mod 2°). 


Solution 9.7.9. Note that xc? = a(mod 2°) is solvable, if a= 1(mod 8)(Why?). 
Therefore a =1,9,17 or 25 as 2° = 32. 
Fora=1: c=+1, +14 24=1,15,17,31(mod 2°). 
Fora=9: c= +8, +34 24 = 3,13, 19, 29(mod 2°). 
For a = 17: x? =174+32(mod 2°) ». 27 = 47, £7+24 = 7,9, 23, 25(mod 2°). 
For a = 25: x = +5, +5 +24 =5, 11, 21, 27(mod 25). 


Problem 9.7.10. Prove that if the congruence x? = a(mod 2”), where a is odd 
and n > 3, has a solution, then it has exactly four incongruent solutions. 


Solution 9.7.10. From Theorem 8.6.3, it follows that 2” has no primitive root 
for n > 3. Thus x? = a(mod 2”) has a solution. 

Since a is odd and x9 is a solution, then x9 must be odd. Also —x9 is a 
solution. Let x1 be any other solution. Then x7 = a(mod 2”) implies x7 = «2( 
mod 2”) forn > 3. Therefore (x1+29)(t1—20) = 0(mod 2”) > (4##2)( 4542) = 


O(mod 2”~), n > 3. But here 4#2 + “1>*0 = yy is odd, so any one of them 


is even. 

If 45*2 is even and “4° is odd, then (a1 — xo)(“4$*2) = 0(mod 2"~') > 
x1 = Xo(mod 2”—1), 

On the other hand if "2 is odd and “£*2 is even, then (x1+29)(45*2) = 
O(mod 2.-!) => x, = —xo(mod 2"~'). Thus together we have x1 = +29 + 
Kok, 

If k is odd then for k = 2r+1 we have, x1 = +29 +21 + 72” = +29 +2"-1( 
mod 2”). 


If k is even then for k = 2r we have, 1; = +x9 + r2” = +x0(mod 2”). 


Therefore the only incongruent solutions are +29, +x) + 2"-1. 


9.8 Exercises: 


1. Find the solutions of the following quadratic congruences: 


(a) 2? + 52 + 1 =0(mod 7) 
(b) a2? + 7z +10 = 0(mod 11) 
(c) 5x? + 6x + 1 = 0(mod 23). 


2. Given that a is a quadratic residue of the odd prime p, prove that a is not 
a primitive root of p. 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 
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. Let p be an odd prime and ged(a,p) = 1. Establish that the quadratic 


congruence ax? + bx +c = 0(mod p) is solvable if and only if b? — 4ac is 
either zero or a quadratic residue of p. 


. Find all the quadratic residues of 19, where 2 is a primitive root of 19. 


. Evaluate the following Legendre symbols: 


(a) (33) (b)() (3) CF3) (a?) (G7). 


. Use Gauss’s lemma to compute each of the Legendre symbols below : 


(a) (Gz) (b)G5) (G3). 


. Let a and b be integers not divisible by prime p. Show that there is either 


one or three quadratic residues among the integers a, b and ab. 


. Given a prime p, show that, for some choice of n > 0, p divides 


. If the prime p > 5, show that p divides the sum of the squares of its 


quadratic nonresidues. 


Given that p and gq = 4p+1 are both primes, then prove that any quadratic 


nonresidue of q is either a primitive root of g or has order 4 modulo q. 


Determine whether the given quadratic congruence is solvable 2x? + 5x2 — 
9 = 0(mod 101). 


Find a congruence describing all primes for which 7 is a quadratic residue. 
Prove that there are infinitely many primes of the form 5k — 1. 


Verify that the prime divisors p of the integer 2n(n+1)+1 are of the form 
p = 1(mod 4). 


Solve the quadratic congruence x? = 11(mod 35). 
Evaluate the following Jacobi symbols: 
(a) (307) (b)(3399) (©) (20003): 


For which positive integers n that are relatively prime to 30 does the Jacobi 


symbol (22) equal to 1. 


Evaluate the following Kronecker symbol: 


(a) (73) (b) (365). 
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19. Show that if n; and ng be positive integers with gcd(a,nin2) = 1, then 


20. 


21. 


22. 


23. 


24. 


25. 


Gane) > ee 


Show that if n,; and nz are positive integers relatively prime to a and 


nN, = N2(mod jal), then (+) = (+). 


ny n2 
Solve the congruence x? = 31(mod 117). 
Solve each of the following quadratic congruences: 
(a) 2? = 7(mod 33); 
(b) 27 = 14(mod 53). 


Solve the congruence x? = 9(mod 23 - 3-57). 


Show that 7 and 18 are the only incongruent solutions of z? = —1(mod 57). 


Solve the congruence 2x? + 1 = 0(mod 117). 
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10 
Integers of Special Forms 


“An equation means nothing to me unless it expresses a thought of 


God.” 


— Srinivasa Ramanujan 


10.1 Introduction 


Over the centuries, integers with certain properties were studied extensively 
by several mathematicians. Present chapter portrayed few integers viz Perfect 
number, Mersenne Primes and Fermat number, where various theorems together 


with few properties are proved. We begin with the notion of perfect number. 


10.2. Perfect Numbers 


In ancient times, Greek Mathematicians have found some interesting integers 
which can be written as sum of their divisors. For example 6 = 14+2+43 
where 1, 2,3 are divisors of 6. They have named those type of integers as perfect 
integers or perfect numbers. Thus the definition of perfect number are as follows: 


Definition 10.2.1. If n is a positive integer with a(n) = 2n, then n is said to 


be a perfect number. 


For example we have 


o(28) =14+24+44+7414+4 28 = 56 = 2-28. 
o(6)=14+2434+6=12=2-6. 
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Here 6, 28 are perfect numbers. 

Also, the Greek Mathematicians discovered the method of finding an even 
perfect number. Here the perfect number 6,28 can be written as 6 = 2-3 = 
2?-1 (2? — 1), 28 = 2-1(23 —1) = 4-7 respectively. Thus the numbers are in the 
multiplication of even and prime numbers. Euclid first tried to find the form of 
a perfect number. After 2000 years Euler gave us a concrete proof about the 
form of a perfect number. Now the following theorem deals with the form of a 


perfect number. 


Theorem 10.2.1. For any positive integer n is an even perfect number if and 
only if it is of the form n = 2*-1(2* —1)(k > 1),2* — 1 being prime. 


Proof. Let p = 2*—1. Then n = 2*-1p. Since, k > 1 then 2*-! is not a 


prime and gcd(2*~1, p) = 1. From the theorem, the sum of divisor function o is 


multiplicative. Then 


a(n) = o(2**p) 


= 0(2*~!)o(p) 

9(k+1)-1 _ 4 
= =a x (p+ 1) [from Theorem 6.2.2] 
(2° —1)(p +1) 


= 2*(2* — 1) = 2n, 


I 


which shows n is a perfect number. 

Conversely, let n be an even perfect number. Then for some positive integer 
s and positive odd integer t, n = 2°t. Since, gcd(2°,t) = 1, from Theorem 6.2.3 
applying multiplicative property of o we have o(n) = o(2*t) = o(2*)o(t) = 
(2°*! — 1)a(t). Since, n is perfect, thus we have 


a(n) = 2824, 


Combining we get, 2°t't = (2°+! — 1)o(¢). As ged(2°+1,2°t' — 1) = 1, then 
2°*1\o(t). Thus there exists an integer q satisfying o(t) = 2°t'-¢. Thus we 
have, 


(reo ga Ort ot 
Therefore (2°T' — 1)q=t, 
which shows q|t and q # t, for if q = t then 2°t' -1 = 1 > s = 0, which is 


not possible. Now t+ q = (2°t' — 1)q+q = 28t'-q = a(t). Next our claim 
is q = 1 otherwise ¢ will be a composite number. If gq ~ 1 then the divisors 
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of t are 1,q and t implies o(t) > 1+ q+t, contradicts the fact o(t) = q+t. 
Hence gq = 1 and t = 2°*! — 1,0(t) = t +1 which together shows t is prime. 
Thus, n = 2°(2**1 — 1), where 2°t! — 1 is prime. Taking s = k — 1, we have 
s>03k>1and n= 2(k—1)(2" —1). Hence the proof. 


From the above theorem, it is clear that if our tasks is to find even perfect 
number then we only need to check the primes which is of the form 2” — 1. 
In search of that we first show that the exponent n must be prime. Our next 
theorem deals with it. 


Theorem 10.2.2. Ifn is a positive integer and 2" —1 is prime then n must be 


prime. 


Proof. Let us assume, n be not prime. Then nis of the formn = rs, 1 <r,s<n. 
Then 


OR = (OP a 
‘Therefore 2 — 1 (o" = Aya") ore 1), 


Here in the right hand side, both the factors are greater than 1 which shows 
2” — 1 is composite if n is so. Thus if 2” — 1 is prime then n must be prime. 


In particular, if we take n = 2,3,5 then 2” — 1 = 3,7,31 are all primes, 
which shows that 2(2? — 1) = 6, 27(2? — 1) = 28, 24(2° — 1) = 496 are all perfect 
numbers. It is to be noted that all the even perfect number ends with 6m or 8. 
Since, the prime number set is countably infinite, therefore the numbers of the 
form 2? — 1 is also infinite, for some prime p. As a consequence, we conclude 
that the perfect number set is countably infinite. Now the question arises: Does 
all the even perfect number ends with 6 or 8? The following theorem deals with 
this fact: 


Theorem 10.2.3. Every even perfect number ends with either 6 or 8 i.e.either 
n = 6(mod 10) or n = 8(mod 10). 


Proof. Let n be an even perfect number. Then n is of the form n = Or Or - 
1)(k > 1),where2*—! is a prime number. Now since 2*~! is prime, k is also 
so(Why!). The case is trivial if we choose k = 2, then n = 6. Now our claim is 
to prove the statement for k > 2. Since, k is prime and greater than 2, it must 
be odd. So k must be of the form 4¢+ 1 or 4¢ + 3 for any positive integer ¢. 
Now, in the rest part of the theorem our claim is to show 


1. the last digit 6 corresponds to 4t +1 or 
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2. the last digit 8 corresponds to 4¢ + 3. 


To fulfill the above claims, further we need to prove 16 = 6(mod 10). 

Applying principle of mathematical induction we see that the case is trivial 
for m = 1. Let for m =r, 16" = 6(mod 10), holds true. Now form =r +1, we 
have 


16’*? = 16" - 16 =6- 16( mod 10). 
Therefore 16"*! = 36( mod 10) = 6( mod 10). 


Next to fulfill claim(1), let us take k = 4t+ 1. Then, 
n= Best (gerre = 1) == 98t+1 = oat —2. 167! — 16t. 


Hence n = 2-6 — 6(mod 10) = 6(mod 10)(How!). 
For claim(2), taking & = 4¢+ 3 we obtain 


n= 7 laa aa = 1) = 98t+5 _ p4t+2 = 2 a 162¢+1 — 4 : 16°. 


Hence n = 2-6—4-6 = —12(mod 10) > n = 8(mod 10). Consequently, every 


even perfect number has a last digit ends with 6 or 8. 


Let us continue our discussion on the last digit of an even perfect number 
more deeply with some examples. In our foregoing examples instead of taking 
k = 3 which gives n = 28, if we take k = 7, we have n = 2°(27 — 1) = 8128. 
Here the last two digits are 2,8. This is not a coincidence, in fact in our next 
corollary we have shown how the last two digits always become 28. 


Corollary 10.2.1. An even perfect number n ends with either 6 or 28. 


Proof. The case of last digit 6 follows form the above theorem. For the remaining 
part, let us take n = 2*~1(2* — 1)(k > 1),2*~1 being prime. Since n is an even 
perfect number and k = 4t+ 3 for a positive integer t, we have 


gk-1 — 94#+2 — 16¢.4=6-4( mod 10) = 4( mod 10). 


As k > 2 then 4|2*~! and the number formed by last two digits of 2"~! is divisible 
by 4. Then under congruent modulo 100, the possibilities are 2*—1 = 4,24, 44,64 
or 84(mod 100). Since the last digit is 4, therefore 2*~! = 4(mod 10). Now, let 
us take 2*~! = 4(mod 100) then 2-2*~1 = 2-4 — 10(mod 100) = 7(mod 100) 


and so on. Then we have, 


2k —1=2.2'-! _ 1 =7, 47, 87,27 or 67( mod 100) 
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Thus multiplying, we have 


n = 2k-1(2* — 1) = (4-7, 24-47, 44 - 87, 64 - 27) or 84-67( mod 100), 
=> n = 28( mod 100)(Verify!). 


The above discussions help us to recognize the form of an even perfect num- 
ber. Here we conclude our discussions with some properties to elaborate even 
perfect number related to triangular number, a number which can be arranged 
in triangular form. 

For instance, let us consider 3 = 1+ 2;6 =1+2+3;10=1+2+4+3+44;15= 
14+24+384+4+4+5;21=14+2+4+34+4+5+46;28=14+2+4+34+4+5+46+7;36 = 
1424+34445464+748 45 =14+243444546+7+4+8+49,..., which 
can be arranged in triangular form as shown in the diagram below. 


Figure 10.1: Triangular Diagram 


Our next result focusses on the relation between them. 
Proposition 10.2.1. If N is an even perfect number then N is triangular. 


Proof. Let us choose a triangular number n. Then n can be written as n = 


14+2+3+---+r = =r(r—1) for some integer r. Now, since N is a perfect 
number WN is of the form, 


N = 28-1(28 —1) = 5(28)(2*"1), 


which shows WN is of the triangular form. This proves N is triangular. 


We can also write perfect number as a sum of cubes by our next proposition. 


Proposition 10.2.2. If N is an even perfect number then N = 1° +2? +...+4 
Oe ek: 
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Proof. Let us consider m = a a Then, 


137+ 27 +. ..4 (Qm— 1)? = (9 +23 + -..4+ (m)?) — 2? + 4 +4..+ 2m)%) 
(2m)?(2m + 1)? 93 x (m)?(m + 1)? 
4 4 
=m? (2m? = 1). 


On substituting the value of m, we obtain 


n+1 
2 


134+ 3%+...+(2 1)3 = 2"-1(2” — 1) = N(Why)). 


10.3. Worked out Exercises 


Problem 10.3.1. Show that the integer n = 2'°(2'!—1) is not a perfect number. 


Solution 10.3.1. Note that n = 219(2!1 — 1). To show n is a perfect number, 
it’s suffices to show that a(n) = 2n. Since gcd(2'°,21' — 1) = 1, therefore 
a(n) = 0(2!°)a(2'! — 1) as o is multiplicative. 

Furthermore, 214 — 1 has a prime factorization given by 2'4 —1 = 23-89. 
For any prime p, o(p) = p+ 1 holds. Then (21! — 1) = o(23)0(89) = 24 x 90 
yields, 


1 
a(n) = 2" x (1— 5) x 24 x 90 


= 21° x 24 x 90 
# 911 x (2! = 1) 
# 2n. 


Therefore n is not a perfect number. 
Problem 10.3.2. Verify that no power of a prime can be a perfect number. 


Solution 10.3.2. Let p be a prime and n be any positive integer. We claim that 
n+1 
a(p") # 2p”. But o(p") =1l+ptp?t---+p™= a. Consider p = 2. 


Then o(2”) = 2"*1 1 4 2"*1_ Let the assertion be true for p > 2. Then 
p’t! —1 = 2p"(p—1) holds. It follows that, 


prt _ 1 _ Qprtt = 2p” 


=> pt! — Iw" +1=0 
= p"(p— 2) =-1. 
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This leads to a contradiction, as p” and p— 2 are greater than or equal to 1. 
g 


This proves p” is not a perfect number. 
Problem 10.3.3. For any perfect number n show that Yana) =. 


Solution 10.3.3. As n is a perfect number, so a(n) = 2n. Further we have 
a(n) = Vian d. Combining the pieces, we get >) 4,4 = 2n. Multiplying both 
sides by L gives, 


1 1 
750") 5 > d 


Referring to Problem 6.3.4, we have Daln(a) = 2, 
Problem 10.3.4. Prove that no divisor of a perfect number can be perfect. 


Solution 10.3.4. Let m be a proper divisor of a perfect number n. As n is 
perfect, so the last problem generates ae 4 =2. Thus aa < ae 4 = 2: 


This proves m ts not perfect. 


Problem 10.3.5. Find the last two digits of the perfect number n = 219936 (219937 — 


i): 


Solution 10.3.5. Since gcd(2,25) = 1, therefore using the Euler’s Theorem 
we get 2°75) = 1(mod 25) i.e. 22° = 1(mod 25). This implies 219934 = 214( 
mod 25). Further 214 = 9(mod 25). Stitching the facts, we get 219%°° = 4 - 9( 
mod 100). Therefore 219337 = 72(mod 100), which shows that, 


219936 919937 — 1) = 36 x 71( mod 100) 
= 56( mod 100). 


Therefore the last two digits of the perfect number is 56. 


Problem 10.3.6. Prove that there are the only two 3-perfect number of the 
form n = 2" -3-p for any odd prime p. 


Solution 10.3.6. If for any positive integer n, a(n) = kn for k > 3 holds then 
n ts called k-perfect number. Thus for 3-perfect number we have a(n) = 3n. We 
claim that, for any odd prime p the integers 120 and 672 are the only 3-perfect 
numbers of the form n = 2" .3-p. 

Assume p= 3. Then n = 2* -3?. Thus o(n) = o(2*)o(37) = 13(2**1 — 1). 
This yields o(n) = 3n, which is not possible as 13 { 3n. 
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Now consider p > 3. Then 


= 0(2")o(3)o(p) 
= (2**1-1) x 4x (p+). 


Ifk =0, then o(n) =4x (p+1) 4 9p and if k = 1 then o(n) = 12x (p+1) F 6p. 


This shows that k is always greater than 1. Taking advantage of this form of n 
and dividing by 4 we find, 


gk-2. 3? .p = (2"*1 —1)(p +1). (10.3.1) 


But gced(p,p + 1) = ged(2*-?,2*+! — 1) = 1, which implies p|2*+! — 1 and 
2k-2\n +1. Thus from the (10.3.1) we obtain, 2*-? .3?-p=p-t,-2*-? + ty for 


some integer t,, tg. This gives tytz =9. So three cases may arise: 


1. If t; =1,t2 =9 holds, then we have p+1 = 9-2*-? and 2*+1_1=p. The 


last two equations together gives 9 -2**+? = 2*+!, which is not possible. 


2. If ty = 9,t2 = 1 holds, then p+1 = 2*-? and 2*+1 — 1 = 9- p implies 
9g. 2-2 _g=2*+1_1, On solving we getp=7, k=5. 


3. If ty =3,t2 =3 holds. Then we have p+ 1 = 3-2*-? and 2*+1_-1=3-p 
.Then solving we get p= 5, k =3. 


Thus the possible values are n = 2° x 3 x 7 = 672 andn= 2? x5 x 3 = 120. 
Problem 10.3.7. Ifn > 6 is an even perfect number, prove that n = 4(mod 6). 


Solution 10.3.7. Here n > 6 is even perfect number, so it is of the form 

2k-1(2* _ 1) where k(> 2) and 2* — 1 are odd primes. Since gcd(2,3) = 1, 

therefore by Fermat’s theorem 2*—?(2*—1) = 2(2—1)(mod 3) > 2*—1(2*—-1) = 4( 
mod 6). Hence n = 4(mod 6). 


Problem 10.3.8. Let n be a positive integer. Define the sequence n1,n2,73,°°° 
recursively by ny = o(n)—n and ng+1 = o(ng) — ne fork =1,2,3,--- . Prove 


that if n is perfect, thenn=ny=ng=--- . 


Solution 10.3.8. Let n = n, be perfect. Then ng = o(n)—n = 2n-—n=n=n,. 


Continuing this way at j-th stage we get, 
ny = o(ng 4) — ne =o(n)— n=, V7 2S 1. 


This proves thatn =n, =nQg=--- . 
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Problem 10.3.9. For any even perfect number n = 2*—1(2* — 1), prove that 
2*|(a(n?) +1). 

Solution 10.3.9. As n is perfect, so it is of the form n = 2*-1(2* — 1) where 
2* — 1 is prime. As gcd(2* — 1,2*-1) =1, then 
a(n?) = 0(2°*-)o((2* ~ 1)?) 
Si Tap? pert OS) a as OP S17) 
= ar? = year _ 9k 4 1) 
Segthn( Qh ORT) 2k ok = I, 


From this it is clear that 2"\(o(n?) + 1). 


Problem 10.3.10. A number n is said to be super perfect number if o(a(n)) = 
2n. Now using this concept of superperfect number, show that if n = 2 with 


2k+l _ 1 a@ prime, then n becomes a super perfect number. 


Solution 10.3.10. Here n = 2*. Then o(n) = 0(2*) = 2*+1—-1. As 2*+1_—1 is 
prime, so a(a(n)) = o(2**+!—1) = 2*+1 = 2n. Thus 2” is super perfect number. 


Problem 10.3.11. Let n be a non perfect positive integer. Then n is called 
deficient if a(n) < 2n and is called abundant if o(n) > 2n. Every non perfect 
positive integer is either deficient or abundant. If n does not satisfy both the 
conditions then it is called perfect number. 


Now using this fact prove that every prime power is deficient. 


Solution 10.3.11. Pick n= p* for some prime p and positive integer k. Then 


k+l 

we have, o(p*) a 7 As p > 2, then 2p* —1 < p**? is always true. It 
ad pet = 

follows that p*t! —1 < 2(p**1 — p*) = 2p*(p—1). Thus =a < 2p* = 2n 


justifies n as deficient. 


10.4 Mersenne Primes 


Our earlier discussions on pseudoprime[refer to chapter-5] based on Fermat’s 
Little theorem, where for any composite integer n, 2” —1 is a pseudoprime. Any 
number of the form 2” — 1 is known to be n-th Mersenne number, after French 
Mathematician Father Marin Mersenne. Now, the present section deals with 
seeking some prime numbers of that form. From previous section, we have seen 
that for any positive integer n, if 2” — 1 is prime then n must be prime. But in 


general the converse of the last statement is not true, which gives birth to the 
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notion of Mersenne prime i.e. for any prime p, if the integer 2? — 1 is also prime 
then it is said to be Mersenne prime. Using the results on Mersenne Prime, we 
will discuss various methods of primality testing. 

Mersenne primes are used in the Mersenne twister PRNG (pseudo-random 
number generator), these are used extensively in simulations, Montecarlo meth- 
ods, etc. The CWC mode for block ciphers can uses Mj97 as a prime number 
because «(mod 2!2” — 1) is very easy to compute. 


Definition 10.4.1. If p is a prime and M, = 2” — 1 is also so, then M, is 


called Mersenne prime. 


Example 10.4.1. The Mersenne number M7 = 2"—1 is prime but the Mersenne 
number My, = 2'1_ 1 = 2047 = 23 x 89 is not so. Here M7, is Mersenne prime 
but My, is not. 


Here in the above example we have seen that M7 is prime but M,, is com- 
posite. Thus the formula that 2? — 1 is prime for any prime p fails to be true 
in general. So the hope for constructing prime numbers using this formula goes 
in vain. Now our next discussions focusses on constructing various methods for 
determining whether this special types of Mersenne numbers are prime or not. 


In next theorem, we have presented one particular type of test based on that. 


Theorem 10.4.1. [fp and p' = 2p+-1 are primes then p’ does not divide both 
M, and M, + 2 together. 


Proof. Since p’ is prime then by Fermat’s Little Theorem we have,2”’~1 = 1 
mod p’) 


“,2?-1—1=0( mod p’) 


pl ra 


= (2° —1)(2"= +1) =0( mod y’) 
=> (2? — 1)(2? + 1) = 0( mod p’) 
=> M,(M, + 2) = 0( mod p’) 


This follows that p’|M, or p'|M, +2 but not together. If p’ divides both of them 
then this implies p’|2 which is impossible. This proves our theorem. 


To illustrate the above theorem lucidly let us choose p = 5 then p’ = 2 x 
5+1= 11. Here Ms; = 2° —1 = 31 clearly 11 { 31 but 11|(31 + 2) = 33. 
This shows the significance of the above theorem. Now if we choose p = 11 
then p’ = 2 x 11+ 1 = 23. Here My, = 2'' — 1 = 2047 and clearly 23|2047 as 
2047 = 23 x 89 but 23 { (2047 + 2) = 2049. In this two examples we have faced 
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two cases where in the first p’|M,+2 and in the second p'|M,. Now the question 
arises: under what condition p’ will divide M,. We have discussed about that 


circumstances in our following theorem. 

Theorem 10.4.2. If p’ =2p+1 is prime for any prime p then, 
1. p'|M, implies p' = 1(mod 8) or p’ = 7(mod 8) 
2. p'|M, + 2 implies p' = 3(mod 8) or p’ = 5(mod 8) 


Proof. 1. Here p’ = 2p + 1 and p’|M, together implies fr 2 PS 1( 
mod p’). As p'|M, then from the Theorem 9.2.8 we can say that the 
Legendre symbol (>) = 1 whenever p’ = +1(mod 8). Thus p’|M, implies 
p' = 1(mod 8) or p! = 7(mod 8). 


2. Similarly if p’|M,+2 then we have, 9° p= —1(mod p’), As p'|M,+2 
then again from the Theorem 9.2.8 we can say that the Legendre symbol 
(F) = —1 whenever p’ = +3(mod 8). Thus p’|M, + 2 implies p’ = 3( 
mod 8) or p’ = 5(mod 8). 


Our next corollary is an immediate consequence of above theorem. 


Corollary 10.4.1. [fp and p' = 2p+1 both are odd primes, then p'|M,, provided 
p = 3(mod 4). 


Proof. As p is odd then it is of the form 4n + 1 or 4n +3 for any non negative 
integer n. Now if p = 4n+ 3 then p’ becomes 8n + 7. Now from the above 
theorem we can say that p’|M,. Also if p= 4n+ 1 then p’ becomes 8n+ 3. So 


again by the above theorem we have p’ { Mp. 


Here for an example if we choose p = 3 then p’ = 2x 3+1=/7 both are odd. 
Here M3 = 23? — 1 =7 and obviously 7|M3. 

Now we are going to discuss few more results on primality testing of M,. 
Here we have seen under which circumstances M, has a divisor or not. The 


following theorem is first among them. 


Theorem 10.4.3. If p is an odd prime then any prime divisor of Merenne 


number M, is of the form 2kp+1 where k is a positive integer. 


Proof. Let us choose p’ be any prime divisor of M,, = 2? —1 then we have, 2? = 1( 
mod p’). If 2 has the order n modulo p then by the Theorem (8.2.1) we can say 
that n|p. Here ifn = 1 then p’|1 since 2” = 1(mod p’) which is impossible. Thus 


we have n = p as p is odd prime. Again from Fermat’s little theorem we have, 
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7 en (mod p’) as ged(2, p’) = 1. Now again applying Theorem 8.2.1 we have 
seen that n|p’ — 1. But n = p which shows p|p’ — 1. This implies p’ — 1 = pm 
for some integer m. Therefore p’ is of the form 1+ pm. Now if m is odd then 


p’ is even which is a contradiction as p’ is prime divisor of M,. Thus we have 


m = 2k an even number and p’ is of the form 2kp + 1. 


Now we have the second following theorem to be discussed here. 


Theorem 10.4.4. If p is an odd prime then any prime divisor p’ of M, is of 
the form p’ = +1(mod 8). 


Proof. Let p’ = 2m +1 is a prime divisor of M,. If we choose b = 2°=" then 
b? —2 = 2?*! _2 = 2M, =0(mod p’). This implies 6? = 2(mod p’) and taking 
m-th power both sides of congruence we arrive at, 62 = b?—! = 2™(mod p’). 
Here gcd(b, p’) = 1 as p is prime and so by Fermat’s theorem b? ~! = 1(mod p’). 
Now combining these two congruences we have, 2” = 1(mod p’) which shows 
that p'|M,,. Finally by Theorem 10.4.2 we have the conclusion that p’ = +1( 


mod 8). 


From this above two theorem we can arrive at a conclusion that these two 
theorems can be used to decide whether a Mersenne number prime or not. Fol- 


lowing examples are illustration of this fact. 


Example 10.4.2. Let us consider My, = 2!! — 1 = 2047 and the prime factors 
of My, are less than (My, = 2047 = 45.24. But the prime divisors here of 
the form 22k +1 for any positive integer k. So the integers are 23 and 45 less 
than /M1,. We can check that 23|2047 asserting that Mi, is composite number. 
Again if we choose M,3 = 2!° — 1 = 8191 and the prime factors of M13 are less 
than Mis = V8191 = 90.504. They are of the form 26k +1 fork >0. So 
the numbers are 27,53 and 79. Here 53 and 79 are the primes but they does not 
divide My3. So Mj3 is a prime. 


It’s deserve mentioning, that since 1914 first 12 Mersenne primes (hence, 12 
perfect numbers) had been known. The last Mersenne prime(11th one), M,, was 
discovered independently in 1911 by Powers and Cunningham. In 1876 Lucas 
founded the prime 


Because there are special primality tests for Mersenne numbers, it has been 


1o7, the largest prime for the next 75 years. 

possible to determine whether extremely large Mersenne numbers are prime. 
Following is one such primality test. This test, commonly known as The Lucas- 
Lehmer Test, has been extensively used to find the largest known Mersenne 
primes, which are the largest known primes. The proof of this test is beyond 
the scope of this book but may be found in Lenstra [] and Sierpinski []. 
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Statement 10.4.1. Lucas-Lehmer Test: Let p be a prime and let M, = 2p—1 
denote the p-th Mersenne number. Define a sequence of integers recursively by 
setting r, = 4, and for k > 2, 


Then, M, is prime if and only if r,_, =0(mod M,). 


-1 


The following example will illustrate the application of the Lucas-Lehmer 
Test: 


Example 10.4.3. Let us consider the Mersenne number M7 = 2° — 1 = 127. 

Then r; = 4 imply ro = r? — 2 = 14(mod 127). Now r3 = rz — 2 = 194 = 67( 
mod 127), rq =r? — 2 = 4487 = 42(mod 127),r5 = r? — 2 = 111(mod 127) and 

re =r — 2=0(mod 127). Thus we can conclude that Mz is prime. 


Various activities has been directed towards the discovery of Mersenne primes, 
especially since each new Mersenne prime discovered has become the largest 
prime known, and for each new Mersenne prime, there exist a new perfect num- 
ber. At the present time, a total of 29 Mersenne primes are known and these 
include all Mersenne primes M, with p < 62981 and with 75000 < p < 100000. 
The following table illustrates the list of known Mersenne Primes. 
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v3) Number of decimal digits in M, | Date of Discovery 
2 1 Ancient Times 
3 1 Ancient Times 
5 2 Ancient Times 
7 3 Ancient Times 
13 4 Mid 15th century 
17 6 1603 
19 6 1603 
31 10 1772 
61 19 1883 
89 27 1911 
107 33 1914 
127 39 1876 
521 157 1952 
607 183 1952 
1279 386 1952 
2203 664 1956 
2281 687 1952 
3217 969 1957 
4253 1281 1961 
4423 1332 1961 
9689 2917 1963 
9941 2993 1963 
11213 3376 1963 
19937 6002 1971 
21701 6533 1978 
23209 6987 1979 
44497 13395 1979 
86243 25962 1983 
132049 39751 1983 
216091 65050 1985. 


Many mathematicians believe that there are infinitely many Mersenne primes, 
but a proof of this seems to be an open problem. As p increases, known Mersenne 
primes MM, clearly become more scarce. It has been hypothecated that about 
two primes M, should be expected for all primes p in an interval x < p < 22. 

One of the renowned problems of number theory is whether there exist any 


odd perfect numbers. Although no odd perfect number has been produced so 
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far. But, it is possible to find certain conditions for the existence of odd perfect 
numbers. The oldest of these was due to Euler, is reflected in the form of the 
following theorem: 

Theorem 10.4.5. [fn is an odd perfect number, then n = pe po? --- p2Jr where 
p;’s are distinct odd primes and p, = ky = 1(mod 4). 


Proof. Let n = py pk? tee per be the prime factorization of n. As n is perfect so 


we have, 


2n = o(1n) = o(p;' )o(p3”) --- o(P}"). 


Now n is odd imply n = +1(mod 4) then o(n) = 2n = 2(mod 4). This 
shows that o(n) is divisible by 2 but not by 4. Thus one of o(p**) is even and 
the rest of are odd. Let us choose o(pk) is even. As p;’s are odd primes then 
p; = +1(mod 4). Then for p; = —1(mod 4) we have, 


Therefore o(p**) = 0(mod 4) if kj is odd and o(p**) = 1(mod 4) if k; is even. 
Here o(n) = 2(mod 4) implies o(p{?) = 2(mod 4) if o(p}) = 1(mod 4) (i = 
2,3,-+-1r). Otherwise o(p}') = 0(mod 4) signifies that 4 divides o(p**) which is 
not possible. Now here (pit) = 2(mod 4) gives us ky = 1(mod 4). Also for 


other values of i as o(p**) ’s are odd the o(p}) = +1(mod 4). This also implies 


k, = O(mod 4) or k; = 2(mod 4). Thus in any cases k,’s are even integer for 


i = 2,3,---r. This proves the theorem. 


Now in the following corollary we have given the form of an odd perfect 
number. This is also an immediate consequence of above theorem. 


Corollary 10.4.2. [fn is an odd perfect number then it is of the form n = p'k?, 
where p is an odd prime with p{ k and p=t =1(mod 4). Then we have n = 1( 
mod 4) also. 


Proof. From the above theorem it follows that, 


kik nt eg 2 7 
n= pit ps? «+ -pk- = pf (pi -- pir)? = p’k?, where p: =p,ky =t & k = py? --- pir. 


As p = 1(mod 4) then we have p’ = 1(mod 4). Also k is odd imply k = 1( 
mod 4) or k = 3(mod 4). Thus in any case we have k? = 1(mod 4). Then it 
follows that n = p'k? = 1-1=1(mod 4). 
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10.5 Worked out Exercises 


Problem 10.5.1. Any two distinct Mersenne numbers are coprime. 


Solution 10.5.1. Let p,q be two distinct primes where q > p. Note that 


ged(p,q) = 1. 
integer k we have 


It can also be obtained by Euclid’s algorithm. Then for any 


q=kp+r,, 


p= kir, Ts, 


n= kT, TTs;, 


I at GY Te a 


r_k +1. 


n—-1 “n-1 


Let | be the common divisor of M, = 2? —1 and M, = 24-1. Then we have, 


=>l 


=>l 


= 2a-2P (oP —1)] 


9 


Problem 10.5.2. Show that the Mersenne number Mj3 = 2!3 —1 is prime and 
hence the integer 2'*(213 — 1) is perfect. 


Solution 10.5.2. Note that the Mersenne number M3 = 2!3 — 1 has prime 
divisor of the form 2k-13+1/see Theorem 10.4.3]. Applying Example 10.4.2, 
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we can say that M13 is prime. Claim: n = 2'7(2'8 — 1) is perfect. Thus, 


a(n) = o(2°My3) 
= 0(2"*)o(Mj3) 
= (2° —1)(2 —1+1) 
=O (2 1) 27, 


Hence the integer 2'*(213 — 1) is perfect. 


Problem 10.5.3. Prove that the Mersenne number Mog is composite. 


Solution 10.5.3. The given Mersenne number Mo9 = 27° — 1 has the prime 
divisor of the form 2k-29+1, for any integer k. From ./ Mog < 23171, we obtain 
few possible divisors viz 59,117,233. Amongst them we can verify that 233|Mo9, 


which implies M9 is a composite number. 


Problem 10.5.4. A pair of integers m and n is said to be amicable numbers if 
a(m) =m+n=a(n) holds. Now for such pair m and n prove that, 


(x3) +02) > 


Solution 10.5.4. Note that aa = Dalim £ and pepe = Yialn 4. Com- 


bining we get, 


d|m d|n 
= —— [. o(m) = o(n) = m+n] 
=a: 


Problem 10.5.5. Show that for any odd prime p neither p nor p*? can be one 


of an amicable pair. 


Solution 10.5.5. Let p be an arbitrary prime. Then o(p) = p+1. Let p and 


p* be the amicable pair. Then o(p) = p+1 = a(p?) eh Thus p? —1 = 


p—-1>p=1. This is not possible. So neither p nor p? can be one of the 


amicable pair. 


Problem 10.5.6. Prove that for any odd prime p if n = pa? is an odd perfect 


number, then n = p(mod 8). 
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Solution 10.5.6. Assume that n = pa? is an odd perfect number. Then a is an 
odd integer. Thus a is of the form 4k+1. Now a? = (4k+1)? = 16k? +8k+1 = 1( 
mod 8). ...n = pa? = p(mod 8). 


Problem 10.5.7. Use the Lucas-Lehmer test to determine whether the Mersenne 


number My, is prime or not. 

Solution 10.5.7. Here the Mersenne number is My, = 2!‘ —1 = 2047. Then 
ry =4 > 7r2 =r? — 2 = 14(mod 2047). Now r3 = r3 — 2 = 195(mod 2047) and 
r4 = 73 —2 = 1177(mod 2047). So continuing this way(Do it!) we find rio # 0( 
mod My). So My, is not a prime. 


Problem 10.5.8. If the integer n > 1 is a product of distinct Mersenne primes, 
prove that a(n) = 2* for some integer k. 


Solution 10.5.8. Let M, = 2? —1 and M, = 24 —1 be the distinct Mersenne 
primes and n = M,Mg. Then 
a(n) = o(Mp)o(Mq) 
= (M,+1)(M,+1) 
QP .o7 — opta — oF 


“.a(n) is of the form 2* for any integer k. 


Problem 10.5.9. If p is an odd prime of the form 4k + 3 for any integer k 
and q = 2p+1 be another prime then prove that q divides the Mersenne number 
M, = 2? -1. 


Solution 10.5.9. Here p is of the form 4k+3. Then q = 2p+1 = 2(4k+3)4+1 = 
8k+7. By Theorem 9.2.8 we have, (7) = 1 as q = 7(mod 8). Moreover, by 


Buler’s Criterion we see that 2° = 2? = 1(mod q). This shows that q| (2? —1). 


Problem 10.5.10. Prove that if n is a positive integer and 2n +1 is prime, 
and if n = 0(mod4) or n = 3(mod 4) then 2n+ 1 divides the Mersenne number 
M, = 2" —1, while if n = 1(mod 4) or n = 2(mod 4), then 2n + 1 divides 
M, +2 = 2"+1. 


Solution 10.5.10. If n = 0(mod4) or n = 3(mod 4), then 2n + 1 = 1(mod 8) 
or 2n+1 = 7(mod 8) respectively. In both these cases, we have (5) = 1 (refer 
to Theorem 9.2.8). By Euler’s Criterion, we get 9-2 Soh = 1(mod 2n+1). 
This proves that 2n + 1|(2” —1). 
Furthermore, if n = 1(mod4) or n = 2(mod 4), then 2n + 1 = 3(mod 8) or 
2n +1 = 5(mod 8) respectively. In both these cases, we obtain or = —1 (refer 
2n+1-1 


to Theorem 9.2.8). By Euler’s Criterion, 2~ 2 = 2” = —1(mod 2n+1). This 
yields 2n + 1|(2” +1). 
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10.6 Fermat Numbers 


In this section our discussion is based on particular numbers of the form F,, = 
2?" +1 where n is a non negative integer. They are called Fermat numbers, 
named after the French mathematician Pierre de Fermat who first studied num- 
bers of this form. Here we have also discussed few basic properties and primality 
of Fermat numbers. Fermat’s first conjecture was that all the numbers of these 
type were prime. But in 1732 Euler showed that the number F; = 2? +1 is 
composite. Then it become a question whether there are infinitely many prime 
of this form or not. Thus to start our discussion we have given the following 


definition of Fermat numbers as well as Fermat primes. 


Definition 10.6.1. An integer is of the form F, = 2?" +1, n > 0 is called 


Fermat number. If F,, is prime then it is called Fermat prime. 


For example we can see that the first five Fermat numbers fp = 3, Fy = 
5, Fo = 17, Fs = 257 and Fy, = 65,537 all are primes. But the conjecture that 
Fermat numbers are primes fails to Fs. Here Fs = 9? +1 = 641 x 6700417 is 
composite. In fact we have an elementary proof that 641|Fs due to G.Bennet. 


Theorem 10.6.1. The Fermat number Fs is divisible by 641. 


Proof. Let us choose u = 27 and v = 5 then we have, 1+ uv =1+4 27-5 = 641. 
It is seen that , 1+ uv —v* =1+v(u—v) =14 (27 —53)u = 1430 = 24. Now 


Fe=2? 41 
Oreo? ded 
=2-ut+1 
=(1+uv—v4)u+4+1 
= (1+ uv)[u* + (1 — uv)(1 + u?v?)] 


This shows that 641 divides Fs as 1+ uv = 641. 


We are now going to prove some basic properties of Fermat numbers in our 


next theorem. 

Theorem 10.6.2. 7. Forn>1, Fy =(Fn-1—1)? +1 
2. Forn>1, Fy -—2=FoF,-+- Fy-1 
3. Forn > 2, F, = F?_,-2(Fy_2-1) 


£ Porn So Fg a Poe Ps 
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Proof. 1. (Fn-1—1)? +1 = (22 41-1)? 41=27, 41=F,. 

2. We have to prove this result by principle of mathematical induction. When 
n= 1, we have Fy —-2 =5-—2=3= Fo. Let the result is true for n =k 
then, Fy -2= FoF ae Fy 4. Now, 

PoF,-:++ Fy +2 = (Fy —2)F, +2 
= (27 —1)(27° +1) +2 
a9 ay 
= Peay 


oy Peo — 2 = FoF,--- Fy. Thus the result is true forn = k+1. So by 
the principle of mathematical induction the result is true. 


Fe, —2(Fy—2 — 1)? = (2" +1)? - 2(2""")? 
= 2?" 4.9.92" 44 ~92.97"" 
eee | 


4. We have to prove this result by principle of mathematical induction. When 
n = 2, we have F, + 2?- Fo =5+2?-3=17= Fy. Now let us assume the 
result is true for n = k. Then we have Fy = Fy; +2?) FoF, --: Fy_a. 
Now, 


gk-1 


k k-1 
Fy +2? FoF -++Fy-1= Fe+2?) (2? FoF, +++ Fe_2)Fe-1 
=Fyet2° (FF, — Fy_1) Fai 
_ (2?" 1) ae Ol a a Pi ang 1) 


k 


ao eye (9? 45 


gk-1 


Thus the result is true for n = k+1. So by the principle of mathematical 
induction the result is true. 


We are now going to exhibit an important property of Fermat number. 
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Theorem 10.6.3. Let m and n be distinct non negative integers with m <n. 
Then the Fermat numbers F,, and F,, are relatively prime. 


Proof. From the Theorem 10.6.2 we have, F,, — 2 = FoF, +++ Fy-+++ Fh—1 (m < 
n). Let us assume d is a common divisor of F,,, and F;, then d|F,, and d|F, — 2. 
Now combining together we have d|2. This is possible only when d = 1 or d = 2. 
As Fy, and F,, are odd then d = 2 is not possible. Thus we have d = 1. This 


proves the theorem. 


This theorem leads us to the fact that there are infinitely many primes. 
Since gcd(F,, F,) = 1 then every Fermat number F;, has a prime factor p, (say) 
which imply Pm # Pn whenever m # n. Now the following theorem we have 
given another way on primality testing of F,,. This theorem is called Pepin Test 
due to T.Pepin. 


Theorem 10.6.4. (Pepin’s Test):For any m > 1 the Fermat number Fy, = 
22" +1 is prime if and only if 3°" = —1(mod F,,) holds. 


Proof. Let us choose that the congruence, a 


= —1(mod F,,) holds. We 
are to show that F,,, is prime. Now squaring both sides of the congruence, we 
have 3'™~! = 1(mod F,,) . Let us choose F,, is composite and p be any prime 
factor of Fy,. Then we can say that, 3%"~! = 1(mod p). Let k be the order of 
3 modulo p then by the Theorem 8.2.1 we have k|(Fi, — 1). This implies that 
k|2?" and k must be a power of 2. Let k = 2” for any r < 2™~! then squaring 


both sides of 3* = 1(mod p) repeatedly yields that, gen" = 1(mod p). This 


Fm-1 


implies that 3 = 1(mod p). Then from the given condition it follows that 
1 = —1(mod p). This shows that p = 2 which is a contradiction. Thus the 
only possiblity is k = 2?” = F,, —1. Since k = Fy, —1 < p—1 and p|Fn 
then we have p = F,, and consequently F;,, becomes a prime. Conversely if 
Fy, = 2?" +1 is prime for m > 1, then by the law of quadratic reciprocity we 
have, (;-) (4m) = (2) = —-1, since F,, = (—1)?" +1 = 2(mod 3). Now 


F 3 3 
by Euler’s Criterion we have, (2) = ™5=* (mod Fy). Now together gives us 
3°" = —1(mod F,,). This proves the theorem. 


Fy-1 


Example 10.6.1. Let us choose m = 1, then Fy = 22° 41=5 and 3 
3? =9 = —1(mod 5). So by Pepin’s Test we have F, is prime. Similarly taking 
m = 2 by Pepin’s test we can see that Fy = 17 is prime. 


The following is our final theorem of this section where we have shown an 
important aspect on finding the divisor of a perfect number. In the year 1747, 
Euler established that every prime factor of Fi, is of the form k-2"*! +1 then 
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after 100 years later in 1879 Edouard Lucas improved this result. So from there 
we have this following theorem. 


Theorem 10.6.5. For m > 2, any prime divisor p of a Fermat number Fy, is 
of the form p=n-2™*? +1. 


Proof. Let p be a prime divisor of F,, then, 2?” = —1(mod p). Now squaring 
both sides of the congruence we have 22""' = 1(mod p). Let k be the order 
of 2 modulo p then we have from the Theorem 8.2.1, k|2”*!. Here k is not of 
the form 2" where 1 < r < m, otherwise this leads to 2?” = 1(mod p). This 
is a contradiction as 1 = —1(mod p) imply p = 2. So k is of the form 2™*?. 
Since order of 2 modulo p divides ¢(p) = p — 1, then 2"”*'|p — 1. Thus m > 2 
and 2™*!|p — 1 together shows that p = 1(mod 8). So by Theorem(9.2.8) we 
have the Legendre symbol (3) = 1. Also by Euler’s Criterion, ie at (3) = 1( 
mod p). Thus from the Theorem 8.2.1 we have k = gmt | (Pd) So we obtain 


p=n-2™*? 4 1 for some integer n. 


To illustrate this theorem let us choose F3 = 22° +1 = 257 then any prime 
factor of F3 is less than \/F3. Now by last theorem any prime factor of F3 is of 
the form k- 2° + 1 = 32k +1 for any integer k. As p > 1 then there is no such 
integer k and hence F% is prime. 

Finally we conclude this section with a geometrical aspects of Fermat num- 
bers. A Fermat number F;, = 27" 41 form > 1 is called a Fermat prime if m is 
prime. Now if we think each value of a Fermat prime as a unit square then those 
unit squares can be arranged as a square whose length of each side is 22”""" and 
an extra unit square. For example if we choose m = 2 then Fy = 2 41=17. 
Now here we have 17 unit squares and they can be arranged as a square of side 


length 22” = 4 and an extra unit square. This has been shown in below figure. 


Figure 10.2: 
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Similarly for F; = 22° + 1 = 257 = 162 + 1 we have a square whose side length 
is 16 and an extra unit square. Here determining a Fermat number is composite 
or not is equivalent to arrange all the unit squares as a rectangle or not. If we 
can’t arrange them as a rectangle then it is prime otherwise composite number. 
See the figure below for Fy = 17. 


Figure 10.3: 


10.7 Worked out Exercises 
Problem 10.7.1. Show that 2?" +5 is composite for each integer n(> 0). 


Solution 10.7.1. For any positive integer n, 2” is even. Then we have, 2?” = 1( 
mod 3). This shows that, 27° +5 =1+5=0(mod 8). Since 3|2?" +5, therefore 


2?" +5 is composite. 


Problem 10.7.2. Prove that every Fermat number F,, is either a prime or a 


pseudoprime. 


Solution 10.7.2. We need to verify, if Fr, is composite then it is pseudoprime. 
For that, we need to prove (2?")?"+! = 2(mod F,,). We know that, 


2?" = —1( mod F,) 
SOF (et) 


2""—n( mod Fy) 
2” 


=>2° =1( mod F,,) 
=> (22")?"+1 = 2( mod Fh). 


Problem 10.7.3. Taking fourth powers of congruences on 5-2’ = —1(mod 641) 
deduce that 2°? + 1 = 0(mod 641) and hence 641|Fs. 
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Solution 10.7.3. Note that 5-2" = —1(mod 641). Then 


54 . (2")* = (-1)4( mod 641) 
=> 625-278 = 1( mod 641) 
=> — 16-278 =1( mod 641) 
=> —282=1( mod 641). 


This implies that 641|222 + 1 = 2?) +1 = Fs. 


Problem 10.7.4. For n > 2, show that the last digit of the Fermat number 
Fy, = 2?" +1 is 7. 


Solution 10.7.4. First, we prove 2?” = 6(mod 10) for n > 2. For this, apply 
principle of mathematical induction. For n = 2, we have 9” —~2%=16= 6( 
mod 10). Thus the statement is true for n = 2. Let the result be true forn =k. 
To prove the result forn = k+1, let us take q2°* — 24.92" = 16-6= 6(mod 10). 
So the result is true forn = k+1. Thus we have 2?" +1 = 7(mod 10). Therefore 
the unit digit is 7. 


Problem 10.7.5. For n> 1, prove that gcd(F,,n) = 1. 


Solution 10.7.5. Let us assume that d = gcd(F;,,n) and p be any prime divisor 
of d. Then p|F, and p|n. Taking into consideration Theorem 10.6.5, p is of the 
form and p= k-2"*?+1. As pln, then we have p= k-2"+? +1 <n. This leads 
to a contradiction. Thus gcd(F,,n) = 1. 


Problem 10.7.6. For any odd integer n, show that 3|2” + 1. 


Solution 10.7.6. Let us assume n is odd. Then it is of the form 2k +1 for 
any positive integer k. This follows that 2” = 2?*+1 —2.4*. Claim: 2-4* = 2( 
mod 3). To fulfill the claim, apply principle of mathematical induction. Let us 
take kk =1. Then 2-4 =8 =2(mod 3). So the result is true fork =1. Let the 
result be true fork =t. This follows 2-4' = 2(mod 3). Letk =t+1. Then we 


have 
2-4'th = 4.2.4! 
=4-2=2( mod 3). 
So the result is true fork =t+1. Thus by principle of mathematical induction, 


the result is true for all integers n. Therefore 2. 4* = 2(mod 3) > 2-4" = —1( 
mod 3). This proves 3|(2” + 1). 


Problem 10.7.7. For any Fermat number F,, = 2?" +1, establish that F, = 5( 
mod 9) or F, = 8(mod 9) according as n is odd or even. 
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Solution 10.7.7. Let F,, = 2?" +1 be the arbitrary Fermat number for n > 0. 
Now 2” = (—1)"(mod 3) implies that if n is odd then 2” is of the form 3k + 2 
where k is even and if n is even then 2” is of the form 3k’ + 1 for some odd 
integer k’. 

If n is odd then we have, 


2?" 41 = 2342 417 =441=5( mod 9). 
If n is even then we have, 


Parr TS ee Seid 0): 


Problem 10.7.8. Use Pepin’s test to show the Fermat number 257 is prime. 


—1 
2 = 328 


Solution 10.7.8. Note that F; = 2?° + Moreover, 
3128 — (38)16 = 13616 = 644 = 241? = 256 1(mod 257). Then by Pepin’s 
Test F3 = 257 is prime. 


Problem 10.7.9. From Pepin’s test, conclude that 3 is a primitive root of every 


Fermat prime. 


Solution 10.7.9. Let F, = 2? +1 is prime. Then $(Fy) = 2?". So order of 3 
modulo F, is a power of 2, pet. 2k. Then 32” = 3272?" = 1(mod F,) if p> k. 
=-—1(mod F,). Then 3'°-' = 1(mod F,). So 
order of 3 bap F, is $( a This proves that 3 is the primitive root for every 


prime as p is arbitrary. 


10.8 Exercises: 


1. Verify that a perfect square cannot be a perfect number. 


2. Establish the following assertions concerning k-perfect number: 
(a)If n is a 3-perfect number and 3 { n, then 3n is 4-perfect. 
(b)If n is a 5-perfect number and 5 { n, then 5n is 6-perfect. 


3. Prove that if n 4 28 is an even perfect number, then n = 1 or —1(mod 7). 
4. Prove that if 2* — 1 is prime, then the sum 


9k-l ae 9k A: k+l Ae g2k—2 


will yield a perfect number. For instance, 2? —1 is prime and 2?+2°+ 24 = 
28, which is perfect. 
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10. 


11. 


12. 


13. 


14. 


15. 
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(a) Show that any divisor of a deficient or perfect number is deficient. 
(b) Show that any multiple of an abundant or perfect number is abundant. 


(a) Show that 16 is a superperfect number. 
(b) Show that for an odd prime p if n = p*, then n is not super perfect. 


Prove that the Mersenne number Mjg is a prime; hence, the integer n = 
218(219 _ 1) is perfect. 


If m and n are an amicable pair, with m even and n odd, then n is a 


perfect square. 


Show that Any odd perfect number n can be represented in the form 


n= pa” , where p is a prime. 


If n is an odd perfect number, prove that n has at least three distinct 


prime factors. 


Use the Lucas-Lehmer test to determine whether the Mersenne numbers 


Mz and M3 are prime or not. 


Find the smallest prime divisor q > 3 of each of the integers 279 + 1 and 
24141. 


For any prime p > 3, prove that 3(2? +1) is not divisible by 3. 


Establish that any Fermat prime F,, can be written as the difference of 
two squares, but not of two cubes. 


Prove that if nm is odd pseudoprime then the Mersenne number M,, is also 


pseudoprime. 


11 


Continued Fractions 


“Tf equations are trains threading the landscape of numbers, then no 


train stops at pi.” 


— Richard Preston 


11.1 Introduction 


Being a natural object, continued fractions appear in many areas of Mathe- 
matics, sometimes in an unexpected way. The old name of continued fraction 
was “anthyphaeiretic ratios”, which the Dutch mathematician and astronomer 
in 1687 made the first practical application explaining how to use convergents 
to find the best rational approximations for ratios. To build a mechanical plan- 
etarium, motivated him to do so. Later on, many renowned mathematicians 
including Euler, Jacobi, Gauss and Cauchy get attracted to continued fractions. 
Continued fractions find its applications in some areas of contemporary Mathe- 
matics. The application of continued fraction lies in the cryptography, to explain 
a kind of attack on the RSA system. Nowadays, there are mathematicians who 


continue to develop the theory on continued fractions. 


The sections of the chapter starts with finite continued fractions and then 


subsequently we move to infinite and periodic continued fractions. 
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11.2 Finite Continued Fractions 


137 
We commence this section with an example, by taking aa Applying Euclidean 


1 
Algorithm on aa yields 


137 = 4-33+5 
33 =6-54+3 
5=1-34+2 
3=1-2+1. 


Dividing both sides of every equations by the divisor of that equation, we obtain 


see -— =4 
33 33 ee 
33 3 1 
== = G42 =646= 
5 5 5 
2 1 
Ose i =lt+g 
3 3 : 
2 i 
Sets, 
2 D 
Combining we get, 
137 5 1 
EES Be ee fie fee 
33 + 33 “Stee 


The foregoing expression in this sequence of equations is a simple finite continued 


137 
fraction of ——. This motivates us to start with the following definition. 
Definition 11.2.1. A finite continued fraction is an expression of the form 


1 
bo + ’ 


by + 


: 1 
‘. elie Pg 


where b,,b,,63,...,6, are real numbers with b,,b,,...,6, being positive. The 
real quantities b,,b,,...,6, are known to be partial quotients (also known as 
partial denominators) of the continued fraction. The continued fraction is sim- 
ple (canonical) if the real numbers b,,b,,6,,...,6,, are all integers. Symbolically, 
continued fractions are denoted by [b,;b,,b;,...,6,] to avoid writing out contin- 


dn 


ued fractions. 
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The first theorem of the section reflects on the representation of every finite 
simple continued fractions. Later on using Euclidean Algorithm, we will work 


on the representation of every rational number as a finite continued fraction. 


Theorem 11.2.1. Every finite simple continued fraction represents a rational 


number. 


Proof. Let [b,;b,,6,,b,,-..,5,] with 1 < k < n be b finite simple continued 
fraction. We proceed by mathematical induction on k. For k = 1, we have 


[b,35)=5 += ron a rational number. Assume the theorem is true for 
1 1 
k =m. Then for 1 <m <n, we have [b,;6,,6,,6,,---,0,,] is a rational number. 


Now for k = m+ 1, we obtain 


1 
[by 5 Br Bay Oss +++ Pins mtr] = bo 4 
03 915995 Os +1 9 [b,;6 b,,6 Pe Se Oe | 


19°29 7°39 "4? 


By induction hypothesis, [b,;b,,6,,b,,.--,6,,,0n4:] is rational which implies it 


Tr 


can be expressed in the form + with r,s € Z, s #0 and ged(r,s) = 1. Thus, 


1 
[b, 3b, b.,6 b aia oe Se 


29 739°°%*% 9 %m)*™m+1 


a rational number. Hence by induction method we are done. 


Theorem 11.2.2. Any rational number can be expressed as a finite simple con- 


tinued fraction. 


Proof. Let « be arational quantity. Then 4 u,v € Z with v 4 Oand ged(u, v) = 1 
such that = ¢. Suppose r, = u and r, = v. Then an appeal to Euclidean 
algorithm yields the following sequence of equations viz 


= TPs, 0O<r,<7r,. 

PH Tye t las O<r, <r. 

TT, =739. 714s O<r, <7r,. 
Pog Te WG ER oy Oe Se Tie oo 
| Ete ER | pe OMT ST 


Pyar Tan: 


In the above equations, q,,q,,-.-,@, are all positive integers. Rewriting the 


algorithm in fractional form we get, 
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Ui Teh 1 
po a Ne in Ga or rae 
Vv Ts Tr, — 
t 
Tit Ts _ 1 
= Q | GQ i) 
rs rs Tr. 
ne 
eo re 1 
ge ee MS Ue eS Oh Ree 
rs rs Tr, 
2 T4 
Tr-3 _ ies _ 1 
= Qy-2 7 = dn—2 + F 
r r =2 
n-2 n—-2 Tr 
-1 
is 1 
n-2 __ L no 
r - 2 qn-1 << q, ai Teg 
n-1 n-1 
Th 
Taaa = 
—f qn: 


Upon substitution, the value of 4 from the second equation into the first of the 
2 


algorithm, we get 
u 1 
— qd, + aa EE . 
T/T 
By similar manner, substituting the value of 2 from the third equation into the 
3 


previous one, we obtain 


— qd, + 2 ie a ao . 
a pe 
Ista Tr, 


U 1 
v 


Continuing this manner, we obtain 


1 
— q1 | 
v 1 
q2 + 

, 1 
“SSE yt 

n 

Therefore [q,;92;93,---54,|- This proves any rational number can be expressed 


as a finite simple continued fraction. 


In view of foregoing theorem, an interesting question to ask about uniqueness 
of the representation of a rational number as a finite simple continued fraction. 


The next theorem will answer the question. 
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Theorem 11.2.3. Every rational number can be expressed exactly by two finite 


simple continued fraction expansions. 


Proof. Let 7 be a rational number. Then 4 p,q € Z with gq 4 0 and gcd(p, q) = 1 
such that 7 = a In view of the Theorem 11.2.2 we can say that 7 can be 
expressed as [b1; b2,-+-b,]. Then from Euclidean algorithm taking r, = p and 


r, = q we have, 


Po eb tes Oa Ae ee 

rT, =7,b, +75, 0< 7%, -< 73. 

rT, =7,b, +7 ,, O0<r, <7T5. 
To =P n_1On_y HP as Or TO hats 
r,, =7,0, 


The last step of Euclidean algorithm can be written as, rn—1 = (On — Irn + 
rn. Then in this case last step will be r, = 1-ry. Thus the expression of 
simple continued fraction will be [b1;b2,---b, — 1,1]. This proves that every 
rational number can be expressed exactly by two finite simple continued fraction 


expansions. 


Next, we will talk about the numbers obtained from a finite continued frac- 


tion by removing the expression at different stages. 


Definition 11.2.2. The continued fraction [b,;b,,b,,...,0,] where k(€ Zt) < 


1k 


n, is said to be the k-th convergent of the continued fraction [b,;b,,63,...,6,]- 
The k-th convergent of [by;b,,63,.-.,6,] is denoted by C,. 

Let 6,,b,,...,6, be real numbers, with b,,...,b,, be positive. Let us define 
simple fundamental recurrence relations p, and q,(k = 0,1,2,3,...,n) as fol- 
lows: 

Po = by % = 1 
p, = 6,6, +1 q, =), 
P, = 5,P,-1 + Py-2 Ge = 5,4,-1 + O-2 
where k = 2,3,4,...,n. We use this to start with a formulae for the convergents. 


Theorem 11.2.4. The k-th convergent C,, of the finite continued fraction 
[bo3b,,b2,b,,---,b,,] has the value C, = S£,0<k <n. 
k 
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Proof. We proceed by principles of mathematical induction on k. For k = 0,1, 2, 
we find 


b 
i aa 
ie) 
C=b dt aE .. De 
— b, b, ge? 
C ; 1 2 b, (b, by +1) +b, _ Ps 
a +E bb, +1 b 


Hence the theorem is true for k = 0,1,2. If possible, let the theorem be true for 
k =m where 2<m<n. Then 


Dre an T Pm—2 


C => = 
In (a ae T Am —2 


m 


(11.2.1) 


Dependence of the real numbers p,,_,, D,,-9) Um—1> m—2 On the partial quotients 
b,,6,,6 


BN 29 BO 


(11.2.1), to get 


.,b, allow us to replace the real number 6,, by b,, + 5 1 in the 
m+1 


Cincy = [Bp3 Bis Bas Bys <= Bins Orn eal 


0? 719 "%29 "3? 2m) ~m+1 


= [by3b,,b,,65,.+- Bins Om 


dm) m b 


(0,, b = Dani Pyr—2 


Dice Gm T Im—1 Gmt1 


which is true for k = m+1. Hence we are done. 


Theorem 11.2.5. If C, is the k-th convergent of the finite continued fraction 
[0403.5 Das Dy, a eaball, then for 1 < k < nr; PrUe—1 Ve Ge Pr—1 _ (—1)*-1. 


Proof. We apply mathematical induction on k to prove the theorem. For k = 1, 
we have 
Pido — G1 P0 = (b, b, ae 1) has b, by =1= (-1)**. 


Assume the theorem is true for k = m. Then for 1 < m <n, we have 


DG OP (1). 
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Now, 


Piri Gain Dis Pine (Bra Bie, a een = (Dini. Qin + Oo: A)p.. 
= Dd Ges) 
= -(-1)™"7* = (-1)”, 


so the theorem prevails for k = m+1. This completes the proof by induction. 


An immediate consequence of the foregoing theorem are the following corol- 
laries. 


Corollary 11.2.1. For1<k<n, gced(p,,q,) = 1. 


Proof. If d = gcd(p,,,q,,); then by virtue of above theorem, we obtain d (—1)*-1, 
Because d > 0, this enables us to conclude d= 1. 


Corollary 11.2.2. For the k-th convergent of the finite simple continued frac- 
tion 


[b,;b,,b,,0,,..-,b,], the following identities are true. 


1 . _— (-1)*"" 
fot leks C.-C. = oF , 
ktk-1 


k—-2 
6, (1) 
Ge Ip-2 


2. for2<k<n; C,-C,_,= 
Proof. 1. An immediate consequence of Theorem 11.2.5, yields 


P, Pra _ (=1)e-3 
qi. Qe—1 Ge Wh-1 


2. With the aid of p, = b,p,_, + D,-. & & =O.%_1 +G_2, we note that 


©; =e pee 
Te Tpe—2 


_ Pr Aga ~ Pra 
eT —2 
Oy Peoa + Pra) Gea + Pra (Oe Tea + Ue—2) 
Gi Te —2 
by, Pea Geo ~ Pro Ges) 
Ue U2 
_ b,, (—1)*-? 
a 


[by Theorem(11.2.4)]. 


This finishes the second identity. 
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With the aid of last two corollaries, we have the following theorem. 


Theorem 11.2.6. Let C, be the k-th convergent of the finite simple continued 
fraction |b); b,,0,,63,---,0,]. Then 


CL > Cy > Oye > 

Cy < Cy < Cyr <eee, 
Also for alli = 0,1,2,3,4,...; every even-numbered convergent C,, is less than 
every odd-numbered convergent C4,,,. 
Proof. As the partial quotients are positive real numbers and q, > 0 V j, replac- 
ing k by k +2 in Corollary 11.2.2(2), we find that 


=e be 3(—1)* 

Gn42Ub 
> 0, if k is even say k = 21; 
<0, if k is odd say k = 27-1. 


k+2 k 


Hence 
CL > Cy > Cy > oes (11.2.2) 
Cy < Cy < Cyr eee, (11.2.3) 


For the final part, its suffices to show that C,,_, > C,,. In view of Theorem 
11.2.4, we find that 


qi. Vn—1 


Hence using (11.2.2) and (11.2.3), we get blending all inequalities together 


C54 > Gifts > Costa. > Ces 


We conclude this section with the theorem concerning the relation associated 
with the denominator of the k-th convergent of the finite continued fraction. 


Theorem 11.2.7. If q, is the denominator of the k-th convergent C’, of the 
finite continued fraction [b,;b,,b,,65,...,0,], then g,_, <q, for1<k <n; the 


09719 %29%3) 


strict inequality holds when k > 1. 
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Proof. We will take the help of mathematical induction on k to establish the 
theorem. For k = 0, q 1; k 1, q, b, and b, > 1. Thus q, > q- 
Assume, the theorem persist for k = m with 1 < m <n. Then, q,,_, < q,,. 


Now Gig = Omg1 Gn + m1 > OmarIm 21+ Gn =Un+ SO the inequality prevails 


for k =m-+1. Hence by induction the theorem is established. 


11.3. Worked out Exercises 


Problem 11.3.1. Find the rational number, expressed in lowest terms, repre- 
sented by each of the following simple continued fractions: (i)[3;7,15,1]  (##)[2;1, 2,1, 1,4] 


Solution 11.3.1. (i) By virtue of Definition(11.2.1), we obtain 


1 1 355 
(3; 7, 15,1) =3+ pet =. 


7+— 7 
- 15+1 16 
Remark 11.3.1. [3;7, 15,1] is a good approximation for 7. 


(ii) 


1 
(2;1,2,1,1,4] =2+ = 
1+ 


ene 
+] 


Problem 11.3.2. Find the simple continued fraction, not terminating with the 

partial quotient of 1, of each of the following rational numbers: (i) ~ (it) 
746 

= aaa 

Solution 11.3.2. Here we need to apply the proof of Theorem(11.2.2) to find 

the simple continued fraction expansion. The tool required here is Euclidean 


algorithm. 


(i) Applying Euclidean algorithm on 17 and 9 we have, 


17=1-9+8 
9=1-841 
8=8-l. 


Thus the sequence of quotients give the continued fraction expansion [1; 1,8]. 
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(ii) Again applying Euclidean algorithm on —746 and 830 we have, 


—746 = —1- 8304 84 


830 = 9- 84+ 74 
84=1-74+ 10 
74=7-10+4 
10=2-4+42 
4=2.-2. 


Thus the sequence of quotients give the continued fraction expansion |—1; 9,1, 7, 2, 2]. 


Problem 11.3.3. Find the convergence of the continued fraction expansion of 
75 

19° 

Solution 11.3.3. We need to find the continued fraction expansion o p. Ap- 
plying Euclidean algorithm on 75 and 19 we have, 


75 =3-19+18 
19=1-18+4+1 
18 = 18-1. 


Thus the sequence of quotients generate the continued fraction [3;1,18]. Using 


the fundamental recurrence relations p, and q,(k =0,1,2), we compute 


po =3 dgo=1 
po =18-443=75 a SGT EE. 


Thus the convergents are Co = 2 = 3, Cy = + =4 and Cy = Ss 


Problem 11.3.4. Prove that if by) > 0 then ay = [by by_1, +--+ ,b1, 00] where 


Cr-1 = = and Cy = ae k > 1 are successive convergents of the continued 
fraction [bo; b1, +++ Bn]. 


Solution 11.3.4. Since Cy_1 and Cy(k > 1) are successive convergents of 
(bo; bi,-++b,], therefore fundamental recurrence relations yields p, = b,p,_, + 


D,_»- Using the relation successively gives, 


Pk k—2 1 


Pp 
=be+ = be + Pk—1 
Pk-1 Pk-1 D2 
Again, 
Pk-1 1 
= be-1 + He 
Dk—2 Pk-2 
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Thus, 


Proceeding this way, we get 


P2 1 
PL en 


Since po = bo and p; = b1b9 +1 holds, therefore a =b;+ i prevails. Piling up 
all the steps we get, 


Pk-1 7 1 


Therefore =P&— = |b; be-1,°++ ,b1, do]. 
Problem 11.3.5. Prove that if the simple continued fraction expression of the 
rational number 8, 6 > 1, is [bo;b1--- , bn], then the simple continued fraction 


expression of 5 is [0; bo +++ , by]. 


Solution 11.3.5. Here 6 is a rational number then for any r,s € Z with s £0 
and gced(r,s) = 1 we can write 8 = *. Since B > 1 then we have r > s. Also 
[bo; b1,-+- , bn] is the expression of simple continued fraction =. Again 4 =i<l 
implies s <r. Applying Euclidean algorithm on s andr we gets =O0-r+s, 
r = bo: s+, and rest of the steps are same as *. Thus the simple continued 


fraction expression of 3 is [0; bo +++ , On]. 


The following problem deals with an alternating way of finding the general 


solution of linear Diophantine equations using simple finite continued fractions. 


Problem 11.3.6. Determine the general solutions of the Diophantine equation 
18x + 5y = 24. 


Solution 11.3.6. Note that gcd(18,5) = 1. The given equation can be re-written 


as 

18 5 24 

qet wt qe (11.3.1) 
We proceed to solve using two steps. In first step, we will find the particular 
solution of (11.3.1) when equated to 1 i.e. 18% + 5y = 1 and thereby in the 


second step find the general solution of the given equation. 
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18 5 
Step I We begin by writing —(or if one prefers) as a simple continued frac- 


tion. An appeal to Euclidean algorithm yields 


18=3-543 
5=1-342 
3=1-2+1 
2=2-1, 


18 1 
so that ig [b,; 0, , b,, bs) = [831,1,2] = 34+ ee Here using simple 
iH 
fundamental recurrence relations p,, q, for k =0,1,2,3 we find p, = b, = 
3, D, = b, by +1=4,p, = bP, +P) = 7, Ps = bs DP. +p, = 18; q = 
1, gq, =), =1, % = 4, +% = 2, Is = O34 +4, = 5. The convergents of 


this simple finite continued fraction are given by, 


18 
(Sian ee ge ene Ig Ree ima ae cee ey 
Io ds OB q, 9 


In view of Theorem 11.2.5(taking k = 3) we obtain p,q,—q,p, = (—1)3>' = 
1, which further yields 
18(2) — 5(7) =1. (11.3.2) 


Taking into consideration (11.3.1), when relation (11.3.2) is multiplied by 
24 gives, 
18(48) + 5(—168) = 24. 


Thus, a particular solution of the Diophantine (11.3.1) is x, = 48, y, = 
—168. 


Step II Now by virtue of Theorem 2.7.1, the general solution is given by the 


equations 


eR 


r=2,+bt=48+5t, y=y, —at = —168—-18t; t=0, 


This completes the solution. 


11.4 Infinite Continued Fractions 


In the present section, we will study infinite continued fractions and establish 
how to express a real quantity with the help of an infinite continued fraction. We 
will depict the utilization of the continued fraction representation of a real num- 


ber to generate rational numbers that are approximations of this real number. 
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In the subsequent system, we will study infinite continued fractions of quadratic 
irrationalities. 

Let us begin with an infinite sequence of positive integers a,,a,,@,,.-.,--+5. 
To define and to study infinite continued fraction, we need few results from 
mathematical analysis which we have covered in prerequisites. The following 
theorem is of fundamental importance, based on the relation between Fibonacci 
sequence and infinite continued fraction. To know Fibonacci sequence in details, 
refer to Chapter14(sec 14.1). 


Theorem 11.4.1. For the simple infinite continued fraction [b,; b,,b,,b;,...,0,]; 
_ Pr 


the inequality q, > U, (k =1,2,...) holds where C,, = — is the k-th convergent 
I 

of the fraction and U, denotes the k-th Fibonacci number(See Chapter 14). 

Proof. We establish by mathematical induction. For k = 1,2 we have q, = b, > 

1=U, and q, = )b,q,+q@ = 0b, +), = U, respectively. So the result is true 

for k = 1,2. Let us assume the result be true for k = m. Then g,, > U,,. We 

are to prove the result for k = m+ 1. Now 


Gai Uncen lee td nas 
> b.,,U, +U.45 
>U,_+U,,_,,; 
=U. 


m+1? 


from the definition of Fibonacci sequence. 


Hence we are done. 


The following theorem define infinite continued fractions as limits of finite 
continued fractions. The limit 7 described in the statement of the theorem is 
called the value of the infinite simple continued fraction [b,; b,,b,,b,,...,0,,.-.]. 
Theorem 11.4.2. Let {b,,b,,b,,...} be an infinite sequence of integers with 
b,, i=1,2,3,... being positive. Let C,, = [b);b,,0,,55,.--,0,]. Thenlim, , C, = 
n. 

Proof. Let m € Zt. From Theorem 11.2.5, we see that 
CL >C,>O, >: > Cs, 
Ci < CC, <C, + < CG, 


and C,, > C. 


‘ona: Whenever 27 < mand 2k+1< m. Taking into consideration 


all possible values of m, we get 


Cp Se Oy Og Sr > Oy > Conga rs 
Cy < CL < C, +++ << Oy. < CL, <s: 
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and C,,> C,,,,V j,k € Z*. Since both the sequences 
1C5 C's) Cs; fates Coat Csens ceca: } and {C,, C55 Ce ne, Coe) Cons aoe } are 
monotone and bounded, therefore they will converge to a definite limit say the 
sequence en C5, Cs; as iowa Osaads ee } converges to 7, and 1 Gigs C,, Gi a) 
C,, 2 Cs,, } converges to 7, i.e. 
lim Carty =n, lim C,, =.- 
k—- oo k—- oo 
Claim: 7, = 7,. Using Corollary 11.2.2(2), we find that 


(peers! _ 1 


Gea ~ Ge Ce a on 


Also q, >k Vk € Z* [for details refer to Theorem 11.4.1], yields 


1 1 
< @n+D(n) 


Von41 Gon 


Hence 1 
CL, = >0 > o. 
oe * Onn 


Hence the sequences {C',,C,,C,,--- ,C. C. 


a 49 1) Monde * 7 ,} and 
{Ch, Cy, Cy +++, Cy, _9,C5,,++>} have the same limit i.e. 4, = 7,. 


C. 


2n4+1 


Already we have shown that a rational number can be represented as finite 
simple continued fraction. However, the following theorem shows that the value 


of any infinite simple continued fraction is irrational. 


Theorem 11.4.3. Let {b,,6,,6,,...} be an infinite sequence of integers with 
b,, 7 = 1,2,3,... being positive. Then value of [b,;b,,b ,b 


iO; .| ts irra- 


29 939+++ hoot 


tional. 
a : — Per _ : 
Proof. Let 1 = [b,;6,,0,,05,---,0,,-..] and C, = — = [b,;b,,6,,0,,...,,] 


q. 
denote the k-th convergent of 7. For a positive integer n, we have 


Cos << C35 


>0<7-C,, < Cia. — Cr: (11.4.1) 
Applying corollary(11.2.2), we find 
1 
Ch (11.4.2) 
Gon41 don 
Feeding (11.4.2) in (11.4.1), gives 
0< 14), — Pon < (11.4.3) 


2n+1 
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With a view of finding a contradiction, let us assume that 7 be rational. Then 


dr,s €Z with s £0 and gcd(r, s) = 1 such that 7 = "| Then (11.4.3) yields 
8 


Ss 


0< Tq. — SPo, < (11.4.4) 


2n4+1 
It is to be noted that for all positive integers n, (rq,,, — sp,,,) is an integer. 
However, by virtue of Theorem 11.4.1, q,,,, > 2n+1VneZ. Hence dn, € Z 
such that 


Gong +1 7 3 <1, 


Fong +1 


this leads to the contradiction as (rq,,, — sp,,,) cannot lie between 0 and 1. Hence 
with this finishes the proof. 


The following theorem shows the uniqueness of the infinite simple continued 


fraction that represent the same irrational number. 


Theorem 11.4.4. If the two infinite continued fractions [b,;b,,0,,05,--+50,)-+ + 


0? 1? 
and 
[Co3 C15 Coy Ca3+++>Cjy---] are equal(or represent the same irrational number), then 
b,=c, Vn=0. 


Proof. Let x = lim [b,; 0, ,b,,b,,-.-,0,,...]. Then, 


n—>0co 


1 
OC, <@<C, +b <e<bh t+ ob <e<(h +1) ora eee 


1 


Hence [2] = b,. Now, assume [b);b,,0,,0,,---50,,-+-] = © = [C93 C5 Cay Cay ee Cpr] 
Then 
1 1 
ae =n=c,4 _ (11.4.5) 
: [60s be Ouse ees Bygn 4| Ley Hess CC aniay Cay nae 


With the help of the reason stated in first paragraph of the proof, we have from 
(11.4.1) 


Dag [a] Sie [bis bs Day Des se Des ec] = (QFE Mes, Cay .O.30e4ls 
By similar reasoning as stated, we next obtain 

b = [2] = Cy => [Bis Dig Ban Digns aD acu| —, Feee ae Co ore cern b 
Hence the theorem is true for k = 0,1. Now assume b, = c, which implies 


LSeeR See See eC rere er Cad (aewr rae Te Cont cy Pov eE ee 
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Applying the same argument, we see that 


Si Op iys Ovi Wega Dey cay cecil) Geers Crs iy ceyde peal 


Thus by mathematical induction, our task is complete. 


We will now show that every irrational number can be uniquely expressed 


by an infinite simple continued fraction. 


Theorem 11.4.5. Let = 7, be irrational and define the sequence {b,,b,,6,,...} 


recursively by 


b,, _ In. Nepa = n, —,” k= 0,1, 2,3, ewiethnasides 


k k 


Then n = lim,_,.. C,, where C,, = [b);b,,b,,b5,...,0,]. 


co 


Proof. From the given recursive definition, we find b, is an integer for every k. 
We are to prove 7), is irrational for every k. We will take the help of mathematical 
induction on k to fulfill our claim. For k = 0, n, = 7 is irrational. Let for 


k=m, n,, be irrational number. Now, 


(11.4.6) 


If 7 
Hence 7) 


m1 i8 rational, then 7,, is also so, which contradicts the induction hypothesis. 


m41 18 irrational number. Now as 7,, is irrational and 6, is an integer, 


we know that 7, #6, and 


b, <p, <5, +1(Why!), 
>0<7, -6, <1, 


for k = 0,1,2,3,.... This shows b,;2 = 1,2,... are all positive integers. On 
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repetitive use of (11.4.2), we find 


1 
PT Oa [bos m1] 
1 
=b,+—— = [b; 1,72] 
1 
=b,+ ; = [053 bis Oy3 3249 Oys Meal 
b, + ; 
bo 4 
t. bbe + 
NK 
Now our next claim is [b,;b,,0,,.--,0,;%«4] ~~ 1 as k — oo. By virtue of 
Theorem 11.2.3, we have 
i= We PiG Oca et | 
= TNepiPr TO Proi 
Meta de 7 Ger: 
where Ci, = Ps is the jth convergent of [b,;b,,b,,...,5,,-.-]. Hence 


j 
n C. = MetiPr TO Pro P : 
Mei de T Tp—1 qT 
ADO: P30) 
ene Gon ds 


—1)* 
= ep) [By Theorem(11.2.5)]. 
(Teg %e + G1) % 


Since, 0.41%, + deer > Ong Ge + Ie-1 = U1) therefore, 


1 
In-Ci]< +0, ask > ov. 


BAk41 


Hence the proof. 


In our next example will illustrate the fact behind Theorem 11.4.5. 


1 
Example 11.4.1. Consider no = V7. Then bp = [V7] = 2 and m, = meer ee 
lo — 90 
1 74+2 7+2 
Jin2 a sii . This gives by =| | = 2. By similar way, we find 
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1 2(./7 + 2) 
2 = = 


mab 3 
by = 3. Thus the expression for v7 is [2;2,3,10,3,---]. 


. Continuing this manner, we get bz = 3,b3 = 10 and 


The next theorem will illustrate the fact that the convergents of the simple 
infinite continued fraction of 7 are the best rational approximations to it. 
Theorem 11.4.6. Let 7 be an irrational number and let as j =1,2,3,... be 

qd, 
the convergents of the infinite simple continued fraction of 1. Ifr,s € Z with 


s > 0 such that |sy —r| < |q,n —p,|, then s > q,,,- 


Proof. Given that |sy—r| < |q,n—p,|; to the contrary assume that 1 <s < q,,,. 


To begin with consider the system of simultaneous equations 


DC++ Y= (11.4.7) 
q,, & a Gniid = Bs (11.4.8) 


Now, (11.4.7) x g, — (11.4.8) x p, gives 


(Diss _ PrInrrd¥ =, — SPx- 
Taking into consideration Theorem(11.2.5), we find 
y = (-1)*(rq, — sp). 
By similar reasoning; (11.4.8) x p,,, — (11.4.7) x q,,, yields 


c= (—1)*(sp,.44 _ Mice Je 


Claim: «#0, y 4 0. Ifa = 0, then sp,,; = 1¢,,,. Since ged(py,4;%4,) = 1, 
therefore q,,,|8 > 4,,, < 8, contradicts our assumption. If y = 0, then r = 
p,@, §=4q,x[by (11.4.7) and (11.4.8)] implies 


|s7 —r| = |z|la,n—p,| > la.7-—P, |, f° le] = 1)- 


This steers contradiction to the stated condition. Hence x £0, y £0. Finally 
we note that « and y are of opposite signs. Consider y < 0. Since q,x = 
S$ — Q4,Y [refer to (11.4.7)], we have x > 0 because q,2 > 0 and q, > 0. When 
y > 0 we see that g,7 <0 as s<4q,,,. Sox <0. Since << Ge, we find 
1 —P, ad 4,.,7 — Pez, ave of opposite sign. From (11.4.7) and (11.4.8), we 


obtain 


|s1 im r| _ l(q,@ tC Ui ¥)N m (:p,. + Div ¥)| 
= |2(4,.7 — Py) + YG — Prsrdl- 
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Combining the conclusions of the previous two paragraphs, we get x(q,” — p,) 
and (4.417 — Prii) have the same sign, so 
|sn — r| = |al||e(9,0 — PI + [yllle (ai — Peordl 
2 |x||c(a,7 — P,.)| 
2 |e(an—p.)I, °° lal 2 1. 


Finally, this contradicts our given fact. Hence 1 <s <4q,,, fails. Consequently, 


the proof is complete. 


The following well-known theorem leads to the fact that the convergents of 
the infinite simple continued fraction of an irrational number are good approxi- 


mations to 7. 


Theorem 11.4.7. Dirichlet’s Theorem on Diophantine Approximation: If n is 
an irrational number, then there are infinitely many rational numbers "such 
8 
r 1 
that jn — -| < =>. 
at |n A 252 


Proof. Let "« be the k-th convergent of the continued fraction of 7. Following 
S 
the proof of Theorem 11.4.5, we get 


| Tr, | 1 ZB 1 S 
8, < Syi;]- 
1) 5, ee 8 > oR k+1 
Consequently, "« (convergents of 7) k = 1,2,3,... are infinitely many rational 
s 


k 
numbers satisfying the conditions stated in the theorem. 


The concluding theorem of this section focusses on the fact that any ratio- 
nal number which approximates very closely an irrational number must be a 


convergent of the infinite simple continued fraction of this number. 


Theorem 11.4.8. If is an irrational number and ” is a rational number with 
v 


1 U 

v > 0 such that In | < D2’ then — is a convergent of the simple continued 
v v 

fraction representation of n. 


Proof. Assume that hs is not a convergent of the simple infinite continued frac- 
v 


tion expansion of 7. Then J successive convergents Pe and Pet? such that 
qi Vet 


q, <8 <4%,,,- From Theorem 11.4.6, we see that 


“|< 1 
Ne a Qv- 


la. —p,| < lun -—ul =v 


+ |n-4 


1 
< =—., [Dividing by q,]. 
Gi. 


2vq, 
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Since |up, — uq,| > 1(we know that vp, — ug, is non-zero integer as — iF Pe —), it 
v q 
follows that ; 


Dg Pe glo Pe 
Ud, Ud, qi, U 
e by —% +|n- =| 
de 
Poe 
2uq,  2v?- 


(where we have used the triangle inequality to obtain the second inequality 


above). Hence 
1 


< ——= 
2uq, — 2v? 


contradicting our assumption. 


=> 2vq, > 2uv* > 4, > v, 


11.5 Worked out Exercises 


1 
Problem 11.5.1. Find the simple infinite continued fraction of 


+75 


1 1 
Solution 11.5.1. Let us consider n, = amy Then a, -| =] = 1. 
1 2 _ v5+1 
Applying Theorem 11.4.5 we obtain n, = . 
pplying 4 OS Geaas aie sq = Os Te 


1 
This gives + (Bely ds Teles jaee| 


Problem 11.5.2. Prove that the first four partial quotients of the simple infinite 
are 0,2,6,10. 


es 
continued fraction o 
f f e+l1 


P mae e-1 : 
Solution 11.5.2. Suppose n, = ae Then b, -|= i = 0. In view of 
1 e+ 1 : 
Theorem(11.4.5), we get n, = —— oe =e Then, 6, = [n,] =| 2. 
i) 0 
Agai : a. tly, b, = [n,] 
n = = = . Consequen = =| - 
gain, % = 75 = Tp = equently, b, = [n, 
-1 1 1 -3 
= = 6. By similar manner, n, = = . b, = 


e—3 — bz 1, — 6  Te—19’ 
[n, = 10]. pes the first four partial ae, “of the simple infinite continued 


are b, = 0,b, = 2,6, = 6,b, = 10. 


ti 
fractions of < i 


Problem 11.5.3. Let y and 6 be two real numbers. Then y is equivalent to 6 


if J integers a,b,c and d satisfying ad — be = +1 and y= ae Prove that if 7 


is equivalent to 6, then 6 is also equivalent to y. 
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Solution 11.5.3. Since y is equivalent to 6 then we can write y = whet for 


some integers a,b,c and d with ad— bec = +1. Nou, 
yc) + yd =ad+ 56 
yc — ad = b— yd 
d(ye— a) =b-— yd 


d—b 
5-7 
yo-a 
Here we have (—a)d — (—b)c = be—ad = +1. This results in 6 is equivalent to 


Y- 


Problem 11.5.4. Prove that the i-th convergent of the simple infinite continued 
fraction of = is the reciprocal of the (t — 1)-th convergent of the simple infinite 


continued fraction of n, where n(> 1) is an irrational quantity. 


Solution 11.5.4. Let the simple infinite continued fraction of n be [b,;b,,5,,---]- 


1 1 
Then — = = [0;6,,6,,6,,...]/refer to Problem(11.3.5)]. Now the 
n — [by38,,8,,---] 
i-th convergent ae is 
1 
(0; by,6,,0,,---,6,_,]. Therefore [0; b,,6,,6,,..-,0,_,] =O+ rT where 
a+ gs 


1 1 
= . Here (by; b,,b,,..., 
b+ (Os Oi Bas eee Ue | ere [by; L729 ib) 


is the (i —1)-th convergent of n. This proves the statement. 


B.="[B,3 05 :by5 Dgy0s b |= 


il 


Problem 11.5.5. Let 7 be an irrational number with simple infinite continued 
fraction expansion [b,;b,,b,,...]. Prove that the simple continued fraction of —n 
is [-b, — 1;1,6, —1,0,,,,...] if b, > 1 and [-b, —1;6, + 1,8,,...] fb, =1. 


Solution 11.5.5. Here 7 is an irrational number with simple infinite continued 
fraction expansion [b,;b,,b,,...]. Let us take B = [b,;6,,6,,b,,...]. If 6, > 1, 


21%39%39 449 
then we have 


[Bas Dig Banas [ by 1;1,6, TO ii Uae Tad 
a 1 
+(-b —1)4 
b+4 . l+qgonts 
B 1 
B 
B b,B-B+1 


= 1 
Beat BeBe d 


=b,+ 
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If b, =1, then we need to consider B = [b,;b,,b,,b,,...,]. Thus we have, 
[Oye Oy Oxy sacs) iLO, dg by eds yds ft] 
1 1 
=b,+ 4( 05. 1) 
i I 
: eg bo +h ‘ Uses 
= : eee 
° Lea bB+B+1 
_ b,B+1 | B 
 b,B+14+B 'b,B+BH+1 


= 0. 


11.6 Periodic Fractions 


In continuation with example(11.4.1), we find b, = b,, b, = 6, and so on. The 
process iterates repeatedly, which makes the sequence of partial quotients peri- 
odic. So this example motivates us to study the notion of periodic infinite simple 
continued fractions. In the present section, we will show that the necessary and 
sufficient condition for an infinite continued fraction to be periodic is that the 
real number represented by the continued fraction is a quadratic irrational. So 
let us begin with a definition. 


Definition 11.6.1. An infinite simple continued fraction [b,;b,,b,,...,.-.] 48 
for all 
positive integers n withn > N. Symbolically, periodic fraction are represented by 


said to be periodic if A positive integers N and k such that b, = b 


n+k 


[b,;6,,5,,0 b,,,0 £2550 |. It means periodic infinite simple continued 


09°19 729 *N-19 “N? “N+1? 9” N+k-1 


fraction are expressed as 


[BgsO iy OO Ga Oe O ors ras PO APs Dare eal 


To characterize irrational numbers with periodic infinite simple continued 
fractions, we need the following definition. 


Definition 11.6.2. Quadratic Irrationalities: A real number n is said to be a 
quadratic irrational if n is irrational and if n is a root of a quadratic equation 


with integral coefficients given by Ax? + Bx+C =0, where A, B,C are integers. 


Before we proceed with important results, let us start with an important 


theorem about quadratic irrationalities. 


Theorem 11.6.1. A real number 7 is said to be a quadratic irrational if and only 
at+tvb 
c 


if 4 integers a,b,c such that b is not a perfect square and satisfies n = 
where b>0 andc #0. 
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Proof. Let us assume the real number 7 to be a quadratic irrational. Then 7 


is irrational and also 4 integers A, B, C such that 7 is a root of the quadratic 
—BtVB?—-4AC 

equation Az? + Bu +C = 0. Hence 7 = A with A # 0. 

Since 7 is real, therefore B? —4AC > 0. Also B? — 4AC can not be a perfect 

square[Why!]. Considering the values of a, b,c as follows: 


a= b, b= B* —4AC, C= -2A ora=—B, b= B* —4AC, c= 2A, 


a+vb 


where b> 0 and c# 0. 
c 
For the converse part, assume that for some integers a, b, c with b > 0 and 


a+vVb 


Cc 


we obtain 7 = 


c #0 such that 6} is not a perfect square and 7 = 
Also, 


. Then 77 is irrational. 


a+vb 


Cc 


n — => Vb = Cc?) —a. 
Squaring, we get 


b= (cen— a)? > cn’ — 2aen + (a? — b) = 0. 


This implies A = c?, B = —2ac, C = a? — b. Hence n is a quadratic irrational. 


This completes the proof. 


An immediate consequence of Theorem 11.6.1 leads to a corollary of impor- 


tance. 


Corollary 11.6.1. Let 7 be a quadratic irrational. Then J integers a,b and c 
with c #0, b(> 0) is not a perfect square and c|(b — a’), 


b 
Proof. We have n = atvb 
c 
__ ale| + Vbc? 


\c| we obtain 7 = ie . Here alc], clc| & bc? are all integers with c|c| 4 0 
clc 


asc #0. Also bc? > 0 as b > 0 and bc? is not a perfect square as b is not so. 


alc| + Vbc? a a+vb 


ith 7 = gives 
c 


. Then multiplying numerator and denominator by 


Hence comparing 7 = id 
cle 


b— a? = be* — ae? = c*(b— a”) > e|(b— 07). 


This completes the proof. 


The following theorem can be applied when periodic simple continued frac- 


tions represent quadratic irrationalities. 


Theorem 11.6.2. If 1 be a quadratic irrational and if r, s, t, w are integers, 
mH +8 
then 


ty + u 


is either rational or a quadratic irrational. 
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Proof. Since 7 is a quadratic irrational, the last lemma ensures the existence of 
a+vb 


integers a, b, c such that b is not a perfect square and satisfies 7 = with 


b>0 and c# 0. On simplification, we get 


rn+s — (ar+cs)+ rVvb 

in+u (at +cu)+tvb 

[(ar + es)(at + cu) — rtb] + [r(at + cu) — t(ar + cs)]Vb 
(at + cu)? — t?b 


Hence if the coefficients of Vb vanishes, then wie Z 
u 


becomes rational, otherwise 


quadratic irrational. 


For our future discussions of simple continued fractions of quadratic irra- 
tionalities, we will need the notion of the conjugate of a quadratic irrationality, 


whose definition is as follows. 


b 
Definition 11.6.3. Let 7 = at vb 


, where b > 0 and c # 0, be a quadratic 


a—vb 
; p 


irrational. Then the conjugate of n, denoted by, n is defined by 7 = 


Theorem 11.6.3. If the quadratic irrational n is a root of the polynomial Ax? + 
Bu+C=0, where A, B,C are integers, then the other root of the polynomial is 
n, the conjugate of 7. 


Proof. Obvious. 


The following theorem deals with few properties involving quadratic irra- 


tionalities. 


Theorem 11.6.4. If, = nd, = 


5 are quadratic irra- 


a, +b, vd a, +b, Vd 
a 
Cc C. 


1 2 
tionals, then the following statements are true: 


Pe (“) eu, 
th) TM 


Proof. Left to the reader. 
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The central theorem about periodic simple continued fractions is commonly 
known as Lagrange’s theorem. Although, Euler proved a part of the theorem. In 
1737 Euler proved that a periodic infinite simple continued fraction represents 
a quadratic irrationality. Later in 1770, Joseph-Louis Lagrange showed that a 


quadratic irrationality has a periodic continued fraction. 


To prove the converse part of Lagrange’s theorem, that the simple continued 
fraction of a quadratic irrationality is periodic, we need the following theorem 
for obtaining the continued fraction of a quadratic irrational. 


Theorem 11.6.5. Let 7 be a quadratic irrational. Then 4 integers A,, B, & d 


A d 

such that 7 = A, + va with B, #0, d>0 and d is not a perfect square with 
0 
A d 
B,|(d — A?). Define recursively, n, = en b, = Im]> Oa. = o,8, — 
k 

CA. 

A, & B,., = an k =0,1,2,3,.... Then 7 = [b,;b,,0,,0,,-.-]. 


k 


Proof. Taking aid of mathematical induction, we will prove that A,, B, € Z 
with B, #0 and B,|(d— A?) for k = 0,1,2,3,4,.... For k = 0, the assertion 
follows from the given condition of the theorem. Assume the statement is true 
for k =m. Then A,,, B,, € Z with B,, #0 and B,, |(d— A?) holds. We are to 
show that the statement is true fork =m-+1. Now A, =), B,—A,, € Z. 
Further, 


d—-A? 1 
Biss as B me = B {d (b,, B,,, —A,,)?} 
=3 {d—0? B? — A? +26, A,B} 


m 


d— A? 

Sr ™ + (2b,,A,, —b° B,,) 
d— A? 

= m+ (2A, —6,B_). 11.6.1 
B ™m m ™m m™m 


By induction hypothesis, B,,|(d — A?,). Hence by (11.6.1) B,,,, € Z. Since d 
0. Since B, = “= Ams 


|(d — A® ,,). For the concluding part of the theorem, its suffices 


is not a perfect square, we get d # A? > B 


m+1 


therefore, B 


m+1 


290 Number Theory and its Applications 


1 
to show that 7,., = hae for k = 0,1,2,3,.... Now 


A 
, b,. =— 7 vd b,, 

B, 

2° vd- (b, B, n= A, ) 

B, 
2 

= Vd — ae = ee = Digan = 1 : 

B, B, (Vd + Ags) Vd+ Apis Mesa 


Hence from the foregoing equation the desired result follows. 


Theorem 11.6.6. Lagrange’s Theorem: Any periodic simple infinite continued 


fraction of an irrational number is a quadratic irrational, and vice-versa. 


Remark 11.6.1. Jt is to be noted that this theorem is different from Lagrange’s 


theorem on polynomial congruences discussed in Chapter 8. 


Proof. Let 7 be the irrational number and the simple infinite continued fraction 


of it be periodic. We are to prove 7 is quadratic irrational. Then 


= [Os5Dy sO pO alr ota Bye csligd Ogagsd ei eel 
Let 
B= [Bes Ow rasscta ly ae al 
_ [Ogi O hereon 3 Oy peer Peace 
Then from Theorem 11.2.3 it follows that 
— PPh F Pan (11.6.2) 
Bd, eel 
where 
Pp ‘ 
—~ = lim [OieSDa ras Dn, pO | 
dy k—-oo 
Pet — Jim [b,,30 b b 
= lim [by3 by 43; ees sid og eel 
Qn—1 k—-oo 


Here we note that ( is irrational[Why!] and in view of (11.6.2), we find 


G.8° + (Q,-1 — Py)B — Py_1 = 0 


Consequently, 8 is quadratic irrational. Further, 


n= [SPE acs Dyaiad |: 
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Then 7 = PP x1 + Pa 7 Pw-2 


where —— an nd P¥=2 are convergent of 
In-1 T In-2 Gn-1 In—2 
[b,; b,,b,,b,,...,b,_,]. Taking into consideration Theorem 11.6.2, 7 is quadratic 


irrational as § is so. Hence we are done. 


For the converse part, assume 7 to be a quadratic irrational. Then by The- 
A, + vd 


orem 11.6.5 7 Spe Furthermore, we have 7 = [b,;b,,},,b3,...,] where 
0) 
A, + Vd d— A’ 
he = eS b, = [n,], Ay = 6,B, = Bis = a? k= 
k k+1 
0,1,2,3,4,. 


Since 7 = iy: b,,b,,b,,...,7,] therefore, by virtue of Theorem 11.2.3 we find 


Oo 194399 439 


n= aera ea Taking conjugates on both sides, we obtain 
n—1 Ty 7 


7 = “= [refer to Theorem 11.6.4]. (11.6.3) 
Bi. a aa see) 
Solving for 7, yields 
ae. 
eee Pe ae 
: B, 1 _ ele 
k 
Since 
li Ay 4 = li Ayey 
7 = lim = lim 
ka B,_, e— OO By 
therefore, 
_ Ay 
a 
lim aon any 
k— oo q7- Bae 1 


Hence by definition of convergence J N € Z such that 7, <0Vk > N. Since 
> 0 for k > 1, we get 


_A,+Vd A,-Vd_ 2Vvd 


Une tge Be ee 
So B, >OVkKEN. Since B,B,,, =d— A we see that for k > N 
0<B,<B,B,,=d-Al,, <a. (11.6.4) 
Also k > n yields A®,, <d= A? — B,B,,,, which gives 
—-Vd<A,,, <Vvd (11.6.5) 


For k > N, the inequalities (11.6.4) and (11.6.5) generates finite number of values 
for A,, B,. Since there are infinitely many integers k for k > N therefore, 


292 Number Theory and its Applications 


J two integers 7 and 7 such that A; = A, and B, = B, for i < j. Hence 
from the defining relation for 7,, we see that 7, = 7,. In consequence, we find 
b, = 6,, b.,, =) b,,. = 6,,, and so on. Thus, 


g+1? “i+2 j+2 


LULL ee OPE SREY eet EN, Oc MORN Ore eee 


i197 a Sib 945-19 449 Vita? 945-1) 


Sib ati bio hk Pete ace ca 


it te i ee oo 9%j-1 


This completes the proof. 


11.7 Worked out Exercises 


Problem 11.7.1. Find the simple continued fraction of jaar, 

Solution 11.7.1. Note that 7 = 144/57 Taking help of Theorem 11.6.5, set 
A, = 14, B, = 3, and d = 37. Then b, = es os Using the value 
A, = 14, B, =3 we find A, = },B, _A,=4 and B, =* = 7. Blending A, 


and B, yields n, = A4/37 Hence b, = [n,] = 1. Again ae A, =4, B, =7 
we get, A, = b,B, oe = 3, B, =4 andn, = S4V37 | Thus 6, = [n,| = 2. 


In similar manner, we get A, = 5, B, = 3 and combining these two we obtain 


b,; = [n,] = 3. Continuing this way, we see that b, = b,, b, = b,, b, = b, and so 
on. Thus the continued fraction expansion of 1aV/S7 is [6;1, 2,3]. 


Problem 11.7.2. Find the simple continued fraction of 203. 


Solution 11.7.2. Note that n = /203. Taking help of Theorem 11.6.5, we write 
= V203. We set A, =0, B, = 1, d = 203. Then b, = [Vv 203] = 14. Using 


ae =0, B, =1, we find A, = b,B, — A, = 14 and B, ee =e 
By 


Taking A, and B, together, we have n, = ae, Hence b, = [n,] = 4. 
Again considering A, = 14, B, =7 we obtain A, = b,B, —A, = 14, B, =1 
and yn, = 144-7208 | Hence b, = [n,] = 28. In similar manner we can find 
A, = 14, B, = 7 and taking these two value together b, = [n,] = 4 = 0,. 
Continuing this way, we see that b, = b, and so on. Thus the continued fraction 


expansion of /203 is (14; 4, 28]. 


Problem 11.7.3. Find the quadratic irrationality of {1; 2,3]. 


Solution 11.7.3. Let x = [1;2,3]. Then from Theorem 11.6.6, we can say that 
x is a quadratic irrational. Note that x can be written as 


1 10x +3 
p=1+—— = SS 3 8? — 8-3 =0. 
2a 7x +2 


4+ /37 
oo 


Since x is positive, therefore on solving we obtain x = 
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Problem 11.7.4. Find the period length of the simple continued fraction of 
Vd? +1, where d is a non negative integer. 


Solution 11.7.4. Here no = d? +1 implies bo = [no] = d. Now we can find 
A, = bp Bo — Ao = d and B, = (d?+1)—d? =1. Therefore mn, = d+ Va +1 
and by = [m] = 2d. Similarly we have Ag = b,B, — Ay = d and By = 1. It 
follows that no = d+ Vd? +1 and bz = [nz] = 2d = by. Therefore the expression 
for Vd? +1 is [d; 2d] and it is of period length one. 


Problem 11.7.5. For an integer m with m > 3, find the simple continued 
fraction for Vm? — 2. Hence find V/47. 
Solution 11.7.5. Note that m—1 < Vm?-—1< m. Now we have n, = 
Vm? —1=/(m—1)?+2m-3. Therefore b, = [n,] =m—1. Here A, =0 and 
m* —2—(m-—1)? 
B,=1. Then A, =(m—1)-1-0=m-1, B, = i =2m-3. 
m—1+Vvm?—2 


Thus we get, 5 3 . Since m—1< Vm? —2 <™m, therefore 
m— 
(m— 1) —(m—-1) e (m—1)+ Vm? —2 Z (m—1)+m 
2m —3 2m —3 2-3 — 


This yields, b, = [n,| =1. Similarly, we get A, = b,B, — A, =m-2, B, = 

A, tm —2 (mi —-2)4+ynF =2 

B - 2 
(m?—2)?— A? 

b,B, — A, = (m—2)-2—(m-2) = m2, B, = “~P2 = am —3. 

A, +Vm? —2 

Therefore n, = a 


above inequality);A, = b, B, —B,=A,, B, =2m—-—3=B,. Thus the simple 
continued fraction for vm? —2 is [(m —1);1,m—2,1,2m—2]. Hence using 
this, we obtain 47 = V/49 —2 = 72 — 2. Thus the simple continued fraction 
for V47 is [6;1,5,1, 12]. 


Therefore b, = [n,] = m—2;A, = 


2 


= 2m —3. Hence b, = [n,] = 1(by using the 


11.8 Exercises: 


1. Compute the rational number in lowest terms, represented by each of the 


following simple finite continued fractions: (i)[1;2,1,2]  (ii)[1;1,1,1, 1]. 


2. Compute the simple finite continued fraction, not terminating with the 


partial denominators of 1, of each of the following rational numbers: (i) 
310 943 


99) i001" 
3. Compute the convergence of the expansion of the following continued frac- 


tions : (i) 32 (ii) #2. 
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10. 


11. 


12. 


13. 


14. 


15. 
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. Prove: If b, > 0, then —* = [b,;b,_,,--- ,b),,] where C,_, = “#4 


2 “k-1? 
k-1 Ge-1 


and C,, = Ee k > 1 are successive convergents of the continued fraction 


: 
[bo; b1,--- by]. 


. Using continued fraction, determine the general solutions of the Diophan- 


tine equation 3642 + 227y = 1. 


. Find the simple infinite continued fractions of the followings: (i) V2 (ii)\/5. 


. Determine the first four partial quotients of the following simple infinite 


e*—1 
tinued fractions : (i) 2 ii ; 
continued fractions : (i) 27 (ii) eee 


. Prove that a real number r is equivalent to itself. 


. Prove that if r,,r, and r, are real numbers such that r, and r, are equiv- 


alent and r, and r, are equivalent, then r, and r, are equivalent. 

Find the simple continued fractions of the followings: (i) 37 (ii)/209 
(iii)1 + V2 oes 

Determine the quadratic irrationality of the followings: (i) [5; 10] (ii)[1; 2, 3] 
(iti) BT, 5). 

For an integer m with m > 2, prove that the simple continued fraction of 


Vm? —m is |m — 1;2,2m — 2]. 


Prove that for any positive integer m the simple continued fraction of 
Vm? +2 is [m;m,2m]. Hence find 51. 


Show that for any positive odd integer m(> 3) the simple continued frac- 
tion of Vm? — 4 is [m — 1,1, “53,2, ™3,1,2m — 2]. 


Find the period length of the simple continued fraction of Vm? +n, where 
m and n are integers, n > 1 and n|2m. 
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Few Non-Linear 


Diophantine Equations 


“T count Maxwell and Einstein, Eddington and Dirac, among “real” 
mathematicians. The great modern achievements of applied mathemat- 
ics have been in relativity and quantum mechanics, and these subjects 
are at present at any rate, almost as “useless” as the theory of num- 
bers.” 

— Godfrey Harold Hardy 


12.1 Introduction 


Diophantine equations are those equations restricted to only integral solutions. 
In chapter2 (Section 2.7), we have studied only linear Diophantine equations. 
There we discussed how the integral solutions can be calculated. But what 
about non-linear Diophantine equations? Unlike linear Diophantine equations, 
in general there is no method for solving all non-linear Diophantine equations. 
However, few non-linear Diophantine equations as well as their certain families 
can be solved using many results. The present chapter addresses few non-linear 
Diophantine equations which are solvable. In the first section, we consider the 
Diophantine equations of the form x? + y? = z?, where 2, y, z forms the length 
of the side of the right triangle. A triple (x, y, z) of integers that solve this equa- 
tion is called Pythagorean Triples. Subsequently, we will focus on the famous 
Diophantine equation 2” + y” = z” where n > 2. Fermat stated that there 


fi any solutions of this Diophantine equation, a statement commonly known as 
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Fermat’s Last theorem. The proof of the statement was one of the greatest 
challenges of mathematics. After a long span of time, in 1995 English mathe- 
matician Sir Andrew John Wiles gave the first proof of the statement. The proof 
is beyond the scope of the book. 


12.2 Pythagorean Triples 


Definition 12.2.1. A Pythagorean triple(also known as Pythagorean triangle) 
is a set of three integers a,b,c satisfying a? +b? = c? and is said to be primitive 
if gcd(a,b,c) = 1. For instance if we take 5,12,13 where 5? + 12? = 137, then 
5,12,18 are said to form Pythagorean triple. Similarly, 3,4,5 and 6,8,10 are 
also so. Here the first two triples 5,12,13 and 3,4,5 are primitive but the last 
one is not as gcd(6, 8, 10) = 2. 


For a Pythagorean triple 6,8,10, if we divide each element of the triple by 
2, then the triple becomes 3,4,5 which is both primitive and Pythagorean. In 


/ 


general, for a Pythagorean triple a, b,c where gcd(a, b,c) = d, 4 integers a’, b’,c 
where a = da’, b = db’, c= dc’ with gcd(a’,b’,c’) = 1. This triple a’, b’,c’ also 


form a Pythagorean triple as 


e+P 2 2 


a2 p2 Ea 


d? d? 
Hence a’, b’,c’ forms a primitive Pythagorean triple. Here the key idea is very 
simple, all Pythagorean triples can be found by forming integral multiples of 
primitive Pythagorean triples. 
Next, the following two lemmas will pave the way for finding all primitive 
Pythagorean triples. 


Lemma 12.2.1. If a,b,c is a primitive Pythagorean triple, then they are mu- 


tually prime to each other. 


Proof. Its suffices to show that, for any primitive Pythagorean triple a, b,c; gcd(a, b) = 


gcd(a,c) = gcd(b,c) = 1. To begin with, consider gcd(a,b) > 1. Then 3 a prime 
p such that p| gcd(a,b). This implies pla and p|b. Hence p|(a? + 67). As pic? 
then plc, otherwise for some integer & and r with 0 <r < k; 


c=pk+r=>c? = p(p*k? + 2kr) +r’. 


This contradicts pie. So pla, p|b, pic altogether gives gcd(a, b,c) > 1. This is 
impossible as a,b,c is a primitive Pythagorean triple. Therefore gcd(a,b) = 1. 


Similarly, gcd(a,c) = ged(b, c) = 1. 
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Taking advantage of the last lemma, we will proceed for the next lemma. 
But before that, let us state and prove a simple but significant result related to 
congruence. 


Result 12.2.1. Square of any integer is either congruent to 0 or 1 modulo 4. 


Proof. Consider n € Z. If n is even, then n = 2k for some integer k. On squaring 
we obtain 
n® = 4k? = 0( mod 4). 


If n is odd, then n = 2k’ +1 for some integer k’. Proceeding as above, we obtain 


n? = 4k’? + 4k’ +1 =1( mod 4). 


Lemma 12.2.2. Let a,b,c be three positive integers with gcd(a,b) = 1 and 


ab = c?. Thendm,n€ Z such that a= m? and b=n?. 


Proof. For a = 1 or b = 1, the lemma is obvious. So let us begin by taking a > 1 
and b> 1. Let 


a = pri pke se pkr, b= qi 5a vigils, 
be the prime factorizations of a and b respectively. Since gcd(a, b) = 1, therefore 


ps are same as q, for = 1,2,3,...,r and y=1,2,3,...,s. Again 


na 2 

ab=@ => ph pk -+ + phr ght J2 Qe = zit 22te eA 4 
Qt, _2t 2t ; ar 

where c = z, 'z,?---z, ' be the prime factorization of c. Now we appeal to 

Fundamental theorem of Arithmetic to obtain the fact that the prime powers 


on both sides of the equation will be same. So each p,is same as z, for some 


w = 1,2,3,...,1 with coordinated exponents k, = 2t,. In similar manner, each 

q, is same as z,, with coordinated exponents j, = 2t,,. Blending them, yields 
Ba. OD: kp jr do is 

a =m? and b = n? where m = p,’ p,” ---p? and n= q," q.” gt, Hence 


we are done. 


Making use of Lemma 12.2.2, we come up to the characterization of Pythagorean 
triple. 


Theorem 12.2.1. The positive integers a, b,c with 2|b form a primitive Pythagorean 
triple if and only if there exist integers x and y such that 


a=? —y", b=2ey, c= a? +7 


where x > y and both cannot be even or odd simultaneously. 
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Proof. Let a,b,c be a Pythagorean triple. Because b is even, both a and c are 


odd. Then a+c and a—c are even, which implies 4 integers r, s(> 0) such that 


ee and s = 34 Also, 


b\? cta c-—a 
24 72 2s 42 Oe 9 9 
a+b =e Sh =e -aZs re na 5 5 


Here we note that gcd(r, s) = 1. If not, let gcd(r, s) = d. Then dJr, d|s together 


yields d|(r+s) = aand d|(r—s) =c. Thus d| ged(a, c) = 1, which is impossible. 
2 


 ——: 


In view of Lemma 12.2.2, J integers x,y such that r = 2? and s = y?. Hence 


a,b,c can be written in terms of x, y as 


a=r—-sa27-y (12.2.1) 
b= V4rs = 2ry (12.2.2) 
c=r+s=a2'4+y’. (12.2.3) 


Claim: gced(x,y) = 1. To the contrary, assume d’ = gcd(x,y). Then d’|x and 
d'\y. This renders d'|a = x? — y?, d'|b = 2ay, d'|x? + y?; which contradicts 
gcd(a, b,c) = 1. Putting all discussions into together, we conclude ged(z, y) = 1. 
The final touch is to consider both x, y to be odd integers. An appeal to (12.2.1) 
bring forth all the integers a,b,c to be even. This results in contradiction to 
gcd(a,b,c) = 1. Since ged(x,y) = 1, so x,y cannot be even or odd simultane- 
ously. 


For the converse part, let us begin with 
a2 +b? = (a? — y?)? + 4024? 
= (2? +7)" = C, 
which shows a,b,c form a Pythagorean triple. For the primitive part, assume 


gcd(a,b,c) = d(> 1). Then J a prime p such that p| gcd(a, b, c). Here p # 
2, otherwise a becomes even which is not possible as a = x? — y? and both 


x,y cannot be even or odd simultaneously. Also, pla and plc together gives 
p\(a +c) = 2x” and p\(a —c) = 2y?. Hence p|x, ply contradicts ged(a, y) = 1. 
Thus our assumption, gcd(a,b,c) = d fails. Hence gcd(a,b,c) = 1 and a,b,c 


forms a Pythagorean triple. 


Let us run through a specific example to exemplify the theorem lucidly. 


Example 12.2.1. Consider x = 7 and y = 4. Here gcd(7,4) = 1. Following 
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a=2?-y" = 33 

b = 2xy = 56 

c=2?+y? = 65, 
is a primitive Pythagorean triple. 


Taking advantage of the previous theorem, our last theorem leads to an 


interesting geometric fact related to Pythagorean triple (Pythagorean triangle). 


Theorem 12.2.2. The radius of the inscribed circle of a Pythagorean triple 


(Pythagorean triangle) is always an integer. 


Proof. Geometrically, Pythagorean triple is a right angle triangle whose sides 
are of integral length. 

Let r denotes the radius of the inscribed circle. Here the area of the triangle 
is ab = r(a+b+c). Now, a? + b? = c? and as the triple is not primitive then 
for any integer k > 0 


a= k(x? - y"), b= 2kay, c= k(x? + y*), 


where z, y are positive integers. On substitution, we obtain r = k(a—y)y. Hence 


the proof is established. 


12.3. Worked out Exercises 


Problem 12.3.1. Find all primitive Pythagorean triples a,b,c with b = 40. 
Solution 12.3.1. From Theorem 12.2.1 the form of Pythagorean triple we get, 
a=e°—y’, b= 2ey, c= a? +y’. 


Since b = 40 and gced(ax,y) = 1 with 24 (a+ y) (Why!), therefore we have either 
x=5, y=4 orx=20, y=1. So the triples are 9,40,41 and 399, 40, 401. 


Problem 12.3.2. Prove that if a,b,c is a Pythagorean triple, then exactly one 
of a,b and c ts divisible by 4. 


Solution 12.3.2. Jf a,b,c is a Pythagorean triple, then 
a=2’?—y*, b= 2ry, c= x? +y’. 


where either x is even or y. Then xy must be even. This shows that 2|cy > 
Al2ry = b. 


This proves our assertion. 
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Problem 12.3.3. Let x, = 3, y, = 4, z 5 and £n, Yn; Zn for n = 2,3,4,... 
be defined recursively by, 


Lns1 = 3%,+22,4+1 


Yn+1 = 3%yn + 22% +2 


Zn41 = 4%y, + 32%, +2. 
Show that tn, Yn,2n ts a Pythagorean triple. 


Solution 12.3.3. In anticipation of mathematical induction, the basis step is 
xi ty? = 32 +4? = 52 = 27. This shows that 11, y1, 21 is a Pythagorean triple. 


Let us assume that £n,Yn, Zn ts a Pythagorean triple. Now, 


Dy $Y 41 = (8an + 22n +1)? + (Ban + 22%, + 2)? 
= 1827 +827 + 24¢n2q + 182y +122 +5 
= (16a? + 922 + 24anzn t+ 162n + 12% + 4) + (222 — 22 + 22,41) 
Sei (a, tote Pe, =e) 
= t41 t{(@n + 1)? — yr} 


= Ze [on +1 = yn]. 


So the result is true for all integer n > 1. 


Problem 12.3.4. Find all solutions in positive integers of the Diophantine 


equation x? + 2y? = 2?. 


Solution 12.3.4. Here 2y? = 22-2? = (z+2)(z—2). If we consider x as even 


number, then z is also even. This implies ies and *3* both are integers. 
If gcd(#5*,2+2) =1, then by Lemma 12.2.2 there exists integers m and n 
such that 45% =m? andz+a=n? 


. Thus solving we get, 


m? — 2n? n? + 2m? 
x= ———_, y=™mn, Se 


2 
a bys : ; Z+2 
Similarly, if we consider ged(——,2 — x) =1 then by the same argument we 
get 
2m? — n? = 2m? + n? 


x2 = ———,, y=mn, z= 5 


2 
Problem 12.3.5. Prove that if a,b,c is a primitive Pythagorean triple in which 
b and c are consecutive positive integers, then a = 2y+1,b = 2y(y+1),c = 
2y(y +1) +1 for some y > 0. 
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Solution 12.3.5. Here the Pythagorean triple are such thatb+1= c. Now 
a=2?—y", b=2xy, c=22+y?. This implies 


Wey tlaa+y? 
(x-y)?=1 
c=ytl. 


This shows that the Pythagorean triple is of the form 
a= (y+1)? —y? = 2y+1, b= 2y(y+1), c= 2y+1) +1. 


Problem 12.3.6. Show that there exists infinitely many primitive Pythagorean 


triple a,b,c whose even member b is a perfect square. 


Solution 12.3.6. Let us consider a triple as a = n* — 4, b= 4n?, c= n4*4+4. 
It is clear that gcd(a,b,c) = 1. Now we are to verify these triples a,b,c as a 


Pythagorean triple. Here 


a? +b? = (n* — 4)? + 16n4 
= n® — 8n* +164 16n* 
= (n* +4)? =e’. 


As n is arbitrary integer, then there are infinite number of Pythagorean triple of 
these type. 


Problem 12.3.7. Find all Pythagorean triples containing the integer 12. 


Solution 12.3.7. Note that we need to find all primitive triples containing a 
divisor of 12; 2,3,4,6,12. The triple is of the form a = x? — y’?, b = 2ay, c= 
x? +y", and gcd(x,y) = 1. Now here b is even. Thus 

if b = 2ay = 2, then x =y=1 and a=0 which is not possible. 

If b= 2ay =4, then x = 2,y=1 which shows a = 3, c= 5. 

If b= 2xy = 6, then x = 3,y =1 and they are not of opposite parity. 

If b = 2xy = 12, then either x = 6,y = 1 which shows a = 35,c = 37 or 
x=3,y=2 showing a=5,c= 138. 

Here c #3 as 9 can not be written as sum of two squares. Ifa = 3 = x?—y? = 
(a+ty)(x@—y), thena = 2, y=1, b=4, andc=5. Therefore the Pythagorean 
triples containing 12 are; (9,12, 15), (35, 12,37), (5, 12,13) and (16, 12, 20). 


Problem 12.3.8. For an arbitrary positive integer n, show that there exists a 


Pythagorean triangle the radius of whose inscribed circle is n. 
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Solution 12.3.8. Let n be an arbitrary positive integer and r be the radius of 
! fo ey 

the circle inscribed in the triangle having sides m',n’',p'. Thenr = mae 

Here ifm’ = 2n4+1, n’ = 2n? + 2n, p! = 2n?+2n+1, then m’? +n”? = p? 


forms a Pythagorean triangle and r =n. 


12.4 Fermat’s Last Theorem 


In the foregoing section, we dealt with the solvability of Diophantine equations of 
the form a? +b? = c? where a, b,c form a primitive Pythagorean triple. Consider 
the question, whether the solvability of the last equation can be preserved if we 
change the exponents of a, b,c by an integer greater than 2? Fermat has stated a 
conjecture, commonly known to be Fermat’s Last theorem, that it is impossible 
to write a cube as a sum of two cubes and in general any exponent as a sum of 
two similar exponents. Many Mathematicians had given futile efforts to prove 


the assertion. 


Statement 12.4.1. Fermat’s Last Theorem: The Diophantine equation a” + 


b” =c” has no solution in non-zero integers a,b,c where n is an integer > 3. 


Our future discussions will be based on a special case when n = 4, although 
it is the time for all positive integers m with 3 < m < 12500. The technique used 


for the proof is known as ‘method of infinite descent’ introduced by Fermat. By 


virtue of the method we can establish that the Diophantine equation a*+b* = c? 


has no solution. This leads to the stronger aspect than showing Fermat’s Last 


theorem for n = 4, since any solution of a+ + b4 = c* = (c?)? gives a solution of 


a* +b4=c?. 


Theorem 12.4.1. The Diophantine equation a* + b* = c? has no non-zero 


solutions for the positive integers a, b,c. 


Proof. To the contrary, suppose a,,b,,¢, be a positive solutions of a* + b+ = c?. 
Here we note that gcd(a,, b,) = 1, for if gcd(a,,b,) A 1 then gcd(a,, b, ) = d(say). 


0°? "0 


This implies a, = da,, 6, = db, for some positive integers a, and b, with 
gcd(a,,b,) = 1. As a,,b,,¢, satisfies a* + b* = c?, we can write a4 + b§ = c? or 
(a?)? + (b?)? = (c,)? so that a?,b?,c, is a primitive Pythagorean triple. In view 


0? ”0? 
of Theorem 12.2.1, we find 


2g _~ 
b? = 2st 


0 


Co = oP ate, 


a 
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where s,t are positive integer with s > ¢t and both s and ¢ can not be even 
or odd simultaneously. Then a? + t? = s?. Consider t be even. Then s is 


odd. It follows for some positive integer r, t = 2r. Now = 2st = Asr 


2 
or ( =sr). Again, since gcd(s,t) = 1, then gcd(s,r) = 1. taking into 
consideration Lemma 12.2.2, we find s = c?, r = y? for some positive integer 
c, and y,. Now gcd(s,t) = 1 => gcd(s,a,,t) = 1. This yields s,a,,t to be 


Pythagorean triple. Now, by virtue of Theorem 12.2.1 we get 


a= —v’, t=2uv, s=u? +0’, 


where gcd(u,v) = 1, u>v>0. Then uw = § =r=y?. Employing Lemma 
12.2.2, produces u = a? and v = b?. Substitute these values in u? + v2 = s 
to obtain at + bt = c?. Here, c, < ct = 8? < 8? +2? = c,. Continuing 


this manner infinite number of times, we obtain monotone decreasing sequence 


{55 C,5 Cy5Cgy+++5+++5+--f. Since J only a finite number of positive integers less 
than c,, then this leads to a contradiction, which makes our assumption wrong. 


Thus the Diophantine equation a* + b4 = c? has no non-zero solutions for the 


positive integers a, b,c. 

Taking advantage of the theorem, we have the following corollary. 
Corollary 12.4.1. The equation a*+b4 = c* has no solution in positive integers. 
Theorem 12.4.2. The area of a Pythagorean triangle can never be equal to a 
perfect square. 

Proof. Consider a Pythagorean triangle with sides a, b,c satisfies a? + b? = c?. 
The area of the triangle is sab. Let the area be a perfect square. Then for some 
integer x, we have 4ab = x. It follows 2ab = 4%”. On addition and subtraction 


with a? + b? = c?, we obtain 
(a+b)? =c +427, (a—b)? = c? — 42”. 


Therefore 
(a? — b*)? = ¢* = (427)? = c* — (22)*. 


In view of last remark, it follows that 4 any solution of the last equation, which 


makes our task complete. 


12.5 Worked out Exercises 


Problem 12.5.1. Show that the equation x? + y? = z? has no solutions in 


non-zero integers, p being an odd prime. 
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Solution 12.5.1. Let n(> 3) € Z. By Fermat’s theorem, x” + y” = z” has no 
solution for integers x,y,z. If n has an odd prime factor then n = pk for some 
ke Z*. Then we have, (x*)? + (y*)? = (z*)?. Consequently, a? + y? = 2” has 
no solution in non-zero integers. Ifn has no odd factor then n is some power of 


2. Since n > 2, 4|n > n = 4k! for some k’ € Zt. Thus (x*’)4 + (y*’)4 = (zk’)4 
has no solution. 
Problem 12.5.2. Show that the Diophantine equation x* — y* = z? has no 


solutions in non-zero integers. 


Solution 12.5.2. Rewriting the Diophantine equation «+ — y4 = z? as a4 = 


27> +y*, we get by Theorem 12.2.1 
z= 2st, y= s*?-—t?, oF =s7 4+". 


Therefore s* —t* = xy? = (xy)? is a smaller solution as0 <s < V/s? +t? =2. 
Nou, 

y’? = 2st, z= s*-, oF = 874+ 2, 
where s is even and t being odd. Since gcd(s,t) = gcd(2s,t) = 1, in view of 


2 2 


Lemma 12.2.2 we obtain 2s = w*, t = v~. As w is even so it takes the form 


w= 2u, s = 2u?. Hence x? = 4u4+v*. Also, this implies that 2u?,v?,x forms a 
primitive Pythagorean triple. Again an appeal to Theorem 12.2.1 fora >b>0, 
we find 2u? = 2ab, v? = a2 — b?, x = a? + b? where gcd(a,b) = 1. Thus 
u? = ab ensures a = c*, b = d? [refer to Lemma 12.2.2]. Hence v? = a2 —b? = 
c! — d+, which is also a smaller solution [Why!]. In consequence, we arrive at a 


contradiction in both the cases. Hence we are done. 


Problem 12.5.3. Use Fermat’s Little theorem to verify that if p is prime and 
xP + yP = 2P holds, then p|(z + y — z). 
Solution 12.5.3. By Fermat’s Little Theorem, for any two integers x,y we have 
x? = x(mod p) and y? = y(mod p). Then from equation x? + y? = z? we have 
a? + y? = (x + y)( mod p) 

=> z? =(£+y)( mod p) 

=> z=(x+y)( mod p), as z? = z( mod p) 

> p| (a+y-— 2). 
Problem 12.5.4. Show that the Diophantine equation x?+y? = 2° has infinitely 
integral solutions by showing that for each positive integer k, 


x = 3k? -1, y=k(k? -—3), z= Fk’? +1, 


form a solution. 
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Solution 12.5.4. Here 
a? + y? = (3k? — 1)?[k(k? — 3)? 
= 9k* — 6h? +14 k?(k* — 6k? +9) 
= (+1) = 2°. 


Thus the Diophantine equation x? + y? = z° has infinitely integral solutions. 
y Y g 


Problem 12.5.5. In a Pythagorean triple x,y,z prove that not more than one 


of x,y or z can be a perfect square. 


Solution 12.5.5. To the contrary, let us begin with the Pythagorean triple x, y, z 
such that more than one of x,y or z can be a perfect square. As x,y,z forms 


Pythagorean triple, it follows x? + y? = 2. Now, two cases may arise: 


Case I If x = m?, y = n? for V m,n € Z, then «+ + y* = 2? has a solu- 
tion. But from Theorem 12.4.1, no solution exists of this form. Hence the 


assumption is not possible. 


Case II If x = m?, y = 2? forV m,n € Z, then «+ + y4 = z? has a solution, 
which is not possible by Problem 12.5.2. So our assumption fails for both 


the cases. 


Problem 12.5.6. Verify that the only solution in relatively prime positive in- 
tegers of the equation x* — y* = 227 isa =y=z=1. 


Solution 12.5.6. The given Diophantine equation is 
at — y* = 22”. (12:51) 
Squaring both sides of (12.5.1), we get 
(at — y4)? = 424 
or (x* — y*)? + 4aty* = 424 


or 4z4 — daty* = (at — 4)? 


gt — y! 2 
or z4* — xty4t = ( 5 ) : (12.5.2) 


From Problem 12.5.2, we can assert that (12.5.2) has no non-zero solution. Thus 


at least one of z, xy, «+y is non-zero. Moreover, (12.5.1) and (12.5.2) have 
the same solutions. If « 4 y # 0, then x* = y*. Now from (12.5.1) we get, 
y* = 2+ = 2?. Thus the only possibility is x = y = z = 1. Proceeding as above, 


in other cases too we can finde =y=z=1. 
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1 
yt 


Problem 12.5.7. Show that the equation = - has no solution in 
Zz 


Pe 
positive integers. 


Solution 12.5.7. Let the equation a + ot = + be solvable. Multiplying both 


sides by (xyz)* we obtain 
(yz)* + (wz)* = (27 y*2)?. (12.5.3) 


It is of the form at + b* = c?. In view of Theorem 12.4.1, we can say that 
the (12.5.3) has no non-zero solution for positive integers yz, xz, x7y2z. Conse- 


quently, our assumption proved to be wrong. This finishes our result. 


12.6 Exercises: 


1. Find all Pythagorean triples (2, y, z) with z < 40. 
2. Obtain all primitive Pythagorean triples x, y, z in which x = 60. 


3. Show that if (a, y, z) is a primitive Pythagorean triple then, exactly one of 
x,y and z is divisible by 5. 


4. Prove that in a primitive Pythagorean triple x,y,z the product zy is di- 
visible by 12, hence 60 | xyz. 


5. Find all solutions in positive integers of the diophantine equation 27+3y? = 


2. 


6. Prove that if x, y, z is a primitive Pythagorean triple in which the difference 
z—y=2,then x = 2t, y=t?-1, z=t? +1 for somet > 1. 


7. Show that there exist infinitely many Pythagorean triples x,y, z in which 


x and y are consecutive triangular numbers. Exhibit three of these. 


8. Find formulas for the integers of all Pythagorean triples (a, y, z) with z = 
yt. 


13 
Integers as Sums of Squares 


“Arithmetic is numbers you squeeze from your head to your hand to 
your pencil to your paper till you get the answer.” 


— Carl Sandburg 


13.1 Introduction 


Sum of squares of integers is the sum of two squares, three squares, four squares 
or n squares. In arithmetic operations we have sum of n terms. But there 
are many techniques for the calculation of sum of squares. In statistics and 
basic algebra, we have various results using sum of squares. From beginning 
many famous mathematicians like Euler, Lagrange and Gauss have contributed 
a lot to develop the concept of sum of squares. The basic problem they have 
encountered with is that, whether any integer can be expressed as sum of squares 
or not. 

Obviously, we have shown that some numbers cannot be represented as sums 
of two squares; some numbers cannot be represented as sums of three squares, 
and all numbers can be represented as sums of four squares. Along the way, 
we also prove that numbers satisfying certain conditions can be represented as 


sums of two squares. 


13.2 Sum of Two Squares 


Throughout history, Mathematicians have been interested to find nature of num- 


bers in many ways; mainly by addition and multiplication. Then, is it possible 
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that these two operations be used together in the form of sum of squares? For 
instance, 25 can be expressed as 3% + 4? but if we consider 11 then it cannot 
be written as the sum of two squares. Our future discussions will be based 
on the nature and properties of those integers which can be written as sum of 
two squares. To begin with, we will go for necessary and sufficient condition 
for which a positive integer can be expressed as sum of two squares. Our first 
theorem is the leading step towards this journey. 


Theorem 13.2.1. [fp and q are two numbers such that each can be represented 


as the sum of two squares, then so is their product pq. 
Proof. Let p = a? + b? and q = c? + d? be the representation of p and q respec- 
tively, where a, b,c,d are integers. Now we have 
pq = (a? +b*)(c +d”) 
= (ac + bd)? + (ac — bd)?, 


where ac + bd and ac — bd are integers. Hence the proof. 


For further illustration if we choose p = 5 = 2? + 1? and q = 10 = 3? + 1? 
then we get, pg = 50 = 49+1=77+41?. In this example we have seen that the 
prime number 5 has the sum of two squares representation. But this is not true 
for all primes. In fact 3 = c? + d? has no integral solution. This leads us to our 


next theorem. 


Theorem 13.2.2. Any prime p satisfying p = 3(mod 4) can not be represented 


as a sum of two squares. 


Proof. Suppose to the contrary, p can be written as p = a? +b? for some integers 
aand b. Now for a = 0, 1,2 or 3(mod 4) we have a? = 0 or 1(mod 4). The same 
congruence relation holds for b. Adding both we get, a? +b? = 0,1 or 2(mod 4). 
This contradicts the fact that p = 3(mod 4). Thus p can not be represented as 


sum of two squares and we are done. 


The proof of the above theorem employs the fact that any prime which is con- 
gruent to 1 modulo 4 can be expressed as sum of two squares. We are now going 
to prove this statement. But to prove this we need to prove a wonderful lemma of 
congruence due to Norwegian Mathematician Alex Thue. In this lemma we have 


applied an important principle of mathematics namely Pigeon-hole principle. 


Lemma 13.2.1. (Thue) Let p be any prime and a be an integer with gcd(a, p) = 
1. Then there exists integers x and y with 0 < |x| < \/p and 0 < |y| < \/p so 
that x = ay(mod p). 
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Proof. Let k = [,/p] be an integer such that k? <p < (k+1)?. The number of 
pairs for which 0 < « < kand0<y<kis(k+1)?. Here (k+1)? is greater than 
p so by Pigeon-hole principle there exists two pairs for which x; — ay; = v2 — ayo( 
mod p). This implies 21 — x2 = ay, — ayo(mod p). Let « = x, — x2 and 
Y = Yi — ye, then we get x = ay(mod p). Here we need to show that 0 < |a| <k 
and 0 < |y| < k for x,y #0. Let us consider one of them is zero then the other 
is also zero. If both 2 and y are zero then the pairs (x1, y,) and (a2, y2) are 


same. But this is not the case. Thus none of x or y is zero. This proves the 


lemma. 
Now we are in a position to prove the following theorem. 


Theorem 13.2.3. (Fermat) An odd prime p is expressible as a sum of two 


squares if and only if p= 1(mod 4). 


Proof. Let us suppose that p can be written as sum of two squares, p = a? + b?. 
As p is prime so p { a and pf b. Now from theory of linear congruence there 
exists an integer c such that bc = 1(mod p). Now multiplying both sides of 
p= a’? 4+0? by c? and taking modulo p we have, 


(ac)? = —1( mod p). 


Here —1 is the quadratic residue of p. So by Legendre symbol we have, (+) =1 
and applying Theorem 9.2.4 we get, p = 1(mod 4). 

For the converse part, let us assume that p = 1(mod 4). An appeal to 
Theorem 9.2.4 gives z? = —1(mod p) for an integer x. In view of Lemma 13.2.1 
we can assert that for such an integer x there are integers a and b such that 
0 < |a| < \/p, 0 < |b] < /pso that, 


a = xb( mod p) 
=> a? = x*b*( mod p) 
=> a? = —b?( mod p) 


=> a’ +b? =0( mod p). 


This shows that p|(a? + b’) > p < a? +b. But a? +b? <p+p= 2p. Together 
we have a? + b? = p. 


From the last theorem it is clear that any prime p which is of the form 44+1, 
k being any integer, can be expressed as sum of two squares. For instance, if 
p = 13 then it can be written as 13 = 2? + 37. Is the representation for p = 13 


unique? We answer this below. 
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Corollary 13.2.1. Any prime p of the form 4k +1 can be expressed uniquely 


as sum of two squares of integers. 


Proof. Let us first consider p = a? + b? = c? + d? for some positive integers 
a,b,c,d. Then 


This shows that either ad = bc(mod p) or ad = —bc(mod p). Since a,b, c,d are 
all less than ,/p then this implies, either ad — be = 0 or ad + be = p. 
If ad+ bc = p holds then we have 


p = (a? a b)\(e? +d’) 
= (ad + be)? + (ac — bd)? 
= p? + (ac — bd)”. 


This gives ac — bd = 0 and it follows that either ac = bd or ad = bc. Let ad = be 
holds then albc. Since ged(a, b) = 1 then it follows that alc. Thus we have c = ak 
for some integer k. So we can write ad = b(ak) > d= bk. But 


p=c +d? =k?(a? +0’), 


implies k = 1. This leads to the fact that a = c, b = d. Again by similar 
arguments taking ac = bd we get, a = d and b=c. So the representation of p is 


unique. 


The subsequent part of this section addresses the characterization of those 
positive integers that can be expressed as sum of two squares. From Theorem 
13.2.1 we can see that the square-free part of an integer is responsible for ex- 
pressing as sum of two squares. In the following theorem we have shown the 
importance of square-free part of an integer. 


Theorem 13.2.4. Let n be a positive integer that can be expressed as n = m7k 
where k is square-free. Then n can be expressed as the sum of two squares if and 
only if k has no prime factor of the form 4t+3, where t is non negative integer. 


Proof. If k has no prime factor of the form 4¢+3, then applying Theorem 13.2.3 
we can say that each prime factor of k is of the form 4t+ 1 and they can be 
expressed as sum of squares. Also by Theorem 13.2.1, their product is also sum 
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of two squares. Thus & is of the form, k = r? + s? where r and s are integers. 
Therefore 


n= mk = (mr)? + (ms). 

Conversely, let n be represented as sum of two squares n = mk = a? + b?. Also 
let p be a prime factor of k. We are to show p is not of the form 4t + 3. Let 
d = gcd(a,b) then a = dk,, b = dkp where gcd(ki, kz) = 1. Thus we have 

d?(ki + 3) = m?k. 
As k is square-free so d?|m?, then we can write, k? + k3 = (“%)?k = tk for some 
integer ¢t. This shows that 

k? +k? = 0( mod p). 


As gcd(k,,k2) = 1, then one of k, and kz is prime to p. Let k; be prime to p, 
then there exists k such that k,k, = 1(mod p). Therefore 


(kk)? + (kok})? = 0( mod p) 
=> (kak)? = —1( mod p). 
This shows —1 is quadratic residue of p and ‘en = 1. Now applying Theorem 


9.2.4 we get p = 1(mod 4). As p is arbitrary, this proves that k has no prime 
factor of the form 4¢+ 3 for any integer t(> 0). 


Example 13.2.1. We are now going to illustrate the above theorem lucidly by 
some examples. Let us choose n = 245 = 77-5 = 77(2? +17) = 147+ 7?, which 
can be expressed as sum of two squares. Here the prime factor 7 of the form 
4t +3 is of even power. But if we consider this prime factor 7 as of odd power 
then it can not be expressed as sum of two squares. 

For example let n = 1715 = 7° -5 and this can not be written as sum of two 


squares. 
From this above discussion yields the following corollary. 


Corollary 13.2.2. Any positive integer n can be represented as sum of two 
squares if and only if each of its prime factors of the form 4t +3 are of even 


powers. 


Finally we conclude the present section with the following theorem on rep- 
resenting an integer as difference of two squares. 


Theorem 13.2.5. Any positive integer n can be represented as difference of two 


squares if and only if n is not of the form 4t+2 for some integer t. 
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Proof. Suppose n be represented as difference of two squares. Then n = a? — b? 
for some integers a and b. Here for any integer a we have, a? = 0 or 1(mod 4). 
This follows that, 

n= a? —b? =0,1 or 3( mod 4). 


So n can not be of the form 4¢+ 2 for any integer t. 
Conversely, let n be not of the form 4t+2, t € Z. Then n = 0,1 or 3(mod 4). 
If n = 1 or 3(mod 4), then n+ 1 and n — 1 are both even integers. Thus n 


erica: 


Also if n = 0(mod 4) then we have 


n= (41) Gay" 


This shows that n can be expressed as difference of two squares. 


can be expressed as 


To illustrate this theorem, let us take n = 15 and it can be expressed as 
15 = 8* —7?. But n = 14 can not be expressed as the difference of two squares. 
Taking advantage of the treatment of Theorem 13.2.5 yields an obvious corollary. 


Corollary 13.2.3. An odd prime is the difference of squares of two successive 


numbers. 


13.3. Worked out Exercises 


Problem 13.3.1. Represent each of the primes 113,229 and 373 as a sum of 
two squares. 


Solution 13.3.1. Note that 113 = 1(mod 4), 229 = 1(mod 4) and 373 = 1( 
mod 4). Thus the given odd primes are expressible in the form 4t +1. Apply- 
ing Theorem 13.2.3 we see that these numbers can be expressed as sum of two 
squares. The expressions are, 113 = 87+ 77, 229 = 157+ 2? and 373 = 187+7?. 


Problem 13.3.2. Show that a prime p can be written as sum of two squares if 


and only if the congruence x? + 1=0(mod p) admits a solution. 


Solution 13.3.2. Let p = a? +b? be the prime number where a,b are positive 
integers. Then a? + b? =0(mod p) with b#0(mod p). On dividing both sides 
of the congruence by b? yields, 


Cy +1=0( mod p). 
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This shows that x = ¢ is the solution of x? +1 =0(mod p). 

Conversely, let x2 +1 = 0(mod p) admits a solution. This implies that —1 
is a quadratic residue modulo p. By Legendre symbol we have ) =1. In view 
of Theorem 9.2.4, we get p= 1(mod 4). This proves that p can be expressed as 


sum of two squares. 


Problem 13.3.3. Prove that the positive integer n as many representations as 


the sum of two squares as does the integer 2n. 


Solution 13.3.3. Let n be a positive integer which can be represented as n = 


a? +b? for any integer a and b. For this representation of n we get, 
2n = (a+b)? + (a — by? 


where both a+b and a—b are integers. From these two representations of n and 
2n, we can say that n has as many as representations as the sum of two squares 


as does 2n and vice versa. 


Problem 13.3.4. Show that of any four consecutive integers, at least one of 


them is not represented as a sum of two squares. 


Solution 13.3.4. Let n be an integer which can be written as sum of two squares. 
Then n is of the form n = a? + b? for any integers a and b. Here both a? and 
b? are congruent to 0 or 1 modulo 4. This shows that a? + b? is congruent to 
0,1 or 2 modulo 4. 


If n = O(mod 4), then n+ 3 = 3(mod 4) 
If n = 1(mod 4), then n+ 2 = 3(mod 4) 
If n = 2(mod 4), then n+ 1 = 3(mod 4). 


Thus for all these cases there is at least one integer among n,n+1,n+2,n+3 
which is congruent to 3 modulo 4 and that integer can not be written as sum of 


two squares. 


Problem 13.3.5. If a positive integer n is not the sum of squares of two inte- 
gers then prove that n can not be represented as sum of two squares of rational 


numbers. 


Solution 13.3.5. Asn can not be written as sum of two squares, it has a prime 
factor p of the form 4t+3 for any integer t(> 0). Further, referring to Corollary 
13.2.2, we can say that p occurs in odd powers. This shows p*|n for some odd 
integer k. If n can be expressed as n =(5) +G) for some integers a,b,c, d 
with b,d #0, we get n(bd)? = (ad)? + (cd)?. Here in the left hand side, p occurs 
to be an odd power but in the right hand side it happens to be an even power [by 
Corollary 13.2.2]. This is not possible. Thus n can not be written as sum of two 


squares of rational numbers. 
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Problem 13.3.6. A positive integer is representable as the difference of two 
squares if and only if it is the product of two factors that are both even or both 
odd. 


Solution 13.3.6. Let n be the positive integer, which can be represented as 


difference of two squares. Thus we have, 
n=a* —b?=(a+bd)(a—b). 


2(m +m’) +1 
2 


Leta+b = 2m+1 anda-—b= 2m’. This implies a = and 
2(m—m')4+1 


b= 5 


. Therefore 


n=a'—# 
1 
= qiA(m +m’)? + A(m +m’) +1 —4(m—m’)? —4(m—m’) — 1] 
= 8m'(2m +1). 


Comparing we get a — b = 8m’, which is not true. This asserts that both a+b 
and a— b are either even or odd. 
Conversely, let n = mymz where both m, and mz are even say my, = 2k, 


and mz = 2k. Then we get 


1 
n= ql { m2)” (my, mz) 
= [(k1 + kz)? — (ky — e)?]. 
If both m, and mz are odd, say m, = 2k, +1 and mz = 2k2 +1, then we get 


n= sllom + m2)? — (mi — m2)" 
= [{2(ky + ko) +2}? — 4(ky — ko)?] 


= [(k1 + kp +1)? — (1 — hp)? ]. 


This shows that in both the cases the integer n can be expressed as difference of 


two squares. 


Problem 13.3.7. Verify that 45 is the smallest positive integer admitting three 
distinct representations as the difference of two squares. 


Solution 13.3.7. Considering the Problem(13.3.6), we can say that both the 
factors a+b and a—b are either even or odd, for any integer n = a? — b?. 
Here n = 45 can be written as 1 x 45 or 3x15 or 5x9. Thus the distinct 
representations of 45, as the difference of two squares are n = 237 — 22? or 
9? — 6? or 77 — 2?. 
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Problem 13.3.8. Express the integers 650 and 1450 as sum of two squares. 
Solution 13.3.8. Note that 13 = 3? +27, 29 = 5? +2? and 50 = 72+ 17. Now 


650 = 13-50 
= (37 + 27)(77 +17) 
= (3-1+2-7)?+(3-7—2-1)? [Why 
= 17? +197. 

1450 = 29 - 50 
= (57+ 27) (77 +17) 
= (5-14+2-7)?+(5-7—2-1)? [Why] 
= 19? + 337, 


13.4 Sum of More than Two Squares 


The foregoing section describes the aspects of those integers which can be written 
as sum of two squares. But there exist few integers which can not be expressed 
as sum of two squares. For instance, if we consider 26 then 26 = 1? + 3? + 4?. 
The present section deals with those types of integers which can be expressed as 
sum of three squares or more than that. 

We started with the study of the existence of integers which can be expressed 
as sum of three squares of integers. We pave the way with a significant lemma. 


Lemma 13.4.1. An integer congruent to 7 modulo 8 cannot be represented as 


sum of three squares of integers. 


Proof. Suppose that an integer N of the form N = 7(mod 8) can be expressed 
as N = 27 +y?+ 2? where x,y,z € Z. We note that square of any integer is 
congruent to 0,1 or 4 modulo 8. Applying these two assertions we can say that 
N is congruent to 0,1,2,3,4,5 or 6 modulo 8. This contradicts our assumption 


and hence we are done. 


Taking the lemma into consideration, we can prove the following theorem. 


Theorem 13.4.1. The positive integers of the form 4°(8b+7), where a and b are 


non negative integers, cannot be expressed as sum of three squares of integers. 


Proof. Here the positive integer N is of the form 4%(8b + 7), where a and b are 
non negative integers. Let us consider a > 1 and N = 2? +y?+ 27. Then N = 0( 
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mod 4) implies x,y and z must be even. Putting x = 2a1,y = 2y, and z = 22) 
we get, 

4°-1(8b+ 7) =a? +y7 +27 
for some integers 71, y; and 2. 
Again, consider a — 1 > 1. Then proceeding as above and reducing the 


exponent of 4 we obtain a = 0. This concludes that N = 7(mod 8). Thus NV 
can be expressed as sum of three squares of integers. But this contradicts the 


Lemma 13.4.1. This completes the proof. 


The foregoing theorem highlights the fact that there are integers which can 
not be written as sum of three squares. For instance, if we choose N = 28 then 
we see that it can not be written as sum of three squares. But 28 can be written 
as 28 = 5? +174 12+41?. Here 28 has been written as sum of four squares. A 
natural question is to ask whether every integer can be written as sum of four 
squares or not. We settle this below. 


Theorem 13.4.2. If p and q be two positive integers which can be expressed as 


sum of four squares, then their product is also so. 


Proof. Let p = p} + p3 + p} + pi and gq=@+@+45 + qj. Now we can have 


pq =(pitpotp3tppl(a+at+e +a) 
= (pigi + pega + p3q3 + pags)? + (pige — Gip2 + p3q4 — pags)? 
+ (pigs — Mp3 + page — p2ga)” + (pigs — pag + p2g3 — p3q2)”. 


Here the above identity can be verified by simple calculation. This shows pq can 


also be written as sum of four squares. 


Consider p = 12 and q = 13. Then 12 = 374+ 1741241? and 13 = 
37 +2740? +07. Here 
12-13 = (37 + 17 + 1? + 17)(3? + 2? + 0? + 07) 
= (9+ 2)? + (6 — 3)? + (2-3)? + (-3 — 2)? 
= 121+9+1+25 = 156. 


This establishes the fact behind the above theorem. 

We are now going to conclude this section by proving the fact that any integer 
can be expressed as sum of four squares of integers. To prove this assertion, 
we need some lemmas.The fundamental theorem of arithmetic says that every 
integer greater than 1 can be expressed as a product of powers of distinct primes. 
Combining this with the assertion of Theorem 13.4.2, if we can show that any 
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prime can be written as sum of four squares, then we are done. Here for the 
prime p = 2, we have 2 = 17 + 17 + 0? + 02. So the last assertion is trivially 
true. To fulfill the purpose for odd primes, let us state and prove the following 


lemmas. 


Lemma 13.4.2. If p is an odd prime, then there exists an integer m < p such 
that 


l+a?+y?=mp,0<m<p, 


for some integers x andy withO<a< andO<y< 5 respectively. 


Proof. Let us consider x from the set {0,1,2,--- , PS}. Then x? have all of 


different congruences modulo p. If not, let us consider 27 = x73(mod p), then 


p\(a1 — @2)(a1 + £2) > 4, = £x2(mod p). This is not possible. 
-1 
Applying the same idea for y = 0,1, 2,--- oo the numbers —1 — 7? are all 


1 
incongruent modulo p. Thus we have two sets of pt 


numbers of incongruent 
modulo p for x and y respectively. But in totality there are p+ 1 number of 


elements in these two sets where only p number of elements are residue modulo 
-1 
p. This shows that there exists at least one element from {0, 1,2,--- >} for 


which x? is congruent to —1 — y? modulo p. Hence 
g? = —-1—y"( mod p) > 1+2?+y? = mp. 


Now 2x? <(5)° and y? 20). together implies 


mp = 140? +y? <14+2(5)" <p’. 


Thus m < p. 


For instance, if we choose p = 7 then we have 1+2?+4? = 3x 7. Now using 


this lemma we are going to prove the next one. 


Lemma 13.4.3. For any odd prime p, there exists an integer m < p such that 
mp can be expressed as sum of four squares. 


Proof. From the last lemma, for any two integers s and t with 0 <5 < ; and 


0<t< 5 such that 


s?4+¢74+17+0? =mp where m < p. 


This finishes the proof. 
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Finally, by virtue of last two lemmas we are going to show the expression for 


any odd prime as sum of four squares. 


Lemma 13.4.4. Any odd prime p can be expressed as sum of four squares of 


integers. 


Proof. With the aid of Lemma 13.4.3, for any odd prime p we can say that there 


exists an integer m with m < p such that 
a2 + y? 4 2? + wy? = mp 


where x,y,Z,w are integers. To prove this lemma, it’s suffices to show that 
m = 1. For that assume m > 1. 

If m is even then three possible cases may arise: all the integers z, y, z, w 
are even; all are odd; any two of them are even and other two are odd. For all 
those possibilities we can arrange them as x = y(mod 2) and z = w(mod 2). It 


ZE-y e+y z2-w 24 
follows th 
ollows that a er a 


Gye Ga Gauew ee. 


This contradicts the minimality of m. 


are all integers and 


If m is odd then there exists integers a, 8, y,6 such that « = a(mod m), y= 
B(mod m), z = y(mod m) and w = 6(mod m) with —(}) < a,8,7,6 < 4. 
Now we have 

e+ P44 P =a? ty? +27 +w?( mod m) 
and this implies, a? + 8? + 7? + 62 = tm for some integer t and 0 < a? + 6? + 
P+ <4(@)’ =m? s0<t<m. 
Here t > 0, since for t = 0 we have a = 6 = y = 6 = 0 and consequently 


v=y=2z=w=0(mod m). This shows that m? | mp which is not possible as 
1<m<_p. Again by Theorem 13.4.2 we have 


m*tp = (tm)(mp) = (a? + 6? +77 +. 62) (2? + y*? +. 27 +.w?). 


This shows tp = A? + B? + C? + D? where 


Aw eat yb + 27 + w4) 
~ m 

Be (a8 — ya + 26 — wy) 
m 

a= (ay — yo — za + wB) 
m 

D= (2d + yy — 28 — wa) 


m 
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Again this contradicts the choice of m. Thus m must be 1. This proves the 


lemma. 


We are now in a position to state the fundamental theorem about representa- 
tion of any integer as sum of four squares. The proof follows from the Theorem 
13.4.2, Lemma 13.4.3 and Lemma 13.4.4 together with fundamental theorem of 
arithmetic. 


Theorem 13.4.3. Every positive integer is the sum of squares of four integers. 


13.5 Worked out Exercises 


Problem 13.5.1. [fp =q+@+@ where p,¢,@,G are all primes, show 
that some q; = 3 fori =1,2,3. 


Solution 13.5.1. Observe that p,q, q2,q¢3 are primes. Then each q, is either 
congruent to 0 or 1 modulo 3. If all q; congruent 1 modulo 3, thenp=1+1+4+1( 
mod 3). Thus p = 0(mod 3) and since p is prime, p = 3 is the only possibility. 
Note that 3 = 17 +174 1? implies q; = 1 fori =1,2,3. This is not possible as 
q’s are primes. So atleast one of q;’s is congruent to 0 modulo 3. Since q;’s are 


prime numbers, hence the result follows. 


Problem 13.5.2. For a given positive integer show that n or 2n is a sum of 


three squares. 


Solution 13.5.2. [fn is sum of three squares, then there is nothing to prove. Let 
n cannot be expressed as sum of three squares. Then it is of the form 4°%(8b+ 7) 
for some non negative integers a and b. Now 2n = 2-4%(8b+7) and if 2n cannot 
be written as sum of three squares, then it is of the form 4°(8d+7) for some non 
negative integers c and d. Comparing we get 2-4° = 4°, which is impossible. 
Thus 2n is not of the form 4°(8d+ 7) and hence it can be expressed as sum of 


three squares. 
Problem 13.5.3. Represent the integers 90 and 23 as the sum of three squares. 


Solution 13.5.3. Since 90 = 2(mod 8), therefore from Lemma 13.4.1 it follows 
that 90 can be expressed as sum of three squares. In fact we have 90 = 82+5?+1?. 
Again, 23 = 7(mod 8). In view of Lemma 13.4.1, we can say that 23 cannot 


be expressed as sum of three squares of integers. 


Problem 13.5.4. Verify that every positive odd integer is of the form a? +b? + 


2c”, where a,b,c are integers. 
J | ? 
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Solution 13.5.4. For any positive integer n, let 2n+1 be the required positive 
integer. Now 4n +2 is not of the form 4°(8b + 7) for some positive integers a 
and b. So by virtue of Theorem 13.4.1, we can say that 4n+2 can be expressed 
as sum of three squares. 

Let 4n4+2 = 27+ y?+4+ 27, for some integers x,y and z. Here exactly two 
amongst x7, y*, 2? are congruent to 1 modulo 4. Let us consider x,y be two odd 
integers and z be even. Now 


U+Y\2 /-L€-Y\2 Z\2 
etek rls a) 


Thus 2n+1 =a? +b? + 2c?, wherea= 44, b= 54 andc= % are integers. 


Problem 13.5.5. Prove or disprove that the sum of two integers each repre- 
sentable as the sum of three squares of integers is also representable as sum of 


three squares. 


Solution 13.5.5. In general, the statement is not true. Choose 4 = 2?+0?+0? 
and 3 =17+12+1?. Then their sum 3+4=7 can be written as 7 = 7(mod 8). 
From Lemma 18.4.1, we can say that 7 cannot be expressed as sum of three 


squares. 
Problem 13.5.6. Express 21 and 89 as the sum of four squares. 


Solution 13.5.6. Here 21 = 3x7 and both 3 and 7 are odd primes. By virtue of 
Lemma 18.4.4, both 3 and 7 can be expressed as sum of four squares. Moreover, 
from Theorem 13.4.2 we have 21 = 3x 7 and it can be expressed as sum of four 
squares. The expression is 21 = 47 +27 +1? +0?. 

Furthermore, 89 is an odd prime. Then from Lemma 13.4.4, we can assert 
that 89 can also expressed as sum of four squares and it is of the form, 89 = 
9? + 27 + 27 +02. 

Problem 13.5.7. Write 105 = 7 x 15 and 510 = 15 x 34 as the sum of four 


squares. 
Solution 13.5.7. Here 15 = 37+ 27+1°+177, 7 = 272 +1°+1°+P and 
34 = 474 42412417. Taking help of proof of the Theorem 13.4.2 we get, 
105 = 15x 7 
= (37 + 2? +17 +17)(2? +1241? +17) 
= (2°34+2-14+1-1+1:1)?+(3-1-—2-24+1-1-1-1)? 
+(8-1-2-141-1-2-1)?+(3-1-2-14+2-1-1-1)? 
= 107+ 2?+1°+0?. 


Similarly, we can find the expression for 510 = 15 x 34. 
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Problem 13.5.8. Show that every integer n, n > 170, is the sum of the squares 


of five positive integers. 


Solution 13.5.8. Note that any integer can be expressed as sum of four squares. 
Then choose m = n — 169, which can be expressed as sum of four squares. Let 
m=x22+y?+22+w? for some integers x,y,z and w. 

If x,y,z are 0, then n = w? + 169 = w? + 107 + 87 4+ 27 4 1?. 

If x,y are 0, thenn = 27 + w? + 169 = 27 + w? + 12? + 4? 4 3?. 

If x is 0, thenn = y? 4+ 22+ w?4 169 = y? 4+ 2274+ w? 41274 57, 

If none are 0, then n = 2? + y? + 274+ w? +169 = 272 + y? 4+ 27 +w? + 137. 


Problem 13.5.9. A prime p can be represented as the difference of two cubes 
if and only if it is of the form p = 3k(k +1) +1, for some k. Hence express 7 


as the difference of two cubes. 


Solution 13.5.9. Let p be a prime which can be expressed as difference of two 
cubes. Then we have p = a? — b®? = (a — b)(a? + ab+ b?). Since p is prime, 
therefore eithera—b=1 ora? +ab+06? =1. 

Ifa? +ab+? =1, thena=1 and b= —1 gives p = 2 = 13 — (-1)3 which 
is not of the form 3k(k +1) +1. 

Ifa—b=1, thena=1+6 which gives p = (1+)? — b? = 3b(b+1) +1 for 
any integer b. 

Thus p is of the form 3k(k + 1)+1 for any integer k. 

Conversely, if p = 3k(k +1) +1, then p = (k+1)3 —k® for any integer k. 
Thus p can be expressed as difference of two cubes. 

For the second part, pick k = 1. Then p = 3-1(14+1)+1=7 can be expressed 
a TS 201) 


13.6 Exercises: 


1. Show that each of the integers 2”, where n = 1,2,3,--- , can be expressed 


as sum of two squares. 


2. Prove that every Fermat number F,, = 2?" + 1, where n > 1, can be 


expressed as the sum of two squares. 
3. Express 101 and 490 as the sum of two squares. 


4. If nis a triangular number, show that each of the three successive integers 


8n?, 8n? +1, 8n? + 2 can be written as a sum of two squares. 
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10. 


Prove that a positive even integer can be 
squares if and only if it is divisible by 4. 
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written as the difference of two 


Express 11 and 28 as the sum of three squares if possible. 


2 


Show that every positive integer is either of the form a? + b? + c? or 


a? + b? + 2c?, where a, b,c are integers. 


Show that the only prime p that is representable as the sum of two positive 


cubes is p = 2. 


Express 12 and 99 as the sum of four squares. 


Prove that no positive integer n, n = 4 


cubes. 


t4(mod 9), is the sum of three 


14 


Certain Applications on 


Number Theory 


“Mathematics is the language of nature.” 


— Leonardo Fibonacci 


14.1 Fibonacci Numbers 


The word Fibonacci is coined after the mathematician Leonardo Fibonacci, who 
in the 12th century, get obstructed while studying a curious problem. Fibonacci 
started with a pair of fictional and slightly unbelievable baby rabbits, a baby 
boy rabbit and a baby girl rabbit. After one month, they were fully grown and 
in the next month two more baby rabbits (again a boy and a girl) were born. 
The succeeding month these babies were fully grown and the first pair had two 
more baby rabbits (again, a boy and a girl). By similar manner, the next month 
the two adult pairs each have a pair of baby rabbits and the babies from last 
the month mature. Fibonacci asked how many rabbits a single pair can produce 
after a year (every month each adult pair produces a mixed pair of baby rabbits 
who mature the next month). He realised that the number of adult pairs in 
a given month is the total number of rabbits (both adults and babies) in the 
previous month. Writing A, for the number of adult pairs in the nth month 
and R, for the total number of pairs in the nth month, this gives A, = R,_,. 
Fibonacci also realised that the number of baby pairs in a given month is the 
number of adult pairs in the previous month. Writing Fibonacci also realised 


that the number of baby pairs in a given month is the number of adult pairs 
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in the previous month. Writing B, for the number of baby pairs in the nth 
month, this gives for the number of baby pairs in the nth month, this gives 
BL=A,_,R,_,. 

Therefore the total number of pairs of rabbits (adult+baby) in a particular 
month is the sum of the total pairs of rabbits in the previous two months: 
R,=A,+B8,=R,_,+R 

Starting with one pair, the sequence we generate is exactly the sequence at 


n—2° 


the start of this article. And from that we can see that after twelve months there 
will be 144 pairs of rabbits. 


Theorem 14.1.1. In a Fibonacci sequence, the successive terms are relatively 


prime. 


Proof. Its suffices to show that for a Fibonacci sequence, gcd(V,,, V,,,,) = 1 Vn = 


1. On the contrary, let d = gced(V,,V,,,), d > 1. Then d|V, and d|V,,,. Also, 


d\(V,,, —V,) + d|V,_,. Now, V, —V,_, =V,_,. Combining d|V, and d|V,_, 
yield d|V,_,. Similar argument generates 


AV, sr lV, 1s. s4l¥.dlVyrdl¥, 


But, V, = 1 and d\V, leads to contradiction. Hence the proof. 


The identity 
V 


m+ 


,—V,,-1V, + VV, 


Ce Viseg (14.1.1) 
is primal to bring out many spectacular features of the Fibonacci sequence. For 
fixed m > 2, we proceed by mathematical induction on n. For n = 1, the identity 
takes the form 


Viet = Vn iV + VY, = Vii + Vin 


which is trivially true. Assume that the identity is true for n = k. Then 


Vint = Vie Vi + Vi Viet & (14.1.2) 
Viettenas = Vig Vas Vn (14.1.3) 


Combining (14.1.2) and (14.1.3) gives 


V, 


m+k 


+ V, 


m-+(k-1) 


= Vato, ae Ved) he An Oe + V,.). 


Following the definition of Fibonacci sequence, the foregoing equation is the 
same as 
V, 


m+k+41 
which is the desired identity with n = k+ 1. Hence by induction method the 
identity is true for m > 2 and n> 1. 


= Mikes pies oT VM yates 
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Theorem 14.1.2. Form >1,n>1, aan 


Proof. Here we argue by principles of mathematical induction on n. For n = 1, 
the theorem is trivially true. Let Vin Venn be true for n = 1,2,3,...,k. An 
appeal to the identity (14.1.1) yields 


V 


m(k+1) ~~ 


V 


mk+m 


= Vian + Venn V, 


mk—-1"m mn ~m+1° 


By induction hypothesis, 
Von [Vine => Vin |Vonn—a Vin + Venn Viner => Vin [V, 


mk—-1"m mn \m+1 m(k+1)° 


Hence the proof. 


Lemma 14.1.1. [fm =qn+r, then gcd(V,,, V,) = gcd(V., V,). 
Proof. Here, we have 


gcd(V,,,,V,,) = gcd(V,.4..Vi), 


qntr>'n 


= ged(V,,,_.V, + V,,.V.415V,,) by identity(14.1.1). 


qn r+l?"n 
Combining the fact that gcd(a+c, b) = gcd(a, b) whenever b|c and the foregoing 
theorem yields, 


gcd (V, 


qn-1 


V.+V_V.4,V,) =gecd(V.,_,V.,V,). 


qn" rt+1>*n qn-1 "ri "n 


Claim: ged(V,,,_,,V,,) = 1. To fulfill this, consider ged(V,,,_,,V,,) = d. Com- 
bining d|V,, and Vz|Vin imply d|V,,, and therefore, d is a common divisor of 
the Fibonacci numbers V,,,_, and V,,,. Since successive Fibonacci numbers 
are relatively prime, this results in d = 1. Finally, with the help of the fact 
gcd(a,c) = 1 > gcd(a,bc) = ged(a,b), Va,b,c € Z, we obtain the desired 


lemma. 


Theorem 14.1.3. The greatest common divisor of two Fibonacci numbers ts 
again a Fibonacci number. 
Proof. Its suffices to show that gcd(V,,,V..) = V, where gcd(m,n) = d and 
V_,,V,, and V, are Fibonacci numbers. If possible, set m > n. An appeal to 
Euclidean algorithm to m and n gives 

m=qntr,, O<r<n 


N=@r,+7T, O<r<r, 


T, = 93%. TT3;, 0O<r, <r, 
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By the last lemma, we obtain 
gcd(V,,,V,.) = gcd(V,, ,V,) 
=ged(V_V.,) 
=. =ged(V,_,V,,). 


Now addressing Theorem 14.1.2, we have 


r lates =>V_ [Yeas (How!). 


n 


But r,, = gcd(m,n)(Why!). Blending all the facts generate the desired one. 
Theorem 14.1.4. Letn € Z* anda= 145 Then V, > a7, Vn >3. 


Proof. We proceed by mathematical induction on n to obtain the desired in- 
equality. For n = 3, V, = 2 > a. So the inequality prevails for n = 3. Assume 
the inequality holds for all integers k with k < n. Then a*~? < V,. Since 
1+v5 is one of the roots of x? — x —1=0, therefore a? —a—1=0. Hence 


a2 =k+1. So 


QS 


a”) =a? -a® 3 = (a4+1)-a®F =a? +a", 
By induction, we have the following inequalities 
Cg Ig 


Thus, 
GVA eV EV na ty 


n+1 n+1 


Hence the inequality is true for n =k +1. So our task is complete. 


Theorem 14.1.5. Let V, 


k+1 
quence. Then the Euclidean algorithm takes exactly k divisions to show that 


gcd(V,.,,V,,..) = 1. 


k+1? © k+2 


and V, 


nei be successive terms of the Fibonacci se- 


Proof. Taking aid of Euclidean algorithm and the defining relation for Fibonacci 
sequence V, = V,_,+V,_, at every step, we find that 


Vows =Vi 14+V, 


Via =VA-°1+Vz_, 


n 


V,=V,-1+V, 
V, =V,-2+0 
V, =0-24V, =2. 
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Hence the Euclidean algorithm takes exactly n-divisions to show gcd( 
1. 


Viewsee V, 


k+1? "k+2 
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= 


Our next discussions will be based on Lamé’s theorem, first proved by a 


French Mathematician Gabriel Lamé of 19th century, which calculates the num- 


ber the number of division required to find greatest common divisor by means 


of Euclidean Algorithm. 


Theorem 14.1.6. Lamé’s Theorem: The number of divisions needed to find the 


greatest common divisor of two positive integers using the Euclidean Algorithm, 


does not exceed five times the number of digits in the smaller of the two digits. 


Proof. Taking into consideration, the Euclidean algorithm to find the greatest 


common divisor of a = r, and b = r, with a > b, we get the following set of 


equations; 
T = +12, O<r,<7r,. 
1, =%oGn +P, O<r, <7. 
T, =T34o + U4; OS ST 
Vy ae go Dead lr Ts O0< Th 1 ST no 
Pr-2 = Tn-1%n-1 TT nd O< rh n=1 


Peg = Toe. 
We have used n-divisions. We note that each of the quotients q,, q, 
greater than or equal to 1 and gq, > 2, since r, <r,_,. Hence 

r S1l=V,, 

T,-1 2 27, 2 2V, = Va; 
SPT gee Vat Ve Vay 
TM pci Vg Ve Me 


n 


Te 


-1 


ee ean 


n-3 —2 


rs, 2 rs Pe 2 ae + 


2 


V, 


n+1° 


b=r,>r,t+7r,>V,+Vn-1= 


Thus after using n-divisions in Euclidean algorithm, we have b >, 


pee Wd 


+1° 


is 


Taking 


advantage of Theorem 2.4.5, we obtain V,,, > a"~! for n > 2 where a = aii 


Hence b > a”—!. Here, we note that 


1 
= < logal 


n—-1 
logb > (n—1)loga > ~~, [+ 
og b > (n—1)loga 5 [ - 
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It gives, n — 1 < 5logb. Consider b to have k decimal digits. Then b < 10" and 
log b < k, which further implies (n — 1) < 5k. 


Theorem 14.1.7. Zeckendorf representation: Any positive integer can be ex- 


pressed as a sum of distinct Fibonacci numbers, no two of which are consecutive. 


Proof. Because two consecutive numbers of the Fibonacci sequence may be com- 
bined to give the next one, it is pointless to have consecutive Fibonacci numbers 
in the representation of an integer. Thus, whenever possible, V,+V,_, is replaced 
by V,,,, in the following proof. 

We proceed by principles of mathematical induction on n > 2. Its suffices 
to show that the integers from the set {1,2,3,4,...,V,_,} is a sum of numbers 
from the set {V, 
the first 10 positive integers. 


i = 1,2,3...,n — 2}, repetition being not allowed. Consider 


1=V, 6=V,4+V,4V,=V,+V,4V, 
2=V, 7=V,+V,=V,4V,4V,4¥, 
3=V, 8=V,+¥, 

4=V,+V, 9=V,+V,+¥, 

5=V,+V, 10=V,+V,+%,. 


So the theorem prevails for first few positive integers. Suppose the statement is 
true for n = k. Select N in such a way that 


V,-1<N</YV, 


k+1° 


Since, N—V,_, < V4, —V,_. = V, it implies N — V,_, is representable as a 
sum of distinct numbers from the set {V, [i = 1,2,3...,k —2}. Consequently, 
N and the integers from the set {1,2,3,4,...,V,,, —1} can be written, without 

ey ae eee oe en 


repetition, as a sum of numbers from the set {V, 


Hence we are done. 


Theorem 14.1.8. Binet formula: For any integer n > 1, 
1+ V75\" (1-v5\" 
2 2 , 


Proof. To begin with, consider the quadratic equation 


1 
V= 
"v5 


g*—2-1=0. (14.1.4) 
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1 1— 
Let y and 6 be the roots of (14.1.4). Then y = ae and 6 = 2 Since 
and 6 are the roots of (14.1.4), therefore 
v—y-1=0 (14.1.5) 
6 —§-1=0. (14.1.6) 
Multiplying (14.1.5) by y” and (14.1.6) by 6”, we obtain 
rt? ntl _ 4m 9 (14.1.7) 
ont? _ grt _ 5m — 9, (14.1.8) 


Now, {(14.1.7) — (14.1.8)}/(y — 6) gives 


rte _ ont2 7 rth = 6ntl y _ on 
y—6 y—-6 " y—6 
yn _ sn 
Set V = . Then the foregoing equation can be simplified as, 
n ae going 
Vive =Viu tVin 21. 


Since y and 6 are the roots of the (14.1.4) therefore from the relation between 


roots and coefficients we have 
y+6=1, y¥S=-1, y-6=V5. 


Thus, V, = 1, V, = 1, V, = 2, V, = 3 and so on. Hence {V,,V,,V,,...} 

forms a Fibonacci sequence, where the nth term of the sequence is given by 
y — §r 

Vi= ; 
y—6 


An immediate consequence of Binet formula is the following two identities: 


Theorem 14.1.9. Forn>1, ve -V?=V, 


2(n+1)° 


Proof. Since y6 = —1 > (76)?* =1, for k >1. Also, y+6=1. Then, 


: “We pee) rae 


n+2 us y—6 y—6 
_ y2(n+2) As §2(n4+2) _ wn — §2n 
(Fo) 
(7? _ 67) (q2rtD) 7? Gn) 
- =o) 


=(y+ Oy Vows = Viena 


Hence proved. 
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Theorem 14.1.10. For any integer n > 1, V,,,,,Von-1 —1 = V2. 


Proof. Since y6 = —1 > (76)?* = 1, fork > 1. Also, y2+6? = (y+6)?—276 = 3. 
Then, 


pyantl _ §2nt1] Py2n—1 _ 52n—-1 
ttt RRS) fae 

2 = _ ve) = _ oe) , 

= 5 V5 

yt + 5 + (9 +62) —5 

7 5 

7 cel L oan —2 

7 5 

_ + st — 2(8)" 

7 5 

= E = my a2 

V5 Qn 


Before retiring from the field, the remaining theorems of this section deals 
with the prime factors of Fibonacci numbers. 


Theorem 14.1.11. For a prime p > 5, either p|Vp—1 or p|Vp+41 but not both. 


(a? a) 


Proof. Using Binet’s formula we get, Vp = Js . If we expand p-th power of 
a and a, by the binomial theorem then we obtain, 


Now using the facts that (2) = 0(mod p) for 1 < k < p—1and 2?-1 = 1(mod p) 
we get, 


Vp = 21, = er =5°2-( mod p). 
P 


Now since ged(5,p) = 1, then by Fermat’s little theorem 5?~' = 1(mod p). 
This shows VP = 1(mod p). Now if we apply an well known identity Ve = 
Vp—1Vp+1 + (—1)?~! modulo p then we have, V,—-1Vp41 = 0(mod p). As p > 5 
then gcd(p — 1,p +1) = 2 and applying Theorem 14.1.3 together we have found 
that ged(V,—-1, Vp41) = V2 = 1. 

Finally we can conclude that either p|V,—1 or p|Vp+41 but not both. 
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Theorem 14.1.12. Let p > 7 be a prime satisfying p = 2(mod 5) or p = 4( 
mod 5) then 2p — 1 divides V, provided 2p — 1 is prime. 


Proof. Let p is of the form 5k + 2 for some integer k. Now from Binet’s formula 


= “Fe ny a= a. Squaring both sides and expanding a2? 


we have, V, 


and a2? by 


1 2p 2p 2p 
2s Cathe ree P 
Vj = perl + (75+ (72)s + + (CP) sr] +2. 


Since 2p — 1 is a prime then by Fermat’s little theorem we have 2??—-)-! = 1( 
mod 2p — 1) or 2??-1 = 2(mod 2p — 1). Also (7?) = 0(mod 2p — 1) for2<k < 
2p — 1. Applying these two facts together the above expression reduces to, 


2(5V;") = (1+ 5°) + 4( mod 2p — 1) 


or 
DF —1 
2V2 =1+5?-1( mod 2p — 1). 


Now, 5?7* = 5 =(5-°5)(mod 2p — 1)[by Euler’s criterion]. Again from 
1D — 
Corollary 9.4.2 it is clear that, 


es) -(2=) -*)-G) - 


Thus we have, 2V,? = 1+ (—1)(mod 2p — 1). This shows that 2p — 1 divides 
V,. If p = 4(mod 5) then p = 5k’ + 4 for some integer k’. Then applying the 


Corollary 9.4.2 again we see that, 


5 \ _(2p—1\ _ (10k +7) _(2\__, 

Wad by KB AC) 

Then we have, 2V,? = 1+(—1)(mod 2p—1). This also shows that 2p—1 divides 
Vp. 


14.2 Worked out Exercises 


Problem 14.2.1. Show that the sum of squares of the first n Fibonacci numbers 
is given by, 
VP + VS +---+V2 = VaVnss 


Solution 14.2.1. Let us consider, ViVizi —Vi-1Vi = Vi(Vir — Vi-1) = V2 for 
t > 2. 
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Now taking t = 1,2,3,--- ,n we have, 
V? = ViV2 
Vz = VaVs — ViVe 
Vs = VsVa — VaVs 


V2 = VaVas1 — Vn—1Vn- 
Adding those equations we get, 
Vit Ve +---+V2 = VaVndi- 
Problem 14.2.2. Evaluate gcd(Vis, V20). 
Solution 14.2.2. From Theorem 14.1.3 it is clear that gcd(Vimn, Vn) = Va where 
d= gcd(m,n). Now here gcd(15,20) =5 then gcd(Vis, Voo) = Vs = 5. 
Problem 14.2.3. If gcd(m,n) =1, prove that VinVn|Vmn Vm,n > 1. 


Solution 14.2.3. As m,n > 1 then applying Theorem 14.1.2 we can say that 
Vin|Vinn and Vi|\Vinn. Since gcd(m,n) = 1, then we have gcd(Vin, Vn) = Vi = 1. 
Thus applying Corollary 2.4.1 we can conclude that VizVn|Vinn for allm,n > 1. 
Problem 14.2.4. Show that Von41 = V,?,,+V,2 whenever n is a positive integer. 
Solution 14.2.4. We will solve this problem by the principle of mathematical 
induction. For this let us assumen = 1. Then we have V3 = 2 = V7+V? = 141. 
If we choose n = 2 then we get, V5 =5 = 2? +12 =V2+V3. Thus the result 
is true forn = 1,2. Now we have to assume that the identity is true for all n 
less than or equal to k. Then we can assume that Vo,_3 = Ves + Vis and 
Vop-1 = Va + Ve 3: Finally we need to calculate Vo~41. Thus, 
Var+1 = Vox + Var—1 

= Vop-1 + Vor—2 + Vox-1 

= 2Vor—1 + (Vor—1 — Vor—3) 

= 3Vor—-1 — Vor-3- 


Now substituting all the assumptions in above equation we get, 
Voi = 38(VE + Vi_1) — (Vii + Vig) 
= 3Ve + 2V¢_, — (Vi — Ve-1)” 
= Ve +Ve1 + 2VVe-1 
= Ve + (Vert — Ve)? + 2Vi(Vier1 — Ve) 
= Veit Ve. 
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Now by applying principle of mathematical induction we can say that the result 

is true for all positive integer n. 

Problem 14.2.5. Show that the simple continued fraction, terminating with 

the partial quotient of 1, of Wi (f € Z*) is [1;1,1,1...,1](k-times) where V, 


denote the k-th Fibonacci uber: 


Solution 14.2.5. In view of recursion formulae for the Fibonacci sequence, the 


Euclidean algorithm for tae yields; 


V 
So ae = [1;1,1,1...,1](k-times). Hence the proof. 


k 
Problem 14.2.6. Prove that the sum of the first n Fibonacci numbers with odd 


indices is given by the formula 


Solution 14.2.6. We will prove this formula by principle of mathematical in- 
duction. Here we can see that, Vi = V2 = 1, Vi + V3 = 3 = V4. So the identity 


is true forn=1 andn= 2. Let us assume that the identity is true for n = k. 


We now show that the identity is true forn =k + 1.Here, 


V, + V3 + Vs +--+ + Van—1 = Vox + Vors+1 [by induction hypothesis] 


= Vor+e- 


Thus the result is true forn=k-+1. So by principle of mathematical induction 


we can say that the result is true for all positive odd integer n. 
Problem 14.2.7. Find the Zeckendorf representation of 50 and 110. 


Solution 14.2.7. Zeckendorf representation we can assert that any positive inte- 
ger can be expressed as a sum of distinct Fibonacci numbers, no two of which are 


consecutive. Here, 50 = 34+134+3 = Vo94+V7+V4 and 110 = 89+21 = Vi44+ Vg. 


Problem 14.2.8. From the Binet’s formula of Fibonacci numbers, derive the 
relation 
Van+2V2n—1 — VonVant1 = 1, n> 1. 
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Solution 14.2.8. From Binet’s formula we have, V, = ana where a, + B, = 
1, a,8,=-l,a,-6,= V5. Now 


er = pee +2 é ave Ls = pe" 1 
V5 V5 
aen = pee 7 re ia _ pear 
V5 V5 


i 4 
on = en } pore Ae, ae pee +2 + ee 


Van+2Van—1 — VanVan+1 


afr gantt = att gn 4. gin 
_ anges adh — goet2ppent — ghana 
5 
a2 2 
02" B2"((a, + B,)— (Gi + S) 
5 
= a, B, = {(a, at B,)° = 3a, 3, (a, + B,)} 
5a, 8, 
_ oes). 1 


14.3. Pseudo-random Numbers 


Randomly chosen numbers are very much useful for performing computer sim- 
ulations of some complicated statistical or mathematical phenomena. But the 
methods commonly used to generate random numbers are not a random process. 
Random numbers are called pseudo-random numbers when they are generated 
by some deterministic process but they qualify the predetermined statistical test 
for randomness. The first input will determine the sequence of Pseudo random 
numbers generated by any method of determining them. One such method is 
called mid-square method. This method was first introduced by Von Neumann 
in the year 1949. 


Mid-square method 


Mid-Square method was the first method used to generate Pseudo random num- 
bers. In order to generate a sequence of Pseudo random numbers, we need to 
select a number with n digits. Then squaring that n-digit number, the next 
number will be the middle part of that squared number. For better explanation, 
let us consider a four digit number. Subsequently, we are to square this four 
digit number. From this squared digit number we need to take out the middle 
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four digit. This will give us the second random number. After that we are to 
iterate this method to obtain a sequence of random numbers. Here we need to 
remember certain things. We know that the square of a four digit number has 
eight digits or fewer than this. Those fewer than eight digits has to be con- 
sidered as eight digit number by adding zero as initial digit or digits. However 
the sequence of numbers produced in this method appears to be random, and 
they are useful for computer simulations. This sequence of random numbers are 


called pseudo random numbers. 


Let us illustrate the above discussion with an example. Take a two digit 
number 69 as the seed. So 69 is our initial approximation. Squaring 69 we get 
69? = 4761. On applying mid-square method we obtain 76 as second term. The 
third term is 77 as 762 = 5776. Continuing this way we will get thirteenth term 
05 as 842 = 7056. Then the fourteenth term will be 02 as 5? = 25 = 0025. This 
process will be terminated at sixteenth term as 2? = 4 = 0004 and the middle 
two digits will become 00. 


Some discrepancies lies with the Mid-Square method. The most undesirable 
feature is that this process produces small set of random numbers. For instance, 
the last example shows that after sixteenth stage the random numbers will occur 
only zero. So to overcome this drawback we need an algorithm, known as Linear 
Congruential Method, for finding pseudo-random numbers. 


Linear Congruential Method 


To begin with, consider some integers a, c, m with the constraints m > 0, 2 < 
a<m,0<c<m. Select the seed x such that 0 < r < m. To obtain 
the sequence of pseudo random numbers, we need to construct the recursive 


congruence relation 


Unt. = at, +c( mod m); 0< an41<m, for n=0,1,2,.... 


Note that m is modulus, a is multiplier and c is the increment. The following 


example will lucidly illustrate the method. 


Example 14.3.1. Consider m = 19, a = 5 and c = 2. If we take the seed 
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xo = 6, then from an41 = aXyn +c(mod m) we get 


vy, =5x6+2 = 32( mod 19) => x, = 13( mod 19) 
v2 =5 x 134+2=67( mod 19) => £2 = 10( mod 19) 
v3 =5 x 104+2=52( mod 19) => x3 = 14( mod 19) 
v4 =5x 144+2=72( mod 19) => r4 = 15( mod 19) 
ts =5x 15+2=77( mod 19) => £5 = 1( mod 19) 
te =5x1+2=7( mod 19) 

t7 =5x7+2=7( mod 19) => «7 = 18( mod 19) 
tg =5 x 18 4+2=92( mod 19) => rg = 16( mod 19) 
to =5 x 1642 = 82( mod 19) => &g = 6( mod 19) 
ti9 =5 xX 6+2 = 32( mod 19) => £19 = 13( mod 19). 


So we see that 41 = x19 = 13(mod 19). Hence it follows that x, = xp—~9 for 
k > 10. Thus the sequence is 13,10, 14,15,1,7,18,16,6,13,... and it contains 9 
different numbers. 


The following theorem suggest us to find the terms of the sequence of pseudo 
random numbers generated by the linear congruential method directly from seed, 


multiplier and increment. 

Theorem 14.3.1. The terms of the sequence generated by linear congruential 

method are given by, 

c(a” — 1) 
(a—1) 


Proof. We can prove the result by mathematical induction on n. For n = 1 we 


Ln =a"xy+ ( mod m), 0< a, <m. 


get, 21 = azo + c(mod m), 0 < a1 < m. This is true from the formula of linear 
congruential method. Let us assume that the result be true for n = k. Then the 
tee (mod m), holds for 0 < 2% <_m. Since 
Le-1 = ary +c(mod m), 0 < xp41 < m holds, then we have 


c(a*® — 1) 


congruence relation 7, = a® ap + 


Tkt1 = ala* xo Tr Gao + c( mod m) 
k 
-1 
— ak+1 a5 ai st + 1]( mod m) 
aktt— 4 
= a" 1y5 + (i mod m). 
This shows that the result is true for n = k+1. So by principle of mathematical 


induction we can say that the result is true for all integers n. 
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In the Example 14.3.1 we have seen that the sequence of pseudo random num- 
bers contain 9 different numbers for the sequence 13, 10, 14, 15,1, 7, 18, 16,6, 18,.... 
Here the total number of different elements in the sequence is called period length 
and is defined as follows. 


Definition 14.3.1. The maximum length of the sequence obtained without rep- 
etition in a linear congruential pseudo random number generator is called period 


length. 


We can see that the longest possible length for a linear congruential generator 
is the modulus m. In the next theorem, we have given light on this fact. This 


is also a characterisation theorem of a good generator. 


Theorem 14.3.2. The linear congruential pseudo random number generator 
produces a sequence of period length m if and only if gcd(c,m) = 1, a = 1( 
mod p) for all primes p dividing m, and a = 1(mod 4) provided 4|m. 


The proof of this theorem beyond the scope of the book. For further reference 
see Knuth[8]. 

In particular if c = 0 in the recursive relation %,41 = az, + c(mod m), then 
we get the relation as t,41 = ax,(mod m), 0 < an41 < m. Here m is the 
modulus and a is the multiplier. This method is called the pure multiplicative 
congruential method. Here the terms of the sequence of pseudo random numbers 
are obtained by x, = a”xo(mod m) with 0 < rn41 < _m, where x, is the seed. 

If L is the period length of the sequence of pseudo random numbers obtained 
recursively by pure multiplicative congruential method, then L is the least uni- 
versal exponent. The following proposition indicates this fact. 


Proposition 14.3.1. The largest possible period length of the sequence of pseudo 
random numbers, generated recursively using pure multiplicative generator is 


A(m), where X(m) is the least universal exponent modulo m. 


Proof. Let L be the period length of the sequence of pseudo random numbers 
generated recursively using pure multiplicative generator. Then 2 = a’xo( 
mod m), where a is the multiplier and zo is the seed. Now gcd(x%o,m) = 1 
yields a = 1(mod m). An appeal to the definition of least universal exponent, 
the forgoing congruence relation implies that the largest possible period length 
is A(m). 


We conclude this section with another method of pseudo random generator. 
In this method, we need to consider a positive integer m as modulus and the 
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initial term 29 as seed of the generator. Here the sequence of pseudo random 
numbers has been generated by the congruence relation, 


En+1 = 2x2( mod m), 0 < tas1 <m. 


14.4 Worked out Exercises 


Problem 14.4.1. Apply the mid square method for generating pseudo random 
numbers for 6139. 


Solution 14.4.1. Here the initial seed is 6139. Squaring 6139 gives (6139)? = 
37687321. Applying mid square method, we get x2 = 6873. Furthermore, squar- 
ing and thereby applying this method we find x3 = 2381. Similarly we get 
x4 = 6691, x5 = 7694, xe = 1976, x7 = 9045 and so on. 


Problem 14.4.2. Find the period length of the sequence of pseudo random 
numbers generated by linear congruential method with xp = 2 and fn41 = 40,47 
mod 25). 


Solution 14.4.2. Here the initial seed xp = 2. Then applying linear congruen- 
tial method we have, 


vy) =4x2+7=15( mod 25) => =4x 15+7=17( mod 25) 
=> ¢3 =4x 174+ 7=0( mod 25) =>a,=4x04+7=7( mod 25) 
ts =4x 7+7 =10( mod 25) => 26 =4x 10+7 = 22( mod 25) 
=> a7 =4~x 224+ 7=20( mod 25) > ag = 4x 20+ 7=12( mod 25) 
>t =4x 124+-7=5( mod 25) => t19 =4x54+7= 2( mod 25). 


Thus the period length is 10. 


Problem 14.4.3. Find the multiplier a of a linear congruential generator ¢n41 = 


ary +c(mod m) for which the period length is m = 27° —1, where gcd(c,m) = 1. 


Solution 14.4.3. We have 27°—1 = 31-601-1801. Taking into account Theorem 
14.8.2, we can say that a = 1(mod p) for p = 31, 601, 1801. Finally using 


Chinese Remainder Theorem we get a = 1(mod 27° — 1). 


Problem 14.4.4. Using linear congruential method if eithera=0 ora=1 its 
applied for multiplier in the generation of pseudo random numbers, then prove 


that the resulting sequence fails to an effective option for the same. 
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Solution 14.4.4. [fa = 0 we have tn41 = c(mod m) which means that the 
sequence is constant forn > 1. This is not an effective choice for the sequence 
of pseudo random numbers. If a = 1 we have tn41 = Ln + c(mod m), shows 
that the terms of the sequence differ by a constant modulo m. This is also not 


an effective choice for the sequence of pseudo random numbers. 


Problem 14.4.5. Find the sequence of numbers generated by the square pseudo 


random number generator with modulus 77 and seed 8. 


Solution 14.4.5. Here the initial seed is x9 = 8 and the modulus is m = 77. 


Then we have, 


x1 = 8° = 64( mod 77) 
£2 = 64? = 15( mod 77) 
£3 = 15? = 71( mod 77) 
£4 = 717 = 36( mod 77) 


t5 = 367 = 64 = 21( mod 77). 


Thus the sequence of pseudo random number is 8,64, 15,71, 36, 64,--- 


14.5 Cryptology 


From ancient times coding and decoding of messages are two very familiar words. 
With the passage of time, the significance of coding and decoding increases. In 
defence, the secret communication plays a key role. Now a days the privacy of 
data is needed for bank and any other financial transactions. In twenty first cen- 
tury, communications through social media creates a huge impact in our daily 
life. Essence of secured and encrypted medium is a vital issue for these types 
of communications. Hence there is a great deal of interest in the techniques of 
making messages unintelligible to everyone except the intended receiver. Many 
mathematicians and computer scientists have given their important contribu- 
tion towards the growth of the discipline devoted to secrecy systems called cryp- 
tography. Cryptography is the part of cryptology that deals with design and 
application of secrecy system and cryptoanalysis is aimed at breaking these sys- 
tems. Actually the word cryptography is the combination of two Greek words 
‘Krypto’means ‘hidden’and ‘Graphein’means ‘to write’. 

In simple words, a message that is to be altered into a secret form is called 
plaintext while after transformation to a secret form, these messages is said to 


be ciphertext. The process of converting a plaintext to a ciphertext is called 
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encrypting and the reverse process of converting from ciphertext to plaintext is 
said to be decrypting or deciphering. A cipher is a method for altering a plaintext 
message to ciphertext by changing the letters of plaintext using a transformation. 
This section is devoted with few types of methods of encryption and decryption. 

One of the most ancient Cryptographic method, first introduced by great 
Roman emperor Julius Caesar, is called Character or Monographic cipher. Here 
we will discuss the newest form of Caesar cipher which was invented in late 
1970’s. 

The method starts with translating English alphabetical letters to integers 
from 0 to 25, as shown in the table below. 


Letters | A | B}|C/]D)E/]F{|G|Hy]I J |/K};}LIM 
Integers | 0 1 2 3°/ 4 8 9 | 10) 11 |} 12 
Letters | N |] O} P|} Q) Rj] S| T/U)VI|W)]X}]Y !] Z 
Integers | 13 | 14 | 15 |] 16) 17 | 18 | 19 | 20 | 21 | 22 | 23 | 24 | 25 


oN 
aD 
~I 


The Caesar cipher is categorised as a substitution cipher in which each the al- 
phabet in the plaintext is shifted by a fixed number down the alphabet. To 
explain this by modular arithmetic, let us consider P to be the numeric equiv- 
alent of plaintext letter and C’ be the numerical equivalent of ciphertext letter. 
Then we have, C = P+3(mod 26) where 0 < C < 25 and shifting done by three 
down the alphabet. According to this cipher, if we want to send a message: 


HOW ARE YOU 
then we can write this as, 
71422 0174 2414 20. 
Taking help of the congruence relation we have, 
10.1725 3207 117 23. 
Now translating back to letters, we get 
KRZ DUH BRX. 


This is the message we will send. Now the receiver will decipher it by the 
congruence relation, P= C — 3 = C+ 23(mod 26). 
The Caesar cipher is one of the family of similar ciphers described by a shift 


transformation, 


C= P+k(mod 26), 0<C < 25. 
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Here k is the number of shifting in alphabetical order. 


More generally we will consider the transformation of the type, 
C= aP + b(mod 26), 0 < C < 25. 


Here a,b are integers with gcd(a,26) = 1. These are called affine transforma- 
tions. Shift transformations are affine transformations with a = 1. Here to 
conduct the cipher, we need gcd(a, 26) = 1 so that P and C runs through com- 
plete system of residues modulo 26. There are ¢(26) = 12 possibilities of a and 
26 possibilities of b, giving total 12 x 26 = 312 types of transformations. Here 
the relationship of ciphertext to plaintext is given by, 


P=a(C — b)(mod 26), 0< P< 25. 


Here G is the inverse of a modulo 26. 

The monographic cipher is very simple and insecured. To avoid the vulnera- 
bility of monographic cipher, we are going to present block or polygraphic cipher, 
introduced by Lester S. Hill in 1929. This cipher is also called Hill cipher. Hill 
cipher uses matrix algebra to encrypt blocks of any desire length, where each 
block contains plaintext letters of specified length. After the encryption, each 
block of plaintext letters encrypted to ciphertext letters of same length. Here 
our discussion starts with digraphic cipher, where each block contains two letters 
of plaintext and it is to be encrypted to a block of two letters of ciphertext. 
First, we are to split the message into two blocks of two letters. If the number 
of letter is odd, then we are to add a dummy letter ‘X’ so that the final block 
contains two letters. Consider a message, 


BEWARE OF THE MESSENGER. 
We now split it into blocks of two letters as, 
BE WA RE OF TH EM ES SE NG ER. 


Secondly, we need to translate these blocks into its numerical equivalents. So 
here we translate them to obtain 


14 220 174 145 197 412 418 184 136 417. 


We are to convert each block of plaintext numbers P,P; into ciphertext numbers 


CC by system of linear congruence modulo 26. The formula is given by, 


Cy = aP; + bP2( mod 26) 
C2 = cP; + dPx( mod 26) 
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where a,b,c and d are integers. 


Here in this example we are going to apply the system, 


Ci —= 3P, ZZ 10 P2( mod 26) 
Cy = 9P, AP 7Po( mod 26). 


So by this formula for P; = 1 and P, = 4 the ciphertext numbers, 


C, =3-1410-4= 43 =17( mod 26) 
Cy =9-14+7-4=37=11( mod 26). 


Thus the ciphertext numbers obtained for entire message is, 
1711 1416 1325 145 2312 216 106 168 213 10 25. 
Finally we need to translate these blocks into letters, 
RL OQ NZ OF XM CQ kG QI VD KZ. 


The decrypting process in this cipher system has to be done with the help of 
Theorem(4.6.1). Here in our example the relationship becomes, 

P, = 21C, + 22C2( mod 26) 

P» = 25C, TF 9C2( mod 26). 


Actually the matrix representation of digraphic cipher is 
C 3 10\ /P 
t= " ) ( mod 26) 
C2 9 7 P» 
; as ; 3 10 
Taking help of proposition(4.6.2) we find the inverse of — under modulo 
21 22 
26 is ( 9 and the relationship becomes, 


(2) = 28 2) (2) mata 
P, 2 9/\C 


In general, the polygraphic cipher where the block length is n(> 2) we need to 


apply congruences of matrices. Here the matrix relationship becomes, 


C = AP( mod 26) 
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where A is an n x n matrix with gcd(det A, 26) = 1, 


Ci Py 

C2 Py» 
_ | and 

Cr ge 


For deciphering we need matrix A which is inverse of A modulo 26. This A 
can be obtained by Proposition(4.6.3). Hence to determine the plaintext from 
ciphertext, we use the relationship, 


P = AC( mod 26). 


This polygraphic cipher can only be used for small values of n. For large 
values of n this method becomes extremely infeasible. In such situation we 
can carry out our study of Cryptology to another cipher, called exponentia- 
tion cipher. This cipher is based on modular exponentiation. This was first 
introduced by Pohig and Hellman in the year 1978. This is less vulnerable to 
frequency analysis than block cipher. 

To start this procedure, let us consider a prime p and an exponent e first 
such that gcd(e,p — 1) =1. 

Next we have to translate the letters of the message into numerical equiva- 


lents. For that we use the relationship given below. 


Letters | A | B}|C}]D)E]F{|G/HiI J |/K/;}LIM 
Integers | 00 | 01 | 02 | 03 | 04 | 05 | 06 | 07 | 08 | 09 | 10 | 11 | 12 
Letters | N | O} P|} Q)R{]S|}|T/U)VI|W]X]Y !] Z 
Integers | 13 | 14 | 15 | 16) 17 | 18 | 19 | 20 | 21 | 22 | 23 | 24 | 25 


After the numeric conversion we need to group the letters in the message in 
blocks of k letters, where k is chosen so that 2525---25 < p < 2525---25. For 
“o€~M~V_.-—/{’ o~-_ _—-——[’ 


k—times k+1—times 
example if we choose p = 1423 then we should use the blocks of k = 2 letters, 


because 2525 < 1423 < 252525. 
Finally we form ciphertext block C from plaintext block P by the relation, 


C= P*( mod p), 0<C <p. 


We now illustrate this by an example. For that let us choose p = 101 and e = 3. 


We want to encipher the message 


G OO O DM O R N I N G 
06 14 14 038 12 14 #17 #%13 «#08 13+ «06 
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Since 25 < p < 2525 then we have to use block of k = 1 letters. Now we form 
ciphertext block from plaintext block by the relation, 


C = P*( mod 101), 0< C < 101. 


This gives us the series, 
14 17 17 27 11 17 65 76 O07 76 14. 


Now to decipher the message that has been encoded using exponential cipher, 
we need to know the deciphering key an integer d such that de = 1(mod p-— 1), 
so that d is the inverse of e modulo p—1. The existence of d has been ensured by 
the fact that gcd(e,p—1) = 1. Note that de can be written as de = 1+n(p—1) 
for some integer n. Now we have, 


C = P*( mod p) 
=> C7 = P*4( mod p) 
= P. p”-)( mod p) 
= P.(P?~')"( mod p). 


Using Fermat’s little theorem we get, 
P?-! =1( mod p) as pt P. 


Thus we obtain, 
P=C% mod p). 


This is the relation for converting encrypted text to plaintext. 

The exponentiation cipher has major drawbacks when employed in a network 
with many users. Here each pair of communicants must employ an enciphering 
key which is kept secret from the other communicants of that network. The 
reason is that, if the enciphering key is known then the deciphering key can be 
obtained by simple computations of number theory. There is another disadvan- 
tage of changing encryption key frequently. To avoid those difficulties, we need 
to assign a key to each pair of individuals which must be kept secret from other 
individuals of the network. Public Key cipher system has to be introduced to 
overcome those difficulties. 

The aim of public key cipher is to establish secret communications in a 
network of n individuals. Here each individual produce a key k which is not 
known to other individuals. We need to pass the private information through 
the enciphering transformation E(k) for a key k to obtain ciphertext. Now for 


k1,k2,-+-kn keys, if the individual ¢ wishes to send a message to individual 7 
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then for plaintext P the ciphertext C is computed by transformation E;, where 
C = E,,(P). To decipher the message, j applies the deciphering transformation 
D x, on C to obtain P satisfying Dz,(C) = Dr, (Ex,(P)) = P. Today the public 
key cipher, known as RSA, is the most widely used cipher. In the year 1978, 
RSA was proposed by Ronald Rivest, Adi Shamir and Leonard Adleman. This 
public key cipher is based on modular exponentiation. 

To construct RSA algorithm, we need to use the keys in pairs (e,n) where 
e is exponent and n is modulus. Here n must be the product of large primes p 
and q i.e. n = pq, so that gcd(e, ¢(n)) = 1. Here consider the integer e satisfying 
l<e< (n). 

Now to encipher the message, we first translate the letters into numerical us- 
ing the table described in exponentiation cipher. Finally to encipher a plaintext 
block P, apply the relation 


E(P)=C=P*( mod n),0<C<n 


where C is ciphertext block. 

To decipher the ciphertext block C’, we need to obtain the inverse exponent d 
of e modulo ¢(n). The existence of dis ensured by the fact gcd(e, ¢(n)) = 1. Here 
d and e follow the congruence relation de = 1(mod ¢(n)) i.e. de = k’¢(n) + 1 


for some integer k’. Finally we have, 
D(C) = C4 = P®( mod n) 
= Pk4(™)+1( mod n) 
= (P?™)*. P= P( mod n). (14.5.1) 
As the probability that P and n not relatively prime is very small, so gcd(P,n) = 
1. In view of Euler’s theorem, we obtain P*™ = 1(mod n) in congruence 
(14.5.1). The pair (d,e) is said to be the deciphering key. 
Let us exemplify this algorithm with an example. Here we want to encipher 


the message: BEST WISHES, where e = 3 and n = 2669 = 17 x 157 = pq. Now 


the numeric equivalence of letters of the message is, 
01 04 18 19 22 08 18 07 04 18. 

After applying the congruence C = P?(mod 2669) for P = 0104 we have, 
C = (104)? = 1215( mod 2669). 


So here the ciphertext is 1215. 


Similarly, by means of the last congruence the message becomes, 


12 15 12 24 14 71 00 23 O1 16. 
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14.6 Worked out Exercises 


Problem 14.6.1. Encipher the message: SURRENDER, using the affine trans- 
formation C = 11P + 18(mod 26). 


Solution 14.6.1. First translate the message into its numerical equivalents, 


S U R R E N D E R 
18 20 17 17 4 138 8 4 17 


Then encipher each numerical equivalence using the relation C = 11P + 18( 
mod 26). 
For P = 18, C=11 x 184+ 18 = 8(mod 26) and continuing we get, 


8 4 23 23 10 5 25 10 28. 
Now translating to letters we have, 
ITEXXKFZK xX. 


Problem 14.6.2. Decipher the message: RTOLKTOIK, which was encripted 
by the transformation, C = 3P + 24(mod 26). 


Solution 14.6.2. To begin with, convert the transformation by inverse of 3 
modulo 26. Note that 3-9 = 1(mod 26). Thus 9 is inverse of 3 modulo 26. Now 


we have, 
9(C — 24) =3-9P( mod 26) 
v, P =9C + 18( mod 26). 
Translating the alphabets in numeric we get, 


R T O L kK T O TI K 
17 19 14 11 10 19 14 8 10 


IfC =17 then P=9 xX 174+ 18 = 15(mod 26). This gives us, 
15714 13 4 714 12 4. 
and converting back to letters we get, PHONE HOME. 


Problem 14.6.3. Decipher the ciphertett message) UW DM NK QB ERK, 
which was encripted using digraphic cipher which sends the plaintext P,P into 
ciphertext block C,C2 with, 

Cy = 23P, ar 3Po( mod 26) 

Cy = 10P, + 25P2( mod 26). 
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Solution 14.6.3. First we translate the message into numeric equivalents, 


U W DM N K Q BE K 
20 22 3 12 13 10 16 1 4 10. 


2 1 
Now the matrix a has the inverse under modulo 26. Now for 
10 25 10 3 


UW the plaintext block is, 


(; & 2 (') ( mod 26). 
10 3) \22 6 


Thus UW has been transferred to IG. Similarly transferring other cipherteats 


we get, 
IG NO RE TH IS. 


Problem 14.6.4. What is the plaintext message that corresponds to the cipher- 


text 
12 18 09 02 05 89 12 08 12 84 11 08 18 7%. 


produced using modular exponentiation with modulus p = 2591 and enciphering 
key e = 137 


Solution 14.6.4. Here p—1 = 2590 and 13-797 = 1(mod 2590). Then d = 797. 
Applying the plaintext formula 
P=0O"( mod 2591) 
we find, 
03 14 18 14 19 17 04 00 08 19 07 08 18 23. 
Converting this to letters we get, 
DO NO TR EA DT HI SX 
where X is dummy alphabet. 


Problem 14.6.5. If the ciphertext message: 0504 187403470515 2088 235607360468 
is produced by RSA cipher with e = 5 and n = 2881, find the plaintext message. 


Solution 14.6.5. Since n = 2881 = 43-67 and ¢(n) = 42-66 = 2772, the 
inverse of 5 is 1109 modulo 2772(:. 5- 1109 = 1(mod 2772)). Now we need to 
take each 4-digit block as ciphertext to convert into plaintext using the formula 
P =C (mod 2881). Calculating congruences for each 4-digit block ciphertext 


we get plaintext block as, 


348 


Number Theory and its Applications 


04 00 19 02 07 14 02 14 11 00 19 04 02 00 10 04. 


Converting the letters we get, 


EA TC HO COLA TE CA KE. 


14.7 Exercises: 


10. 


11. 


12. 


13. 


. Prove that Unis — Un = 2Un+1 whenever n is a positive integer. 
. Evaluate gcd(U24, U36). 
. If 3 divides n+ m, prove that Un—m—1Un + Un—-mUn+1 is an even integer. 


. Show that the sum of the first n Fibonacci numbers with even indices is 


given by the formula 


Ug +U44+U6 +--+ +U an = Vani — 1. 


. Find the Zeckendorf representation of 85 and 200. 


. Find the sequence of pseudo random numbers generated using the middle- 


square method, taking 369 as the seed. 


. Find the period length of the pure multiplicative pseudo random number 


generator 2p) = a%,_1(mod 23! — 1) for the multiplier a = 17. 


. Find the sequence of numbers generated by the square pseudo random 


number generator with modulus 1001 and seed 5. 


. Find a good choice for the multiplier a in the pure multiplicative pseudo 


random number generator %41 = ax%,(mod 101). 


Considering m = 100, a = 17 and c = 43 where the initial seed is xg = 27, 
find the sequence of pseudo random numbers using linear congruential 
method. 


If the Caesar cipher produced KDSSB ELUWKGDB, what is the plaintext 
message? 

Using the linear cipher C = 5P+11(mod 26), encrypt the message NUM- 
BER THEORY IS EASY. 


Decrypt the message YLF QX PCRIT, which was encrypted using the 
affine transformation C' = 21P + 5(mod 26). 
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14. Using the digraphic cipher that sends the plaintext block P,P: to the 
ciphertext block C,C2, with 


C; = 8P, aan 9 Po( mod 26) 
C2 = 3P, oh 11P2( mod 26), 


encrypt the message DO NOT SHOOT THE MESSENGER. 


15. What is the ciphertext that is produced when RSA encryption with key 
e=7 and n = 2627 is used to encrypt the message LIFE IS A DREAM? 


Taylor & Francis 
Taylor & Francis Group 


http://taylorandfrancis.com 
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